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PREFACE

This volume constitutes the Proceedings of the Seventh International
Congress of Logic, Methodology and Philosophy of Science. The Congress
was held at the University of Salzburg, Austria, from July 11 to July 16,
1983, under the auspices of the Division of Logic, Methodology and
Philosophy of Science of the International Union of History and
Philosophy of Science. The Congress took place under the patronage of
Dr. Heinz Fischer, Minister for Science and Research in Austria, Dr.
Wilfried Haslauer, Governor of the Province of Salzburg, and Professor
Dr. Wolfgang Beilner, Rector of the University of Salzburg. The Congress
was sponsored by the Austrian Ministry of Science and Research (the
subvention was granted by the former minister Dr. Hertha Firnberg), by
the Austrian National Bank, by the Osterreichische Forschungs-
gemeinschaft, by the Province, the Town and the University of Salzburg.
The Congress was organized by its Local Organizing Committee in close
cooperation with its Programme Committee and the Executive Committee
of the Division of Logic, Methodology and Philosophy of Science. The
scientific programme of the Congress was drawn up by its Programme
Committee together with 14 Advisory Committees, which corresponded to
the 14 Sections of the Congress. (A list of the members of the various
committees is appended to this preface.) The 14 Sections of the Congress
were as follows:

1. Proof Theory and Foundations of Mathematics
. Model Theory and its Applications
Recursion Theory and Theory of Computation
Axiomatic Set Theory
Philosophical Logic
General Methodology of Science
. Foundations of Probability and Induction
. Foundations and Philosophy of the Physical Sciences
9. Foundations and Philosophy of Biology
10. Foundations and Philosophy of Psychology
11. Foundations and Philosophy of the Social Sciences
12. Foundations and Philosophy of Linguistics

I R R )



vi PREFACE

13. History of Logic, Methodology and Philosophy of Science

14. Fundamental Principles of the Ethics of Science

In each Section, three or four invited addresses were given. Every Section
with the exception of Section 14 also contained contributed papers.
Symposia were held in Section 5 (‘A Linguistic Turn: New Directions in
Logic” under the chairmanship of Charles D. Parsons, USA), in Section 6
(““The Structure of Theories” under the chairmanship of Wolfgang
Stegmiiller, West Germany), in Section 13 (“Life and Work of Kurt
Godel” under the chairmanship of John W. Dawson, Jr., USA), and in
Section 14 (“Ethics of Medicine” under the chairmanship of Dag Prawitz,
Norway, and ““Scientific and Ethical Rationality” under the chairmanship
of Evandro Agazzi, Switzerland). These Proceedings comprise the invited
addresses only. A list of the contributed papers is given at the end of this
volume. We should like to thank the authors and Elsevier Science
Publishers B.V. for their support of our editorial work.

New Haven and Salzburg Ruth BARCAN MARCUS
March 1984 Georg J.W. DORN
Paul WEINGARTNER
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ON SCIENTIFIC INFORMATION, EXPLANATION
AND PROGRESS

STEPHAN KORNER

Yale University, New Haven, U.S. A.

The main purpose of this essay is to consider some aspects of the
informative and explanatory function of science and their relevance to our
understanding of scientific change and progress. The essay begins by
considering the general notion of progress (Section 1). There follows a
discussion of the informative function of scientific theories, especially their
capacity to yield information not only to experts, but also to semiexperts
and laymen (Section 2); and of the explanatory function of scientific
theories, especially its dependence on certain supreme principles which
govern a person’s thinking (Section 3). In the light of this discussion the
nature of informative and of explanatory progress and of possible conflicts
between them are considered (Section 4). The concluding section briefly
compares the views, outlined in this essay, with some influential, contem-
porary doctrines on the nature of scientific change (Section 5).

1. On the general notion of progress

The notion of any progressive process presupposes its division into
phases and a respect in which of any two phases one surpasses the other, is
surpassed by it or does not differ from it. A weak concept of progress,
which on the whole will be sufficient for our purpose, can be defined as
follows: (a) To every phase — except the last, if any — there exists at least
one succeeding phase which surpasses all predecessors; (b) the last phase, if
any, surpasses all its predecessors. This notion of progress may be
strengthened by excluding the possibility of regressive phases, i.e. of phases
which are surpassed by any of their predecessors. It may be further
strengthened by excluding phases of stagnation, i.e. by requiring that every
phase be surpassed by its immediate successor. To require the former
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strengthening, is to require that the phases of a progressive process be
linearly ordered, to require in addition also the latter strengthening, is to
require that the linear ordering be strict.

In order to believe that a process is progressive in any of the mentioned
senses of the term, it is not necessary to have a clear knowledge of its
division into phases, the respect in which the phases are compared with
each other or the relation by means of which the comparison is made.
Indeed some historically important conceptions of progress involve only a
very fragmentary knowledge of these features. Thus a believer in divine
providence may from the fact of social change, from his belief in an
infinitely benevolent and powerful creator and from the inability of human
beings to understand his ways, infer that the process which is human
history is progressive, that, consequently, it is somehow divided into
phases, that there exists a relation in terms of which the succession of the
phases is progressive, but that this relation is either unknowable or as yet
not known. Again, a biologist who accepts an early version of Darwin’s
theory of natural selection may similarly believe in the existence of
progress, defined by an ordering relation which is far from clear. He may,
for example, hold that “as natural selection works solely by and for the
good of each being, all corporeal and mental endowment will tend to
progress towards perfection”'. One of the difficulties of understanding “a
progress towards perfection” — whether guaranteed by theology or
biology — lies in the manner in which progressive or regressive changes in
different dimensions are combined into one linear sequence of phases.
Even the problem of so combining such changes in two dimensions, e.g. the
dimensions of information and explanation, may admit only highly artificial
solutions (and will not be discussed).

The process to be considered in this essay is scientific change, the phases
of which are periods of time during which scientific experts in various fields
of science accept certain theories. The separation of two neighbouring
phases is marked by the empirical fact that at least one theory which in one
phase is accepted by some experts, is in the other not accepted by any
experts. There is no need to make the unrealistic assumption of an obvious
and sharp demarcation line between scientific theories and other systems of
belief, between experts and laymen or between the acceptance and
abandonment of a theory by an expert. Such an assumption would be

' CHARLES DARWIN, The Origin of Species (1st edition, London 1859) quoted from 6th
edition (London, 1894) Chapter XV, p. 428.
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equally unrealistic in other fields of human endeavour, e.g. in the law
where it is readily admitted that no sharp lines can be drawn, between legal
rules and other social rules of conduct, between legal experts and laymen in
any branch of the law or between a valid law and one that has become
obsolete.

2. On the informative function of scientific theories

Even a highly technical and specialized theory may give new information
not only to the experts who have grasped the theory’s logico-mathematical
structure and conceptual net, but also to others who have little or no
understanding of these features of the theory. An expert nuclear physicist,
his theoretically semiexpert assistant and a layman advocating or opposing
unilateral, nuclear disarmament may share information which was unavail-
able before the advent of the theory. That this is so, follows from the
relation which holds between on the one hand the expert’s theoretical
thinking, which makes use of the theory and the language in which it is
expressed, and on the other hand commonsense thinking, expressed in the
common language shared by experts and others. The nature of this relation
constitutes an old and persistent problem. Among the proposed solutions
are Plato’s theory of the pédeéis of the perceptual world, which “tumbles
about between being and not being”, in the world of Forms, which is
reality; Descartes’ opposition of “‘the fluctuating trust in the senses” to the
allegedly achieved certainty in mathematics, which by the method of doubt
can be extended to other regions of thinking; more recently, Frege’s
attempt at “purifying” ordinary thought and language and thereby making
them scientific; and Wittgenstein’s condemnation of his attempt as wholly
misguided. For our purpose it is necessary to characterize, however briefly,
the gap between commonsense and specialized theoretical thinking and the
manner in which it is bridged when “grey theory”’ is applied to “life’s green
tree” and, in being applied, increases our knowledge about it>.

Commonsense thinking admits of concepts which are inexact in the sense
of having border-line cases and is governed by principles of deducibility
and consistency which lack the precision of the corresponding principles of
a formal logic. As against this, theories, especially those which are

2 For a full account see Experience and Theory (London, 1966), for a brief synopsis see
“Science and the Organization of Belief” in Science, Belief and Behaviour, Essays in honour
of R.B. Braithwaite, edited by D.H. MeLLOR (Cambridge, 1980).
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mathematically formulated, are embedded in a logic which, as Frege
insisted, excludes inexact concepts and comprises precise rules of consis-
tency and deducibility or, at least, rules which are more precise than the
corresponding rules of commonsense thinking. Theories are normally
embedded in a version of classical logic. However, even in the compara-
tively rare cases in which they are embedded in a version of a constructivis-
tic, quantum or some other logic, this logic requires exactness of concepts
and conformity to principles of deducibility which diverge from the
corresponding principles of commonsense.

If a theory is mathematically formulated, then the mathematical ap-
paratus needed for this formulation imposes additional constraints, by
which the theory is even further removed from commonsense thinking. It
normally involves the introduction of numbers — in the case of physical
theories usually a system of real numbers — and thereby a concept of
infinity which is absent from commonsense thinking. Different theories,
e.g. an economic and a physical theory, may be subject to the same
logico-mathematical constraints.

The transition from commonsense to theoretical thinking — and the gap
between them — is not only due to the imposition of logico-mathematical
constraints. It also results from modifications of the commonsense concep-
tual net, which may be divided into ‘deductive abstraction’ and ‘theoretical
innovation’. Deductive abstraction is the elimination of concepts from the
commonsense conceptual net because they are unnecessary for the pur-
poses of the theory or because they (or concepts resembling them) are
definable in terms of the remaining concepts — a procedure exemplified in
classical particle dynamics and implied by Locke’s distinction between
primary and secondary qualities. Theoretical innovation is the introduction
into a theory of concepts which -are not contained in the commonsense
conceptual net, e.g. of the concepts of momentary acceleration into
classical particle dynamics or of entropy into thermodynamics.

To distinguish between commonsense and theoretical thinking is not to
deny their interaction, in particular the influence of the latter on the
former. Thus, there can be little doubt that post-Galilean commonsense
has been influenced by Galilean physics, that post-Einsteinian common-
sense has been influenced by Einsteinian physics or that quantum-
mechanical concepts may not in some thinned out version seep into the
commonsense thinking of future generations. Yet, however this may be,
the concepts of a theory are not identical, but merely for certain purposes
and in certain contexts identifiable with certain commonsense concepts. A
simple example of such an as-if-identification is the replacement of the
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empirical concept of a triangle and of its instances by the Euclidean
concept of a triangle and its instances.

Let us, for the sake of brevity, call ‘(theoretical) idealization’ the
replacement of commonsense concepts, particulars and propositions by the
concepts, particulars and propositions of a theory with which they are —
for the purpose and in the context of the theory’s application — identifi-
able. And let us call the converse replacement ‘de-idealization’. The
procedure of increasing commonsense information, expressed in common
language, by means of a theory, which may be highly specialized and
technical, can then, somewhat schematically, be described as consisting in
the following steps: (i) the description of a state of affairs by means of
commonsense concepts and propositions; (ii) the theoretical idealization of
this description; (iii) intratheoretical — deductive or probabilistic reason-
ing, leading from the theoretical, idealized state of affairs to another
idealized state of affairs; (iv) de-idealization of this state of affairs into a
state of affairs which is again described by means of commonsense concepts
and propositions; (v) statement of the connection between the original
state and the final state of affairs by means of commonsense concepts and
propositions. The last mentioned statement is intelligible not only to the
theoretical expert (e.g. a nuclear physicist), but also to somebody who has a
limited knowledge of the theory (e.g. the physicist’s technical assistant) or
none at all (e.g. a proponent of nuclear disarmament who knows no
theoretical physics). To put it more precisely, the connection between the
original and the final commonsense proposition, though dependent on the
context and purpose of the intervening steps, does not depend on their
being taken and does not depend on understanding or accepting the
theory.

Because of the gap between commonsense and theory — a gap bridged
by idealization and de-idealization — one must distinguish between on the
one hand the theory and its logical consequences and on the other hand the
information which, though provided by the theory, is logically independent
of it and may survive its rejection (e.g. because of the continued reliance on
certain observations or experiments). It follows that whereas the set of the
logical consequences of two inconsistent theories (together with suitable
initial conditions) is necessarily inconsistent, the commonsense informa-
tion, provided by them may be consistent. This is so, for example, if the
inconsistency of the theories is due to the application of concepts which do
not occur in the commonsense information, provided by the theories.

The trustworthiness of the information which a scientific theory provides
to an expert who accepts it and a layman who trusts the expert, may be
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supported by a variety of reasons, in particular by appeals to arguments,
put forward by philosophers of science holding an inductivist, deductivist
or other view of scientific thinking. In accordance with these reasons the
store of science-provided, commonsense information which at any time is
being trusted by a person or group of persons, will vary in extent. In
attempting to reduce it to a reasonable minimum, one might well recall the
sceptical doctrine to the effect that even a sceptic must base his actions on
some undogmatic belief. And one might be helped by the remark of Sextus
Empiricus that a true sceptic ‘‘adhering to appearances” lives ‘‘in accor-
dance with the normal rules of life, undogmatically seeing that we cannot
remain wholly inactive”*; or by the remark of Hume that ‘‘none but a fool
or madman will ever pretend to dispute the authority of experience, or to
reject that great guide of human life ...”*.

It does not matter for our present purpose which method is chosen for
the demarcation of trustworthy and trusted commonsense information or,
more specifically, of its science-provided component. Nor does it matter
whether agreement about a chosen method would guarantee agreement
about the result of following it. What is important and needs to be
emphasized, is that whatever method is chosen and whatever result is
achieved by applying it, science-provided commonsense information forms
part of trustworthy and trusted commonsense information and that the
development of science contributes to changes in it. Thus even a follower
of Hume or of Sextus Empiricus is likely to act on the commonsense
information, provided by nuclear physics, e.g. by avoiding a place on which
an atomic bomb is about to be dropped.

3. On the explanatory function of scientific theories

Scientific thinking is subject not only to specific constraints, which
distinguish it from commonsense thinking, but also to constraints, to which
all thinking about the public world of intersubjective experience is subject.
For the present purpose it will be sufficient to give a brief indication of
these general constraints and of the possible variety of principles conform-
ing to them’. Before doing so, it seems worthwhile to emphasize that while

® Outlines of Pyrrhonism 1, 23.
* An Enquiry Concerning Human Understanding, Sect. IV, Part II, 32.

* See Categorial Frameworks (Oxford, 1970); for a brief synopsis see the paper referred to
in Footnote 2.
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a statement to the effect that a certain principle is accepted by some or all
human beings, expresses an anthropological and, hence, an empirical fact,
it does not follow that the accepted principle itself is empirical. That
(almost) all human beings accept (a version of) the principle of non-
contradiction, is no less an empirical statement than the statement that
some human beings reject the principle of excluded middle. Yet neither
principle is empirical.

All thinking about the world of intersubjective experience involves a
distinction between particulars and attributes, a distinction between consis-
tent and inconsistent propositions (and, hence, the acknowledgment of a
relation of logical deducibility) and a distinction between the merely
subjectively and the intersubjectively given. In order to be brief and to
avoid repetition of what I have elsewhere argued at length, I shall set down
my views on the nature of these distinctions by expressing qualified
agreement with seminal thinkers who attached great importance to them: I
accept on the whole Frege’s distinction between concept and object®, but
disagree with his claim that it can be correctly drawn in one way only. I
accept on the whole what Aristotle says about consistency and deducibility,
but disagree with his claim and the claim of most of his successors that
there is only one logic. (I do hold that there is a minimal logic containing
the weak law of non-contradiction, according to which not every proposi-
tion is true.) I accept on the whole what Kant says about the conferment of
intersubjectivity or objectivity on subjective experience by the application
of Categories, but disagree with his claim that there is only one set of them.

A further distinction, though perhaps less universal than those men-
tioned so far, is the distinction between dependent particulars, the exis-
tence of which is dependent on the existence of other particulars and
independent particulars, the existence of which is not so dependent. To
define independent particulars in this fashion is to agree on the whole with
Aristotle’s definition of ‘primary substance’ (see Categories 1I). Yet this
does not mean, and is here not intended to mean, that only Aristotle’s way
of distinguishing between dependent and independent particulars is legiti-
mate. From the point of view of this essay one must, for example,
acknowledge two contrasting, general conceptions of substance — one,
according to which being a substance implies not being subject to change,
the other, according to which transsubstantiation is possible.

In adopting a specific way of distinguishing between particulars and

¢ See “Begriff und Gegenstand”, Vierteljsch. f. Wissch. Philosophie (vol. 16, 1892).
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attributes and of making the other distinctions which have been mentioned
as involved in thinking, a person ipso facto accepts a set of principles which
together determine what, in some agreement with philosophical tradition,
may be called his ‘categorial framework’. It can be characterized as a
differentiation of experience into particulars and attributes; a deductive
logic containing principles determining consistency and deducibility; a set
of intersubjectivity concepts (the application of which confers intersubjec-
tivity on what is subjectively given); and a categorization of the intersub-
jective particulars into maximal kinds, with each of which are associated
constitutive principles demarcating its membership and individuating prin-
ciples for the identification of its distinct members. A categorial framework
may in addition contain principles defining independent, as opposed to
dependent, particulars, as well as principles admitting the use of various
auxiliary concepts, which (like e.g. mathematical or theoretical idealiza-
tions) serve the application of intersubjectivity concepts.

The logical and non-logical principles which determine a person’s
categorial framework are for him supreme, in the sense that he requires all
his beliefs to be consistent with them. A proposition which (by the
principles of his logic) is incompatible with his supreme logical principles, is
for him logically meaningless; a proposition which (by the principles of his
logic) is incompatible with his supreme non-logical principles is for him
‘metaphysically meaningless’ or lacking in explanatory power. The criteria
of metaphysical meaningfulness or explanatory power may differ from
person to person and, hence, from one group of scientists to another. For it
is an anthropological fact that a principle which is accepted as supreme by
one person, and thus involved in the constitution or individuation of at
least one maximal kind of his categorial framework (e.g. things, things and
events, things and persons, atoms, monads etc.), need not be so accepted
by everybody else. Thus for Kant, but not also for Einstein, a belief that
spatial relations are non-Euclidean, would render a physical theory
metaphysically meaningless and deprive it of any explanatory power.
Again, Leibniz, Kant and Einstein, but not also Bohr and Born, would
reject any physical theory which implied the physical possibility of discon-
tinuous change as incapable of explaining natural phenomena — though
they might admit that such a theory could yield important information
about them. (While in this essay ‘being metaphysically meaningful’ is used
as a necessary and sufficient condition of ‘having explanatory power’, it
could, without affecting the main argument, be used as a merely necessary
condition — in addition to other such conditions, e.g. ‘being simple’ or
‘being aesthetically satisfying’.)
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A person may be more or less aware of the supreme principles which
determine his categorial framework and more or less able to formulate
them. He may adhere to them with more or less conviction and even waver
between the acceptance or rejection of a supreme principle. The situation
is no different in the case of a person’s grammar or his morality. Although
the principles determining a person’s categorial framework express some
of his beliefs, they have, like other beliefs, also a practical or regulative
function. A person who believes that something is the case will behave as if
it were the case. Thus a scientist who believes that natura non facit saltus
will try to construct theories which are consistent with this principle.

A person may, of course, also act and, indeed prudently act, as if he
believed something which he does not believe. Thus it may in some cir-
cumstances be prudent for the driver of a motorcar to drive as if all other
drivers were drunk, even if he does not believe this. And it may be prudent
and praiseworthy for a scientist who believes that natura non facit saltus to
make contributions to a theory which, though providing new information is
based on the opposite assumption and to conduct empirical and thought-
experiments as if he believed it. Although it is important to distinguish
between the purely regulative function of a supreme principle, which is
used but not believed, and the cognitively grounded regulative function of
a supreme principle, which is used because it is believed, one may for some
limited purpose be justified in examining the regulative function of
supreme principles as such, i.e. without raising the question of their being
cognitively grounded.’

4. On informative and explanatory progress

The preceding discussion of the general notion of progress, of the phases
of scientific change, of the commonsense information provided by scientific
theories and of their explanatory function, has some fairly obvious
consequences for a discussion of informative and explanatory progress. A
phase in the change of science-provided commonsense information has
been characterized by the theories which the scientific experts accept in
that phase, insofar as these theories provide commonsense information

7 The distinction between cognitively grounded and purely regulative supreme principles is
anticipated by Kant’s doctrine of the (purely) regulative function of the Ideas. For a
discussion of the regulative function of metaphysical principles in physics, see ‘On Philosophi-
cal Arguments in Physics’ in Observation and Interpretation (Bristol, 1957).
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which is capable of being shared by experts and laymen. A historian of
science or more specifically, a historian inquiring into the effects of science
on society, might reasonably wish to work with a more specific concept of
information which during a phase of scientific development has been
considered trustworthy. Among the questions which he would have to face
is the problem of dealing with mutually inconsistent informative proposi-
tions belonging to the same phase and the problem of dealing with
mutually inconsistent informative propositions belonging to two different
phases. As regards the former problem, it would seem reasonable to
eliminate any two mutually inconsistent propositions belonging to the same
phase. The decision is more difficult, if two mutually incompatible informa-
tive propositions belong to different phases. An overall, if somewhat crude,
solution of such conflicts would be to eliminate the proposition belonging
to the earlier phase, if the proposition belonging to the later phase is
accepted by all the experts in that phase, and otherwise to eliminate both
propositions.

Whatever procedure is adopted by a historian for whom scientific change
coincides with change of theory-provided, commonsense information, it
would be highly surprising if he did not come to the conclusion that
scientific change has been progressive and that — provided that science will
continue to be trusted — it is likely to make progress in the future. This
judgment is supported by the point, made earlier, that even logically
inconsistent theories may provide logically consistent commonsense infor-
mation. In this connection it seems worthwhile to distinguish between
three kinds of informative progress from one phase to another, namely
theoretically unified progress, where in the later phase one of a set of
information-providing theoreies logically implies the others, theoretically
consistent progress, where the set of the theories is internally consistent,
and theoretically conflicting progress where at least two of the theories are
inconsistent with each other.

That the possibility of theoretically conflicting informative progress is by
no means far fetched, is borne out by the contemporary coexistence of
general relativity theory and of quantum mechanics in its dominant
interpretation. In trying to exhibit this fact, one can hardly do better than
to quote the concluding comment from a lecture given in 1982 on “Max
Born and the Statistical Interpretation of Quantum Mechanics” by A.
Pais®. The comment is itself a quotation of a remark by Norbert Wiener,

¥ Science, vol. 218, 17 Dec. 1982.
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published in 1956: “It has been well said that the modern physicist is a
quantum theorist on Monday, Wednesday and Friday” (when he assumes
that not all laws of nature are expressible as differentiable functions) and
“‘a student of gravitational relativity on Tuesday, Thursday and Saturday”
(when he makes the opposite assumption) while “on Sunday he is neither,
but is praying to his God that someone, preferably himself, will find the
reconciliation between these two views”.

“Other things being equal”, theoretically unified informative change is
preferred to theoretically consistent change, which in turn is preferred to a
theoretically conflicting one. Yet there are differences of opinion as to the
things whose equality matters. Thus, a radical positivist, who regards any
distinction between the explanatory and informative function of scientific
theories as spurious, will require that the preference for theoretically
unified information does not involve any loss of theory-provided informa-
tion. Again, a philosopher, who identifies theoretical unification with
theoretical explanation, might in some cases be willing to aquiesce in such a
loss, provided that he can regard it as provisional. Lastly, a scientist who
distinguishes between information provided by a theory which has ex-
planatory power, in the sense of conforming to his categorial framework,
and a theory which lacks explanatory power, is likely to prefer a theoreti-
cally merely consistent — or even a theoretically conflicting — informative
change which is brought about by theories possessing explanatory power,
to a theoretically unifying change brought about by a theory lacking it.

Explanatory progress in science differs from theory-provided, informa-
tive progress, which does not depend on the acceptance or even the
understanding of the theories by which it is provided, in that it not only
involves an understanding of the theories but also of their conformity to a
categorial framework. A person’s information, provided by a theory, has
explanatory power for him if, and only if, he understands the theory and
correctly judges it to conform to the supreme cognitive principles deter-
mining his categorial framework. If Norbert Wiener’s expert physicist, who
uses both quantum theory and general relativity, is one of Einstein’s
followers, then he will regard only the latter theory as explanatory and will
pray for a unifying theory conforming to the supreme principles to which
that theory conforms. If he is one of Bohr’s followers, then he will regard
only the former theory as explanatory and will adjust his prayer accord-
ingly.

Another way of characterizing this contrast is to say that each of these
two physicists acts partly in accordance with his own supreme principles
and, hence, the rules of conduct grounded in them; partly in accordance
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with the other’s supreme principles, used in a purely regulative fashion.
The possibility of a purely regulative use of principles was clearly recog-
nized by Leibniz and exploited in his mathematical and physical thinking,
in which his notion of well-founded fictions plays an important role. They
enabled him to make contributions to the mechanistic physics of his day,
while denying it any explanatory power’. Theory-provided, informative
progress may involve explanatory stagnation and even regress. And one
person’s explanatory progress may be another’s explanatory regress.

The conflict engendered by acquiring new information through a new
theory which does not conform to one’s categorial framework may be
solved either by continuing to search for a theory which, while providing no
less information than the new theory, conforms to the old categorial
framework; or else by abandoning the old categorial framework in favour
of a new one to which the new theory conforms. A scientist who adopts the
former solution hopes for, and sometimes achieves, informative progress
within his old categorial framework or, briefly, intracategorial progress. A
scientist who adopts the latter solution hopes for and, sometimes achieves,
informative progress within the new categorial framework or briefly
transcategorial progress. Einstein believed until his death in intracategorial
progress. He was convinced that “one should start all over again, as it were,
and endeavour to obtain the quantum theory as a by-product of general
relativistic theory or a generalization thereof”"’.

The contrast between intracategorial and transcategorial informative
progress is clearly analogical to the contrast between orderly or non-
revolutionary political progress within the constraints of a country’s
constitution and revolutionary political progress, involving the abandon-
ment of a country’s constitution. And just as a political change which is
non-revolutionary in one country, may be revolutionary in another, so one
scientist’s intracategorial or orderly informative progress, i.e. progress
within the constraints of his categorial framework, may be another
scientist’s transcategorial or revolutionary progress, i.e. progress involving
the replacement of his old categorial framework by a new one. Thus
Einstein “deprecated the idea that relativity is revolutionary and stressed
that his theory was the natural completion of the work of Faraday, Maxwell
and Lorentz” while “other physicists will quite reasonably object that the

° See e.g. Sections 80, 81 of the Monadology and the letter to Varignon of 20 June, 1702,
Mathem. Schriften edited by C.I. GERHARDT, vol. 4, pp. 106f.

1% See A. Pals, Subtle is the Lord — The Science and the Life of Albert Einstein (Oxford
Univ. Press, 1982) p. 461.
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abandonment of absolute simultaneity and of absolute space are revolutio-
nary steps”''. A Socratic dialogue, conducted with physicists belonging to
these two groups would have shown that before those belonging to the first
group became converted to the general theory of relativity, they accepted a
loose version of the Newtonian (or Kantian) categorial framework;
whereas before those belonging to the second group became converted to
the theory, their categorial framework was more rigidly or closely Newto-
nian.

5. Some brief remarks comparing the position of this essay with other views

In order to understand the use of scientific theories in providing
information, shared by experts, semi-experts and laymen, it is not sufficient
to acknowledge that science involves idealization. What must in addition
be shown, is how, in the case of a given theory, the idealization involves a
transition from the logico-mathematical structure and conceptual net of
commonsense or semi-expert thinking to the different logico-mathematical
structure and conceptual net of the theory; and how the gap which is
thereby created is bridged by as-if identifications within the limits of the
context and purpose of the theory’s employment. I used to object to the
neglect by Karl Popper (and other deductivist philosophers of science) of
the role played by idealization and de-idealization in the application of
theories”. It therefore gave me some satisfaction to read in Popper’s
Replies to My Critics"” his announcement “of an important principle”,
namely that “all good science consists, and all good philosophy consists, of
lucky oversimplification or, if you prefer the term, idealization” (italics
in the text). While one can no longer object to Popper’s neglect of the
important role, played by idealization in the construction and application
of scientific theories, one must, I believe, still object to the vagueness of his
account of it.

For Stegmiiller and his ‘structuralist’ collaborators the gap between the
logico-mathematical structure and conceptual net of a theory and the
information which the theory provides to experts, semi-experts and
non-experts alike, is not bridged by as-if identifications in the context and

" Op. cit. in A. PaIs, see Footnote 10.
2 See Section 2 and Chapter XII, op. cit. in Footnote 2.
* The Philosophy of Karl Popper, vol. 11 (La Salle, Illinois, 1974), p. 976.
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for the purpose of the theory’s application. It is bridged by supplementing a
set-theoretical axiomatization of the theory in the manner of Suppes, by an
informal semantics in the manner of Sneed. This semantics has the task of
supplying the theory with “an open set I of numerous, partly overlapping,
intended applications, all of which are ‘anchored’ in a paradigmatic subset
I, of I’**. Stegmiiller is cautious enough to expect “in the near future only
a very fragmentary realization of his programme” (op. cit. p. 28), which he
calls the “Suppes-Sneed programme” (op. cit. p. 84). At the moment I can
see no reason for abandoning my account of the relation between a theory
as formulated by an expert and the theory-provided information shared by
experts, semi-experts and non-experts, in favour of an account in accor-
dance with the Suppes-Sneed programme. Whereas the latter account
assumes that only one language is involved, the former involves two
languages, an exact theoretical and an inexact non-theoretical one, each of
which has its own syntax and semantics. It may be worth noting that Suppes
too is skeptical of anyone’s providing an informal semantics as conceived
by the structuralists, because he finds a very large gap “between the
theoretical literature in any developed branch of science and the untravers-
able thicket of technical language used in the corresponding experimental
work”",

Just as an adequate account of scientific information and informative
progress must not neglect the role of the idealization of concepts and
propositions, so an adequate account of scientific explanation and ex-
planatory progress must not neglect the role of the supreme principles
defining a person’s categorial framework. Towards the end of his important
The Structure of Scientific Revolutions, Thomas Kuhn remarks that in order
to make the transition from Newton’s to Einstein’s universe ‘“the whole
conceptual web whose strands are space, time, matter, force, and so on,
had to be shifted and laid down again on nature whole”'®. This description
— with its various elaborations — is incomplete in that it fails to account
for the division of scientists and historians of science into two groups: one,
to which Kuhn belongs, which regards the transition as revolutionary; the
other, to which Einstein belongs, which regards it as normal progress. (See
Section 4 and Footnote 10). The division can be explained by reference to
the categorial frameworks, accepted by the scientists before and after their
abandoning Newton’s for Einstein’s Universe. The transition, as has been

'* Wolfgang STEGMULLER, The Structuralist View of Theories (Berlin, 1979), p. 27.
'* Profiles — Patrick Suppes, edited by R.J. BoGpAN (Dordrecht, 1979) p. 208.
'* Op. cit. (Chicago, 1963) p. 148.
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argued earlier, was transcategorial for the first group and intracategorial
for the second.

From what has been said about the informative and explanatory function
of scientific theories, it follows that any attempt at defining scientific
progress solely in terms of informative progress, is based on a misunder-
standing of the relation between the two functions. An example of such a
misunderstanding is Lakatos’ conception of research programmes and of
the manner in which they are, or should be, ranked. A research programme
is essentially a set of — cognitively grounded or pure — regulative
principles for the construction of theories. Of any two research pro-
grammes one is superior to the other if, and only if, the theories
conforming to it have, compared with theories conforming to its com-
petitor, ‘“‘corroborated excess empirical content”, i.e. provide more
trustworthy information in a special sense of the terms which need not be
elaborated here. It must, however, be emphasized that this special sense
does not include any reference or appeal to a theory’s explanatory power,
as distinguished from the information provided by it'"". Lakatos’ ranking of
scientific theories might be defensible if scientists were only aiming at
information and if their regulative principles for the construction of
theories were chosen only for their capacity to lead to the construction of
theories providing ever increasing information. But, as e.g. Einstein’s
attitude to quantum mechanics shows, at least some scientists search for
theories which, in additition to being informative, have explanatory power,
in the sense of conforming to the supreme principles constituting the
scientists’ categorial frameworks.

'” See Imre LAKATOS, “Methodology of Scientific Research Programmes”, in: Criticism
and the Growth of Science edited by Lakatos and Musgrave (Cambridge Univ. Press, 1970),
p- 116 and passim.
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CONSTRUCTIVE SET THEORY:
INDUCTIVE DEFINITIONS
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Introduction

This is the third paper on the type theoretic interpretation of construc-
tive set theory. The previous two are [1] and [2].

Constructive set theory originated with MyHILL's paper [7]. It is a
possible framework for the formalisation of constructive mathematics as
practised by BisHoP and his co-workers (see [3], [4] and [8]). In [1] I
formulated a system CZF + DC of constructive set theory which is essen-
tially an extension of MyHILL's system CST. I also gave an interpretation of
CZF + DC in an extension of the framework of intuitionistic type theory as
presented in [5]. In [2] the interpretation was reworked in the modified
framework of type theory presented in [6]. In addition I showed that
further axioms, the choice principles IT3I-AC and II3I-PA are valid in the
interpretation,

The main aim of the present paper is to formulate a new axiom for
constructive set theory and show that it is valid in the interpretation. This
new axiom I call the regular extension axiom, REA for short. With this
axiom it is possible to show in constructive set theory that various
inductively defined classes are actually sets. For example if A is a set and
B, is a set for each a € A then there is a smallest class W = W, B, such
thatif a € A and f: B, & W then (a, f) € W. Assuming REA W,c. B, is a
set. If this W operation is added to the IT and 3 operations used in
formulating IT31-AC and IT2I-PA then we obtain the axioms IISWI-AC
and ITXWI-PA which are also.shown to be valid in the interpretation.

The proof of the validity of these new axioms depends essentially on the
rules for the form of type (Wx € A)B(x) that were introduced in [6]. This
form of type is simply a type theoretic version of the set theoretical W
operation described above. (Wx € A)B(x) is a type W having the

17
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introduction rule

(y € B(a))
a€EA f(y)EW
sup(a,fle W

The elimination rule for this type provides for definition by transfinite
recursion on W and expresses that the elements of W are inductively
generated using the introduction rule. Just as with the other basic type
forming operations such as IT and X the type forming W operation should
be reflected in the type of small types. So there is a rule

(x€A)
A€EU B(x)eU
(Wxe A)B(x)eU -

In Section 1 I review the formal system CZF + DC and its type theoretic
interpretation V. I also take the opportunity to discuss informally the
motivation for the interpretation. In fact it may be understood as a
constructive version of the iterative notion of set used in explaining the
meaning of classical set theory. The power set axiom and the full
separation scheme are not theorems of CZF + DC and are not expected to
be valid in V unless strongly impredicative principles are added to type
theory. I end the section with Theorem 1.2 which is proved in Appendix 1.
This theorem provides rules that could be added to type theory so that the
validity of the powerset axiom and the full separation scheme could then be
obtained. There is no intended suggestion that these rules make any
constructive sense. Nevertheless they do encapsulate in a convenient way
the idea behind impredicativity. They seem to resemble Russell’s axiom of
reducibility. The type {2 should be compared with the subobject classifier
of topos theory.

Section 2 consists of a review and some examples of the inductive
definition of classes in CZF. The examples will play an essential role in the
later sections.

The notion of base is needed to formulate the choice principles shown to
be valid in V. In Section 3 this notion is discussed in some detail as it seems
to be a fundamental notion for constructive set theory. The section ends
with a result showing that the choice principles are equivalent to the
slightly simpler axioms II¥-AC and IIZ-PA.

The purpose of Section 4 is to show that in CZF + DC + I1%-AC an inner
model of CZF+DC+ II3-PA may be defined. This result gives an
approach to the interpretation of the latter system that avoids the



CONSTRUCTIVE SET THEORY 19

somewhat inconvenient rule for type theory of definition by transfinite
recursion on the type of small types.

The formulation of the axioms REA, IISWI-AC and IIXWI-PA is given
in Section 5. The proofs that these axioms are valid in V may be found in
Appendix 2. Also in Section 5 may be found a definition of the notion of a
bounded inductive definition and a proof assuming REA that such
definitions always define sets. Several of the examples of inductive
definitions that were considered in Section 2 turn out to be bounded.

It has been my intention to made the body of this paper readable by
someone who is not too familiar with all the details of [2]. So work which
relies on such details has been confined to the two appendices.

The notion of an inductive definition plays a prominent role in this
paper. I end this introduction with an informal review of the notion.

An inductive definition usually involves the characterisation of a collec-
tion of objects as the smallest collection satisfying certain closure condi-
tions. Such a characterisation can be made explicit in one of at least two
ways. The first way is to define the collection as the intersection of all
collections that satisfy the closure conditions. Such an explicit definition is
thoroughly impredicative in that the collection is defined using quantifica-
tion over all collections. The second way is to build up the collection from
below as the union of a hierarchy of stages. These stages of the inductive
definition are indexed using some suitable notion of ‘ordinal’. In case the
inductive definition is finitary these ‘ordinals’ can be the natural numbers.
But in general transfinite ‘ordinals’ are needed. In order for this approach
to work the ‘ordinals’ must satisfy suitable closure conditions and must
themselves be inductively generated.

It would seem therefore that if one wants to make sense of infinitary
inductive definitions it is necessary at some point to make use of some
impredicative definitions. This is certainly the way that inductive defini-
tions are legitimated in classical mathematics. But there is something
unsatisfying with this conclusion. Many inductive definitions can be
intuitively understood directly in their own terms and impredicative
definitions are only required in order to represent them within a particular
framework such as classical set theory.

The paradigm for a direct understanding of an inductive definition is that
for the collection of natural numbers, which is characterised as the smallest
collection containing zero and closed under the successor function. In
constructive mathematics the natural numbers are viewed as objects
constructed according to the following two rules:

(1) 0 is a natural number.
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(2) If n is a natural number then so is s(n).

What a natural number is is an object constructed according to these
rules. As an infinitary example of an inductive definition we may take a
constructive version of the second number class of ordinals. These ordinals
are constructed according to the rules:

(1) 0 is an ordinal.

(2) If a is an ordinal then so is §(a).

(3) If @, a@1,... is an infinite sequence of ordinals then

sup(ax ln =0,1,...) is an ordinal.

It is implicit here, as in the rules for the natural numbers, that each
ordinal uniquely determines the combination of rules that is used in its
construction. In classical set theory the above notion of ordinal could be
represented as the set that is the intersection of all sets X such that 0 € X,
§S(@)eX if «a € X and sup(a. [n =0,1,...)E X if ao, ay,... E X, where
we could define 0=0, §(a)={a} and sup(a.|n=0,1,..)={(n, a,)
n =0,1,...}. In constructive set theory this set can be shown to exist using
the new axiom REA introduced in Section 5. This axiom avoids the
impredicativity of the power set axiom and the full separation scheme but
is strong enough to entail the existence of sets such as the above. It is in
type theory where certain inductive definitions are treated directly and it is
by using the inductively defined form of type (Wx € A)B(x) that the
axiom REA is shown to be valid in the type theoretical interpretation of
constructive set theory.

1. CZF + DC and its type theoretic interpretation
The axiom system CZF+DC

For our purposes here we shall use the standard first order language for
set theory having “ € ” as the only non logical symbol. The system is based
on intuitionistic first order logic with equality. The non logical axioms of
CZF are extensionality, pairing, union and infinity, all formulated as usual.
The axiom schemes of CZF are set induction, restricted separation, strong
collection and subset collection. I use DC for the strong form of dependent
choices scheme that has sometimes been called relative dependent choices.
In detail these schemes are as follows:

Set induction
Vx(Vy €Ex ¢(y) D ¢(x)) D Vx d(x)

for all formulae ¢(x).
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Restricted separation
Va 3bVx(xEb=xEa& ¢(x))

for all restricted formulae ¢(x), where a formula is restricted if all its
quantifiers are restricted, i.e. have one of the forms Vx Ey or Ix Ey
where these abbreviate Vx(x Ey D or Jx(x €y & respectively.

Strong collection
Va(Vx €a 3y ¢(x,y) D 3b d'(a, b))
for all formulae ¢(x,y), where ¢'(a, b) abbreviates

VxEa dyEbd(x,y) & VyED Ix Ea d(x,y).

Subset collection
Va Va'3c Vu(Vx€a Iy Ea’ ¢(x,y) D IbEc d'(a, b))

for all formulae ¢ (x, y), where it should be stressed that u may be free in

é(x.y).
Dependent choices (DC)
Vx(6(x) D Ay (6(y) & é(x,y)) DO Vx(6(x) D3z ¥(x,2))

for all formulae 6(x) and ¢(x,y), where ¥(x, z) expresses that z is a
function, whose domain is the set of natural numbers, such that z(0) = x
and for every natural number n 8(z(n)) & ¢(z(n), z(n + 1)) holds.

Below I list some basic facts concerning CZF which may help the reader.
Some more details may be found in [1].

(1) CZF with classical logic has the same theorems as ZF.

(2) The strong collection scheme is needed to derive replacement. The
ordinary collection scheme would not appear to suffice when only re-
stricted separation is available.

(3) The power set axiom is not an axiom of CZF and in fact it is not
proveable. In its place is the subset collection scheme. This scheme is in
fact equivalent to the single instance where ¢(x,y) expresses that (x,y) €
u. Using subset collection Myhill’s exponentiation axiom can be derived.
This axiom expresses that for any two sets a and b the set b° of functions
from a to b exists. Assuming PA (see Section 3) subset collection is
equivalent to the exponentiation axiom. In CZF the full power set axiom
can be derived from the assumption that {#} has a power set.
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(4) Many aspects of the informal development of classical set theory still
apply when working informally in CZF. For example natural numbers,
ordered pairs, relations and functions can be defined just as in classical set
theory. The notion of class and the notation associated with it is a
convenient tool in informal classical set theory which also carries over
without difficulty to the informal development of CZF.

The iterative notion of set: A constructive version

The type theoretic interpretation of constructive set theory may be
found in detail in [2]. Without assuming a full familiarity with the type
theoretic framework I wish here to discuss informally the idea behind the
interpretation. The classical iterative notion of set has been used to seek to
explain the meaning of classical set theory and so to give an interpretation
to ZFC. The idea is to seek a constructive version of the iterative notion of
set, i.e. that notion that arises by iterating the notion ‘set of’ to get sets, sets
of sets, sets of sets of sets, etc. Assuming that we had a general notion of
‘set of objects’, applicable to an arbitrarily given domain of objects, then
the universe of iterative sets might be viewed as that domain of objects that
is inductively generated by the single rule:

if A is a set of iterative sets then A is an iterative set.

The logical approach to the notion ‘set of objects’ is to treat sets as classes,
i.e. extensions {x I ¢ (x)} of predicates ¢ where x ranges cver the domain
of objects involved. Because of Russell’s paradox we know that in case the
domain of objects is to be the universe of iterative sets then x cannot be
allowed to range over the whole domain. The modern view is to use a
cumulative transfinite version of Russell’s theory of types. This view
requires the notion of cumulative level. Iterative sets are arranged in such
levels and each set of a given level has its elements at lower levels. The
levels are cumulative in the sense that a set is at a given level whenever it
occurs at any lower level. The class {x I ¢(x)} is now only accepted as a set
at a given level if x is understood to range over the sets at lower levels.

This conception of a universe of sets arranged in cumulative levels has
been used to give a somewhat plausible interpretation for ZFC. But the
interpretation is on the face of it highly non-constructive. In forming sets
{x I ¢(x)} the predicate ¢ may be defined using quantification over the
universe. Such impredicativity makes it impossible to view the rule given
earlier for generating iterative sets as a rule for constructing them. Also the
notion ‘set of” being used in the rule involves the notion of cumulative level
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of the universe and it is not clear how to understand this from the
constructive point of view.

There is an alternative approach to the above iterative notion of set. This
approach takes the rule, given previously as a rule for generating iterative
sets, as a rule for constructing iterative sets. What is needed is a suitable
notion of ‘set of objects’ for an arbitrarily given domain of objects. The
logical treatment of sets as classes {x |¢(x)} will not do. Notice that in
order to grasp such a class it is necessary to survey in some sense each
object x in the domain of objects and determine if it satisfies the predicate.
But for example the set of natural numbers {0, 2, 5} is naturally grasped to
be the result of combining into a whole the selection of the natural
numbers 0, 2 and 5. The natural numbers not in {0, 2,5} do not need to be
surveyed in order to grasp the set. This suggests that in grasping a set only
those objects selected to be in the set should need to be surveyed. In
general let us take a set of objects from some domain to be the result of
combining into a whole the selection of those objects from the domain that
are to be the elements of the set. The set may be written {a;}; where the a;’s
are understood to be the selected elements of the set. Sets are to be treated
extensionally. Two sets {a;}; and {b;}; are extensionally equal if every a; is
equal to some b; and every b; is equal to some g,. Notice that we have used
a variable i to index the selections of the elements a; of the set {a;};. What
can be the range of i? This needs careful consideration if we are to avoid
circularity. It is no good stipulating that i can range over any set. An
independent notion is needed. Fortunately there is a suitable notion
available. This is the notion of type from the intuitionistic theory of types.
So our answer is that i can range over a type I and the set {a;}; should be
written more explicitly as {a:}ie:.

The iterative sets are now inductively generated using the rule that for
each type I

if a; is an iterative set for i € I then {a:};c, is an iterative set.

This rule would seem to be acceptable as a rule of construction. But in
order to use it in the type theoretic framework so as to give an interpreta-
tion of the set theoretical language it is necessary to have a type of iterative
sets. If all types I are allowed in forming iterative sets then the iterative
sets themselves cannot be expected to form a type. Instead if I is required
to a small type in forming the iterative set then we obtain a relativised
notion of iterative set over the type U of small types, and we can have the
type V of iterative sets over U.

The type U of small types is obtained by reflection on the basic forms of
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type. As presented in [2] these are Ny, N, (ITx € A)F(x), (2x € A)F(x),
A + B and I(A, b, c) where A and B are types, F is a family of types over
A and b, ¢ € A. The rules for forming small types stipulate that the above
types are small provided that A is small and F(x) is small for x € A.

The rule that inductively specifies the type V may be given by the
following scheme

IEU  a€V@EED
{ai}iel eEv ’

It is this type V with the above introduction rule and a corresponding
elimination rule of transfinite recursion on V that has been used in [1] and
[2] to give the interpretation of constructive set theory. (Note that in [2] the
letters U and V are interchanged and that {a; li € I} is used instead of
{ai}ic:. In [1] T used (supi € I)a; for {a;}ic:1.)

In order to use V to interpret the language of set theory it is necessary to
have relations on V of extensional equality and membership =, and E...
These are defined so that if & ={a;}ic; and B ={b;};e; then

(a = B)=[Vi€13iel<a; = b,-)&VjEJEIiEI(a,- = b,-)]

ext ext

and
<a € /3)= [EleJa = b,] .

I will use V for the interpretation of the language of set theory where the
variables are taken to range over the type V, = and E.. are used to
interprete ‘=’ and ‘€’ and the ‘propositions as types’ interpretation is
used for the logical operations (see [2]).

THEOREM 1.1. ([2]) V models CZF +DC.

The following result is proved in Appendix 1 and for those familiar with
type theory it goes some way to explaining why V does not model the
power set axiom and the full separation scheme.

By the absolute separation scheme I mean that scheme concerning the
type V which expresses that the set {x Ea I ¢ (x)} can be formed for every
set a and every extensional predicate ¢ that can be defined in the type
theoretic framework (not only those predicates definable in the first order
language of set theory).



CONSTRUCTIVE SET THEORY 25

THEOREM 1.2. Working in the framework of type theory the following are
equivalent
(i) V models the power set axiom and the absolute separation scheme.
(ii) There is a small type 2 and a predicate T on () suich that T(a) is small
for a € £ and for each type A,

(aeM)(Ta)=A)
is true.

2. Inductive definitions of classes

As we shall see below it is often natural to introduce a class by an
inductive definition. In classical set theory inductive definitions are usually
dealt with using transfinite recursion on ordinals. But a direct treatment is
possible and even convenient. Moreover in constructive set theory the
ordinals are not at all as well behaved as they are classically. For example if
we define an ordinal to be a transitive set of transitive sets (as seems
necessary if every set is to have an ordinal rank) then every subset of {8} is
an ordinal and without the power set axiom they do not form a set of
ordinals.

In this section we shall work informally in CZF. The following definition
and result may be found in 4.2 of [2].

DEerFINITION 2.1. For any class @ the class X is @-closed if A C X implies
a € X for every ordered pair (a, A)E @.

THEOREM 2.2. For any class @ there is a smallest ®-closed class I(®P).

I(®) is the class inductively defined by ®. Elements of I(®) are called
®-generated. Usually the notion of @-closed class is defined directly in
terms of a system of rules. It is then routine to extract from the system of
rules the class @ involved. For example the class of natural numbers may
be characterised as the smallest class @ such that

(i) PE w,

(i) aU{al€Ew if a Ew.

This can be rephrased as w = I(®) where

& ={(®,0}U{(a U{a},{a})|a € V}.

Here V is the universal class of sets. Note that the axiom of infinity can be
taken to assert that w is a set.
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Examples

ExampLE 2.3. Let A and R be classes such that RCA XA and R, =
{x I(x, a) € R} is a set for each a € A. Then let Wf(A, R) be the smallest
class X such that fora € A

R, C X implies a EX

Then Wf(A,R)=I(®) where ® ={{a,R.)|a € A}. Wf(A,R) is the
well-founded part of A with respect to R. Note that @ and hence
WFf(A, R) could not be formed without the assumption that each R, is a
set.

ExampLE 2.4. Let A be a class. Let H(A) be the smallest class X such
that fora€ A

fE€X® implies ranf € X.

Here X“ is the class of functions from a to X and ran f is the range of the
function f. H(A) is the class of sets hereditarily an image of a set in A,
where b is an image of a if there is a function from a onto b. For example
H(w) is the class of hereditarily finite sets and H(w U {w}) is the class of
hereditarily countable sets where countable sets are taken to be those sets
that are images of sets in w U{w}.

In general H(A ) can be characterised as the unique class H such that

H= | {ranf,fEH“}.
acA
ExAMPLE 2.5. Let A be a class and let B, be a set for each a € A. Let
W.ea B, be the smallest class X such that for a € A

feX® implies (a, f)E X.

W.eca B, is a class of well-founded trees. If (a, f) € W,c4 B, then (a, f)is a
tree having (a, f) at the root and a node f(x) immediately above it for each
x € B,. Each f(x) is itself a tree in W,c4 B,. For example if A ={0,1,2},
Bo=%, B,={0} and B,=w then 0= W,c,B, is a version of the
constructive second number class. (0,§) is the zero element of O,
(1,{(0, a)}) is the successor of « €0 and if f&€ 0 then (2,f) is the
supremum of f in .

In general W,c4 B, can be characterised as the unique class W such that

W= {a}x W5,

aEA
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X € Ba)

<a,f>

Fig. 1.

ExaMpPLE 2.6. The next example is taken from 4.6 of [2]. Define a class X
to be I131-closed if

i) w€EX

(ii) [l.caB. € X and 2,4 B. € X whenever A € X and B, € X for
allae A.

(iii) I(hc)eEX forallb,c€EA if AEX
In the above the cartesian product [l,c4 B, is the set of functions f with
domain A such that f(a) € B, for all a € A and the disjoint union Z,ca B,
is the set of pairs {(a,b) such that a EA and b €B,. Also I(b,c)=
{z €{@}|b=c}. In [2] an appropriate class I3 of ordered pairs is
defined. The class I(I13I) of I13I-generated sets played a fundamental
role in [2]. This will be examined in the next section where the class will be
shown to be replaceable by the simpler class of IT3-generated sets. This
class is defined by leaving out (iii) and adding to (i) d € X.

3. The notion of a base

The notion of base was used in [1] and [2] to formulate the presentation
axiom and other axioms shown to be modelled by V in [2]. Here I shall
review the previous work and obtain some further results.

DeriNiTION 3.1. The set A is a base if whenever for each a € A B, is a set
having an element then I1,c4 B. has an element.

Note that AC asserts that every set is a base. DC implies countable
choice which asserts that w is a base.

The following application of strong collection will sometimes be useful.
As in most of this section we are working informally in CZF + DC.



28 P. ACZEL

THeoREM 3.2. Forany base A if Vx € A 3y ¢(x, y) then there is a function
f with domain A such that Vx € A ¢(x,f(x)).

ProoF. Under the assumption, Vx €A 3z ¢(x,z) where ¢¥(x,z) is
Jy(z =(x,y) & ¢(x,y)). Hence by strong collection there is a set B such
that

Vx€A 3Az€BY(x,z) & VzE€B IxE A ¥(x,2).

Then for each x € A the set B, ={y l(x, y) € B} has an element so that,
because A is a base, there is a function f € [I,caB. . Then Vx €A
& (x, f(x)) as desired.

Full AC is not constructively acceptable in constructive set theory as it
implies unacceptable instances of excluded middle. But a general form of
AC is available in type theory. For example see 1.15 of [2]. The intuition
behind the results in [2] is that the notion of base is a set theoretical version
of the notion of small type. By examining the notion of small type we are
led to consider some new axioms concerning bases, Before reviewing these
axioms let us list some closure properties of bases that can be easily derived
in CZF + DC.

3.3. Base closure properties

(1) Each natural numbern ={x € w I x < n}is a base and w is a base.

(2) If A is a base and B, is a base for each a € A then 2,4 B, is a base.
In particular if A and B are bases then so are AXB and A +B
(={0}x A U{1} x B).

(3) Any set in one-one correspondence with a base is a base.

(4) Any decidable subset of a base is a base.

By examining the rules for forming small types we are led to formulate
the following axioms

BCAy: If A isabase and B, is a base for each a € A then[l.c. B, isa
base.

BCA;: If A is a base then I(b,c)={z €{#}|b = c} is a base for all
bcEA.

The following result gives alternative versions of these axioms.

THEOREM 3.4. (1) BCA; is equivalent to BCA.: If f,g: A— B where A
and B are bases then the equaliser {x € A lf(x)= g(x)} is a base.
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(2) Assuming BCA.,, BCAp is equivalent to BCA.,.: If A and B are
bases then so is B*.

Proor. (1) First note that BCA, is the special case of BCA., when
A = {@}. For the converse implication let f, g: A — B where A and B are
bases. Their equaliser is clearly in one-one correspondence with
2.eal(f(a), g(a)). Hence by BCA,, 3.3(2) and 3.3(3) the equaliser is a
base.

(2) First note that BCA,,, is a special case of BCAy. For the converse
implication let A be a base and B, be a base for each a € A. Then
B =2,c4B. is a base by 3.3(2). Note that II,c, B, is in one-one corre-
spondence with C ={f € B* |p(f(x)) =x forallx €A}, where p: B—> A
is given by

p(a,b))=a for(a,b)EB. d

Define F,G: B* - A" by
F(f)(a)=p(f(a))
G(f)(a)=a

for f E B*, a € A.

Then C is the equaliser of F and G. But by BCA.,, the sets B* and A"
are bases so that by BCA., the set C is a base. Hence by 3.3(3) the set
Il.c4 B, is a base.

The base closure axioms BCA; and BCA,; were motivated by consid-
ering the rules for forming elements of the type U. The presentation axiom
PA is motivated by considering the rule for forming elements of the type V.
Each element of V has the form {a;}ic; where I is a small type. It is in a
certain sense an image of the small type I If small types are to be
represented by bases in set theory then we are led to formulate the
following axiom of set theory.

Presentation Axiom (PA). Every set is an image of a base.

In [2] I did not work directly with the axioms BCAn, BCA; and PA, but
rather with the following ones.

II3I-axiom of choice (IIZI-AC). Every I13I-generated set is a base.

II51-presentation axiom (IIZI-PA). Every I15]I-generated set is a base and
every set is an image of a JIZ]-generated set.
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The following result is proved in [2].

THEOREM 3.5. V models not only CZF + DC but also II3I-AC. Moreover
assuming definition by transfinite recursion on the type U of small types V
also models IISI-PA.

Definition by transfinite recursion on U is the rule formulated in 1.10 of
[2]. It expresses that the small types are inductively generated by the rules
explicitly listed for forming the small types, i.e. one rule for each of the
basic forms of type that U is reflecting. It is natural to keep the type U
open to reflect any additional forms of type that can arise in the future. An
example is the form of type (Wx € A)B(x) which was introduced in [6]
and will be used in Section 5 and Appendix 2 of this paper. So the rule of
definition by transfinite recursion on U is somewhat unnatural and needs
to be modified each time a new form of type is to be reflected in U. In
Section 4 a result is obtained which gives an alternative approach to
modeling CZF + DC + II3I-PA which avoids transfinite recursion on U.

Note that II3I-PA is a strengthening of II3I-AC which implies PA. It
also implies BCA; and BCA,. To see this observe that by 4.8 of [2] the
class of bases is the class of those sets that are in one—-one correspondence
with a IIZI-generated set. It follows without undue difficulty that the class
of bases is II3I-closed and hence BCA;, and BCA, hold.

As a conclusion we get the result

THEOREM 3.6. V models CZF + DC + BCA;; + BCA, + PA, assuming de-
finition by transfinite recursion on U.

Recall that the class of I13-generated sets is defined like the class of
II3T-generated sets except that the rule involving I is left out and ¢ is
explicitly put in. The axioms IT3-AC and IT3-PA are formulated in the
obvious way. The remainder of this section is devoted to proving

THEOREM 3.7.

II3-AC=II3I-AC, II3-PA=II3I-PA.
This is easily seen to be an immediate consequence of the

LEMMA. Assuming I13-AC, every I13]1-generated set is in one-one corre-
spondence with a I13-generated set.
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ProoF. Let X be the class of those sets that are in one-one correspon-
dence with a IT¥-generated set. It suffices to show that X is IT3I-closed.
Obviously @ € X. That X is closed under IT and ¥ is not quite obvious. So
let A € X and B, € X for all a € A. Then there is a I13- -generated set A
and f A=A (f is a one-one correspondence from A to A). For each
xEA, B, € X so that there is a II3-generated set B and g: Byfiy= B.
By I13-AC the set A is a base. Hence by 3.2 there are functions assigning
to each x € A a II3-generated set B, and g.: B, )~ B.. Combining the
one-one correspondences f and the g,’s in a straightforward way we see
that [l.ea B, ~Il.cs B. and 2.ca B, =~ 2.4 B.. As Il,c4 B, and 2,c4 B,
are IIZ-generated it follows that [l,c, B, € X and 2,ca B, E X.

It remains to show that if A € X and b,c € A then I(b,c)€ X. This
follows from the

Sublemma. For every II3-generated set A if x,y € A then I(x,y) € X.

For if A € X then there is a II3-generated set A and f: A =~ A. If
b,c € A then by the Sublemma I(f(b),f(c)) € X. But as f is one-one

I(b, c) = I(f(b), f(c)).

Proof of Sublemma. Let Y be the class of those IIZ-generated sets A such
that if x,y € A then I(x, y) € X. It suffices to show that Y is I3 -closed.
Trivially € Y and w € Y because if n,m € w then I(n,m)={@}if n = m
and @ if n# m. In either case I(n,m)€E X.

Now suppose that A € Y and B, € Y foreacha € A. Hence I(b,c)E X
for b,c € A and also for b,c € B, where a € A. We must show that
Il,caB. €Y and 2.c4 B, € Y. Now if f, g EIl,c4 B, then I(f, g) is easily
seen to be in one-one correspondence with [L,ea I(f(a), g(a)). As X is
closed under I, A € X and I(f(a), g(a)) € X for all a € A it follows that
[.caI(f(a),g(a))E X. Hence I(f, g)E X. Thus [l,ca B. € Y. If (a,b),
(a',b"YE Z,ca B, then I((a,b),(a’,b")) is easily seen to be in one-one
correspondence with Z.c oy I(b,b). As a,a' € A, I(a,a)EX. If z E
I(a,a’) then a=a’ and b,b' € B, so that I(b,b’)E X. As X is closed
under 3 it follows that I({a, b),{(a’,b")) € X. Hence Z,c4 B, € Y.

4. An inner model construction
In this section we work informally in CZF + DC.

DeriNiTION 4.1. The class A is regular if it is transitive, i.e. every element
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of A is a subset of A, and for everya € A andset RCa X A if Vx €a Ty
(x,y)E R then there is a set b € A such that

Vx€adyeb(x,y)ER&VyEbIxcEal{x,y)ER

In particular if R: a— A then ranR € A.

Note that if A is regular then H(A)= A. One of the main aims of this
section is to prove the following result.

THEOREM 4.2. Assuming I13-AC, there is a class M such that M is the
smallest regular model of CZF. Moreover M is also a model of DC + II3.-
PA.

Note that a class M is a model of a set theoretical sentence ¢ if ¢ is true
when all quantifiers are restricted to M. When this holds we write M = ¢.

Using the above theorem and the results of Section 3 a model of
CZF+DC+ BCAp + BCA, + PA can be obtained as follows. First use V
to interpret CZF + DC+ II3-AC and then in this interpretation take the
smallest regular model of CZF. This is an alternative to the exclusive use of
V which requires the use of transfinite recursion on the type U.

The following lemma gives a method for constructing regular classes.

LemMA 4.3. If Y is a class of bases then H(Y) is a regular class,

Proor. H(Y) is transitive because every element of H(Y) has the form
ranf for some f: y— H(Y) for some y € Y. But ranf C H(Y).

Now let a € H(Y) and let R C a X H(Y) be a set such that Vx €Ea 3z
(x,2z) € R. Then for some y € Y and some f: y — H(Y) a =ran f, so that

Vx€y 3z € H(Y) {(f(x),z)ER.
As y is a base there is a function g: y — H(Y) such that
Vx €y (f(x).g(x)) ER.
If b =rang then b € H(Y) and
Vx€a z€b(x,y)ER&VzEbIAxEa (x,y)ER. ]
The next lemma will be needed to verify the restricted separation

scheme in our inner models.

LEMMA 4.4. If Y is a I13-closed class of bases then for each restricted
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sentence ¢ with parameters in H(Y) there is a set ¢ € Y such that

¢=3Ax(x Ec).

33

Proor. Let us use !¢ to abbreviate Ix(x € c¢). The following facts are

easy to check if A, B are sets and B, is a set for each a € A.

(i) A & 'B=!(A XB),
(i) 1Av!IB=!(A+B),
(iii) 1A D!B=IB" if A is a base,
(iv) (Ix € A)!B.=! > B,
xEA
v) (Vxe A)!B, =! H B,, if A is a base.
xEA

The lemma will be proved by induction on the way that the restricted
sentence ¢ is built up. For atomic ¢ we need to prove the following claim.

Claim. For all a,b € H(Y) there is ¢ € Y such that (a =b)=!c.

This claim will be proved by a double set induction on g, b € H(Y). So

as induction hypothesis, we may assume that

Vx€aVyebAzeY (x=y=I!z).

As a,b € H(Y) there are ao, b€ Y and f: ap—a, g: bo— b that are

surjective. So we get

VxEaVyEb Iz EY (f(x)=g(y)=!2).

As ao and b, are bases in Y, so is ao X b, so that by 3.2 there is a function

h: ao X by— Y such that

Vx €EacVy € bo(f(x) =g(y)="'h({x, y))).
Now if

¢ "le—!n Y;O h«x’ y>) X yl;!n x;n h((x’ y>)

then ¢ €Y, as Y is II3-closed, and by (i), (iv), (v) above
(a=b)=le

This completes the proof of the claim and hence the lemma in the case

where ¢ has the form a = b. O
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If ¢ has the form a €b where a,b € H(Y) then choose by E Y and
surjective g: bo— b. By the claim

VyEb,AzE Y (a=g(y)=!2).
As by is a base, by 3.2 there is h: by— Y such that
Vy € bo(a = g(y)='h(y)).

Hence
a€b=3yEbya=g(y)
=3y € by h(y)
=lc
where

c= ; h(y)eY.

The final case of an atomic sentence is when ¢ is L. But if ¢ is the empty
set then ¢ =!c.

Now suppose that ¢ has one of the forms ¢ & ¢, ¢ v @2, ¢ O ¢», and
that by the induction hypothesis there are ¢, c; € Y such that

di1=!c; and ¢=!c,.
Then by (1), (ii), (iii) above
d=lc

where ¢ has one of the forms ¢, X ¢z, ¢, + ¢», ¢5'. As Y is II3-closed ¢ € Y.
Finally suppose that ¢ has one of the forms (Vx €Ea)di(x) or
(3x € a)¢i(x), where a € H(Y), and by induction hypothesis

VxEa Az € Y (di(x)=!2).

As a € H(Y) choose a, € Y and surjective f: ap— a. Then
Vx €Eao 3z € Y (Pi(f(x))=!2).
As ao is a base there is h: ao— Y such that
Vx € ao(¢:i(f(x)) = h(x)).
Hence by (iv), (v)
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where ¢ has one of the forms Il e, h(x) or Z,c, h(x). In either case ¢ € Y
as Y is I13-closed.
We can now prove the following result.

THEOREM 4.5. If M = H(Y) where Y is a I13-closed class of bases then M
is a regular model of CZF+DC + I13-AC.

ProoF. By 4.3 M is regular. We consider each axiom and scheme of
CZF + DC+ I13-AC in turn. M models the extensionality axiom because
it is transitive. To see that it models the pairing axiom let a, b € M. Define
f: @ — M by putting f(0)=a and f(n+1)=0>b for n €Ew. Then {a,b}=
ranf so that, as o € Y, {a, b} € M. For the union axiom let a € M. Choose
a, € Y and surjective f: ap— a. As a C M, if x € a, then f(x) € M so that
there is y € Y and surjective g: y — f(x). As ao is a base there is a function
b: ap— Y and a function g with domain a, such that for all x € a,
g(x): b(x)— f(x) is surjective. As Y is II3-closed ¢ = Z,eq b(x)E Y.
Now we can define h: ¢ > M by

h((x,y)=g(x)(y)
for x € as, y Eb(x). So

zeUa=3xe€a(z Ex)
=3Jx Ea, (z Ef(x))
=3x Ea, Ay Eb(x) (z = g(x)y))
=z Eranh.

Hence h: ¢ —> U a is surjective so that U a € M. For the infinity axiom
we first show that each natural number isin M. As@E€ Y and 6:0—0 is
surjective it follows that € M. As M models the pairing and union
axioms if a EM then a U{a}E M. Hence by mathematical induction
w CM As w €Y it follows that w EM.

The set induction scheme is easily seen to be modeled by any class. For
the restricted separation scheme let a € M and let ¢(x) be a restricted
formula with parameters in M and having x as the only free variable. We
need to prove that {x € a Id)(x)}EM. By Lemma 4.4

VxEa zEY (H(x)=!2).

As a € M we may choose ao € Y and surjective f: ap— a. As ao is a base
there is a function h: ap,— Y such that

Vx € ao(6(f(x)) ="h(x)).
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Let by= 2,cq h(x) €Y, and define g: bo— M so that g({x, y)) = f(x) for
all x Eao, y € h(x). Then rang € M and

z€rang=3Jx € ao Ay Eh(x) (z = g({x, y)))
=VYxEao Ay Eh(x) (z =f(x))
=3Ax Eao (h(x) & z = f(x))
=3Ax Eay (¢ (f(x)) & z = f(x)
=zEa& $(z)
=z2E{xEa |¢(x)}.
Hence {x Ea |¢(x)} =rang EM.

For the strong collection scheme let a € M such that MEVYx Ea
dyd(x, y) where ¢(x, y) is a formula having parameters in M and at most
the variables x, y occuring free. We must find b EM such that
Mk ¢'(a, b). By strong collection there is a set R Ca XM such that

VxEa dy (x,y)ER and Mk ¢(x,y) whenever {(x,y)ER As M is
regular there is b € M such that

Vx€Ea dyEb(x,y)ER& VYyEDb AxEa (x,y)ER.

It follows that Mk ¢'(a, b).

For the subset collection scheme let a,a’ € M. Choose ag,at €Y and
surjective f: ap—>a, f:at—a’. As Y is II3-closed as™ €Y and if
h € ai* then F(h)EM where F(h)={f'(h(x)) ]x Ea}. Hence if ¢ =
ran F then ¢ € M. Now suppose that M=Vx €Ea Iy € a’d(x,y) where
¢ (x, y) is a formula having parameters in M and at most the variables x, y
free. (Note that ¢ was defined independently of ¢(x, y).) Then

Vx Ea, Ay Eai ME ¢(f(x).f'(y)).
As a, is a base there is h: ap— a( such that
Vx €Eao MEd(f(x), f'(h(x))).

If b=F(h)then bEc and M ¢'(a, b). Hence M=3b Ec ¢'(a, b).
We next consider the dependent choices scheme. So assume that

MEYx(8(x) D Ay(6(y) & o(x,y))),

and let a € M such that Mk 8(a ). By DC there is f: w — M such that
f(0)=a and for all n €Ew

ME6(f(n)) & ¢(f(n), f(n +1)).
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But f={(n,f(n))|n Ew}CM and w €Y so that fEM.

Finally we show that M models II3-AC. We must show that if a E M
such that M =“q is II5-generated” then M =“a is a base”. As we have
already seen that M is a regular model of CZF, if a € M such that M F*a
is II3-generated” then by Lemma 4.6 below a really is II3-generated.
Hence by I15-AC it follows that a is a base and hence it is easily seen that
ME“a is a base”.

LemMma 4.6. If M is a regular model of CZF then M is I15-closed and for
aeEM

(ais 3I1-generated)= M =“a is I15,-generated .

The conclusion of this result may be formulated as stating that the class
of II3-generated sets is absolute over M. In order to prove this it is
necessary to review a definition of the class of I1%-generated sets and
check that each part of the definition is absolute for M. The class is given by
an inductive definition which can be replaced by an explicit definition as in
the proof of Theorem 2.2 that is to be found in 4.2 of [2]. The details of the
absoluteness proof are straightforward but somewhat long, so the proof of
the lemma will not be presented here.

PROOF OF THEOREM 4.2. Assume II3-AC and let M = H(Y) where Y is
the class of I13-generated sets. As Y is a I13-closed class of bases it
follows from Theorem 4.5 that M is a regular model of CZF + DC + I3 -
AC.

We also need to show that M is a model of II%-PA. So let a EM.
Choose ao € Y and surjective f: ao— a. As M is I3 -closed Y C M so that
a, € M. By Lemma 4.6 M = “a, is II>-generated””. Note also that f E M.
Hence Mk “a is an image of a II3-generated set”.

Finally suppose that M’ is a regular model of CZF. We must show that
M CM'. By Lemma 4.6 M' is I13-closed. It follows that Y C M' and
hence M = H(Y)C H(M'). Hence M C M' as M’ is regular. (J

5. The regular extension axiom

The form of type (Wx € A)B(x)

Up till now the interpretation V of constructive set theory has been
based on type theory with rules for the following forms of type: No, N,
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(IIx € A)B(x), (IIx € A)B(x), A+ B, I(A,b,c), U and of course the
type V of iterative sets over U. In this section we consider the effect on V
of adding the form of type (Wx € A)B(x) and rules for it. This new form
of type was first introduced by MARTIN-LOF in [6]. If B is a family of types
over the type A then (Wx € A)B(x) is a type W having the introduction
rule

(y EB(a))
a€EA  fEW
sup(a, YEW

There are also rules for definition by transfinite recursion on W which
express that the elements of W are inductively generated using the above
introduction rule. Notice that the type V and its rules correspond exactly
to the type (Wx € U)x and its rules. Also notice that the inductively
defined class W.ca B, of 2.5 is a set theoretical version of the type
(Wx € A)B(x).

In addition to the already mentioned rules for the new form of type there
is a rule for reflectings (Wx € A)B(x) in the type U:

(x€A)
AEU B(x)EU
(Wxe A)B(x)e U -

When this rule is added to the other rules for forming small types then the
rule for definition by transfinite recursion (if it is to be used at all) has to be
modified to allow for the new form of small type.

Inductive definitions of sets

In Section 2 we considered inductive definitions @ of class I(®) in
constructive set theory. Under what conditions on @ will the class I(®) be
a set? One might expect from classical set theory that I(®) should certainly
be a set when @ itself is a set. In fact by considering classical examples such
as the set of hereditarily countable sets one might expect I(®) to be a set
for certain classes ¢ which are not sets. This is the case but even when @ is
a set a new axiom of constructive set theory seems to be needed. The
notion of a regular class was defined in 4.1.

The Regular Extension Axiom (REA). Every set is a subset of a regular
set.

We shall see that ¥ models this axiom in the context of type theory with
the W-form of type.
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DEFINITION 5.1. An inductive definition @ is bounded if
(i) for each set A the class @, is a set where

@, ={a|(a, A)E B},

(ii) there is a set B such that if (a, A) € @ then A is an image of a set in
B. The set B is called a bound for &.

First notice that if @ is a set then @ is bounded with bound the set
{A |Ela (a, A) € ®}. In particular if A and R are sets with RC A X A
then the inductive definition in 2.3 of Wf(A, R) is bounded.

A simple example of a bounded inductive definition that is not a set is
the inductive definition

@ ={®,0U{(a U{a}{a})|ae V}

of the class of natural numbers. It has bound {#, {}}.
If A is a set then the class H(A ) defined in 2.4 is inductively defined by

<D={<ranf,ranf)|f€ Vv for some a € A}.

This is bounded with bound A.
As a final example if A is a set and B, is a set for each a € A then the
class W,e4 B,, defined in 2.5, has inductive definition

o] ={((a,f),ranf)|f€ V% and a E A}
a€EA}

This is bounded with bound {B,

THEOREM 5.2 (CZF + REA). Every bounded inductive definition inductively
defines a set.

COROLLARY 5.3 (CZF+ REA). (i) If Aisa setand R C A X A is a set then
Wf(A,R) is a set.

(i) If A is a set then H(A) is a set.

(i) If A is a set and B, is a set for a € A then W,c4 B, is a set.

The classical theory of inductive definitions is usually presented in terms
of transfinite iterations of a monotone operator. If @ is an inductive
definition for each set x let

I'x)={a '(a,A)Etp for some A C x}.

In general I'(x) is a class. Note that x C y implies I'(x) C I'(y) and for any
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class X

[X is ®-closed] =[I'(x)C X for all x C X].

LEMMA 5.4 (CZF). If @ is a bounded inductive definition then
(i) I'(x) is a set for each set x.
(ii) There is an assignment of a set I'* to each set a such that

F“=F(U{I"|y€a}).

(i) I(®)=U{r*la e v}

ProoF. (i) Let B be a bound for @. Then (a, A) € @ implies that there is
b € B and surjective f: b— A. Hence for each set x

r(x)=U{@..,|fec

where C = U{x" , b € B}. By the exponentiation, replacement and union
axioms C'is a set. As @ is bounded ..., is a set for all f € C. Hence by the
replacement and union axioms I'(x) is a set.

(ii) Let X be the smallest class such that if

Vy€a3z€b(y,2)EX& VzEbIyEa(yz)EX
then

(a, T(Ub)e X

This definition can be put in the form of an inductive definition coming
under the scope of Theorem 2.2. By set induction one can easily prove that
for each set a there is a unique set x such that (a, x) € X, and if this unique
x is written I'* then

r-=rJ{r |y eaj.

(iii) First note that if I'” C I(®)for all y € a then U{I" ,y Ea}Cl(P)
and hence I'“ CI(®) as I(®) is P-closed. Hence by set induction
I C I(®) for all sets a so that U{I" | a € V}C I(®P). For the converse
inclusion it suffices to show that U{I™ , a € V}is d-closed. So let x be a
set such that x C U{I" |a € V}. Then

VyEx JayeTrl™

By collection there is a set b such that

VyeEx 3Jacbyerl™
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It follows that x C U{I"* | a € b} and hence I'(x)C I'* ¢ U{r™*

a€EV}h

ProOF OF THEOREM 5.2. Let @ be a bounded inductive definition with
bound the set A. By REA we may assume without loss that A is a regular
set. Let

1=U{r"|ae A}

By the replacement and union axioms I is a set. By (iii) of the lemma
I C I(®). Hence it suffices to show that I is @®-closed, because then
I(®)C I so that I(@)=1 is a set.

So let(y, Y) € @ with Y C I. We must show that y € I. As & has bound
A there is a € A and surjective f: a — Y. Hence
VxEaf(x)E],
so that
Vx€a dz€EAf(x)ET.
As A is regular there is b € A such that
VxE€a Az EDbf(x)ET".

It follows that Y C U{I* |z €b} so that yET* C L
Assuming the presentation axiom REA has several equivalents.

THEOREM 5.5 (CZF + PA). The following are equivalent.
(i) REA.
(ii) I(®) is a set for every bounded ®.
(iii) H(A) is a set for every set A.
(iv) H(A) is a set for every set A of bases.
(v) W.ea B, is a set for every set A and sets B, for a € A.

Proor. The implications

(iii) — (iv)

i)

v)
are clear from the work above. We shall complete the circle by showing
that (v)— (iv)— (i).

(v)— (iv). Let A be a set of bases. Let W = W,ca a. Assuming (v) W is

a set. It is the smallest class such that if a EA and f: a — W then
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{(a,f) E W. There is a function F: W— V such that
F(a, ) ={F(f(x))| x € a}

for a €A and f: a— W. In fact F may be defined inductively as the
smallest class such thatif a € A, f: a— W and g: a > V such that Vx € a
(f(x),g(x))EF then (a,f),rang)EF. Let H=ranF, As H is a set it
suffices to show that H(A)=H.

To show that H(A) C H it suffices to show that if b C H is an image of a
setin A then b € H.So let b =ran f where f: a — H with a € A. Then

VxEadye W(f(x)=F(y)).
As a is a base there is g: a = W such that
Vx Ea f(x)=F(g(x)).

Hence b =ranf = F({(a,g)) € H. For HC H(A) we prove that b €EH
implies b € H(A) by set induction. So assume that for all y€ b if y EH
then y E H(A) and let b € H. Then b = F({a, g)) for some a € A and
g:a— W.So b=ranf where f(x)=F(g(x))€E H(A) for x € A. Hence
b EH(A).

(iv)— (i). If A is a set we must find a regular set H D A. Without loss we
may assume that A is transitive. By PA there is a surjective function
7: B—> A where B is a base. By PA again, for each b € B there is a
surjective function 7": B’— m(b) where B’ is a base. As B is a base there
is a function that assigns to each b € B a surjective function 7: B, — w(b)
where B, is a base. Now let H = H({B, Ib € B}). By Lemma 4 H is a
regular class. By (iv) H is a set. It only remains to show that A C H. We
show that a € A implies a € H by set induction. So assume that for all
x€Ea if xEA then xEH and let a € A. As A is transitive a C H.
Choose b € B such that w(b)=a. Then as m: B, — a is surjective it
follows that a € H by the definition of H. [l

The interpretation of CZF + DC+ REA + BCAy + BCAw + BCA, +PA

Recall that the base closure axioms BCA, and BCA, were formulated
by considering the rules of type theory for forming small types. With the
new form of small type (Wx € A)B(x) we are led to the base closure
axiom for W.

BCAy: If A isabase and B, is a base for each a € A then W,c4 B, isa
base.
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The discussion and proofs in Section 3 and Section 4 can be reworked so
as to include the axioms REA and BCAy,. The notion of II3I-generated
set needs to be modified to the notion of IISWI-generated set by
incorporating the W-operation in the obvious way. The axioms IISWI-AC
and II5WI-PA are formulated in the obvious way. The following modifica-
tion of Theorem 3.5 will be proved in Appendix 2 using the W-rules of type
theory.

THEOREM 5.6. V models CZF+ DC + REA + IISWI-AC. Moreover as-
suming definition by transfinite recursion on the type U of small types V also
models T13, WI-PA.

The following result is proved exactly as in the proof of Theorem 4.8 of

2].

THEOREM 5.7 (CZF + REA + I[ISWI-PA). A set is a base if and only if it is
in one—one correspondence with a I[I15WI-generated set.

Hence, as in the discussion leading up to 3.6 we get

THEOREM 5.8. V models CZF+DC+REA +BCAy + BCAyw +BCA, +

PA, assuming definition by transfinite recursion on U.

If the notion of IISW-generated set and the axioms I[ISW-AC and
IISW-PA are defined in the obvious way then the following result can be
proved along the same lines as Theorem 3.7.

THEOREM 5.9 (CZF + REA).
IIZW-AC=1II3-AC, IISW-PA =115-PA.

Finally by reworking Section 4 we can get the following result.

THEOREM 5.10 (CZF + DC+ REA + [ISW-AC). There is a class M such
that M is a minimal regular model of CZF + REA. Moreover M is also a
model of DC+ IISW-PA.

In fact M = H(Y) where Y is the class of II5W-generated sets. As in
Section 4 this result gives an alternative approach to the interpretation of
CZF+DC+REA +BCA; + BCAw +BCA,; +PA to that in Theorem
5.8.
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Appendices'

Al. Proof of Theorem 1.2

We shall work informally in type theory as in [2]. Let us first assume I to
prove II. As V models the power set axiom there is an @ € V such that for
BEV

BEa=pCid,

i.e. a is the power set of {#}. Let 2 = & and let T(x) =a(x) for x € A.
Then R €U and T(x)E U for x €. For any type A let 8 be the
extensional species on V where 8(x)= A for x € V. By the absolute
separation scheme there is a set 8 € V such that for yE V

YEBEYE{Q}&O(V)Eyﬁﬂ&A.
As B C{f} B € a so that for some x € 2 B=d(a). Hence

A=P=p&A=PEB=PEd(x)=Ty ET(x)(@=d(x)(y)).
But

Vy € T(x)( = @ (x)(y)).
Hence

A=3yeTx)@=0)=T(x).

Thus (3a € 2)(T(a)= A) and we have proved IIL.

Now let us assume II to prove I. Let a =(sup x € 2)f(x) where
f(x)=(supy € T(x))d for x € 2. Then a € V. We will show that « is the
power set of {#}. First note that f(x) C {#} for all x € £ so that a is a set of
subsets of {#}. Now let 8 C {#}. Choose x € 2 such that T(x)=(0 € B).
This is possible by II. Then for y€E V

YEB=y=P&PEB=y=0& T(x)=Ay ET(x)(y=0)=1vy E f(x).

Hence B = f(x)so that 8 € a. Thus in V {#} has a powerset. But, as shown
in 2.3 of [1], this implies that ¥V models the powerset axiom.

' In the appendices the same symbol ‘€ has been used for both the fundamental type
theoretic relation between an object and its type and the defined extensional membership
relation on V, expressed by ‘ €°_, in Section 1. The context should always make clear which is
intended.
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Finally let 8 € V and let ¢ be an extensional species on V. By Il
Vy €6 3x € AT (x) = ¢(5(y))).
Hence by AC for type theory (see 1.15 of [2]) there is f € § — £2 such that
Vy €8 T(f(y)) = 6(5(y)).

Let A=(2Zy€8)T(f(y)). Then A €U and if B =(supz € A)é(p(2))
then BE V. For yEV

YEB=3zEA y=5(p(2))
=3y €5 Iu ETF(Y)) (v= ()
=3y €5(T(f(y) & y=5(y))
=3y €5 (d(5(y)) & y= 8(y))
=3yEs(d(y) &y=y)
=yES& o (7).

Hence V models the absolute separation scheme and I is proved.

REMARKS. (1) V models the powerset axiom if and only if II', where II' is
the weakening of II which only requires (3a € 2)(T(a)= A) for small
types A.

(2) V models the absolute separation scheme if and only if for each type
A (Ja€U)(a=A) is true.

A2. Proof of Theorem 1.2

As in Section A1 we shall work informally in type theory. In addition to
the rules of type theory used in [2] and Section A1 we shall use the rules for
the form of type (Wx € A)B(x) as discussed in Section 5 and formulated
in detail in [6]. In view of the previous work we need here to prove the
following results.

A2.1 V models REA.

A2.2 V models IISWI-AC.

A2.3 V models II5WI-PA, if definition by transfinite recursion on the

type U of small types is assumed.

Proof of A2.1
In CZF every set is a subset of a transitive set. Hence it suffices to show
that if ao € V is transitive then there is a regular set & € V such that
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a, C a. For the regularity of « it suffices to show that if 8 € V such that
B € a then B C « and for each species F on VXV

VxeBIyE€aF(x,y)D3B' €Ea F(B,B) (*)
where F'(B,B') is
Vxep Iy EB F(x,y) & Vy €B’'Ax EB F(x,y).

So let o€ V be transitive. Let Aq= &, and let Bo=(x)d&(x). Then
A EU and Bo€ Ay— U so that if A =(Wx € A))By(x) then A € U.
Now define h € A — V by transfinite recursion on A so that

h(sup(a, f)) = (sup u € Bo(a))h (f(u))
for a € Ay, f € Ba)— A. Then a € V where a =sup(A, h).

LEMMA. Let B € V. If B=y for some y € V such that ¥ = By(a) for some
a € A, then (*) holds for each species F on V X V.

PrROOE. Assume that Vx €8 Jdy Ea F(x,y). Then by the assumptions
on f3

Vx € Bo(a) 3y €A F(7(x), h(y)).
Hence by AC (1.15 of [2]) there is f € Bi(a)— A such that
Vx € Bi(a) F(7(x), h(f(x))).
So sup(a,f)E A and if
B’ = h(sup(a, f)) = (sup u € Ba))h(f(u))
then B’ € V such that '€ & and
Vx € By(a) F(7(x), B'(x))
so that by Theorem 2.9(i) of [2] F'(y,B’). As B=y we get F'(B,B') as

desired.

To show that « is regular let 8 € V such that B € a. Then 8= h(c) for
some ¢ € A. But ¢ =sup(a, f) for some a € A, and f € Bi(a)—> A. Hence
B=(sup u € Bi(a))h(f(u)). As h(f(u))E a for u € By(a) it follows that
B C . Finally let F be a species on V X V. The assumptions of the lemma
hold with y = h(c). Hence (*) holds as desired.

It remains to show that a¢C a. We show that B Ea, D B Ea by set
induction on B € V. So as induction hypothesis we assume that
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VyeEB(yEw DyEa)

Now if 8 € a, then 8= &y(a) for some a € A,. So the assumptions of the
lemma hold with y = @.(a). Hence (*) holds, where F(x,y)is x=y. As ao
is transitive, by the induction hypothesis 8 C a so that

Vxep Ay Ea(x=y).
Hence by (*) there is B’ € a such that
Vxegayep'(x=y)& Vyep IxeB(x=y).

Hence B= B’ so that B € a as required.

Proof of A2.2

The proof of the validity of T15I-AC was carried out in Section 6 of [2].
Here we shall only discuss the additional constructions that are needed to
transform Section 6 into a proof of the new result. In 6.2 and 6.3 of |2]
(e, B)E V and 3(a, B)E V are defined for o, B € V such that @ = 5,
and in 6.4 these are related to the set theoretical disjoint union and
cartesian product operations when « is injectively presented and B(x) is
injectively presented for each x € &. Moreover it is also shown that
II(a, B)and 3(a, B) are injectively presented under these conditions. We
need to carry out a similar construction for the set theoretical W-operation
of 2.5. Once this has been done then theorem 6.7 of [2] can be strengthened
to obtain the result that the class of strong bases is I13WI-closed and hence
the validity of IISWI-AC.

Solet o, €V with a = [; We wish to define W(a, B) € V. First note
that E € U where E =(Wx € @)B(x). Define h € E— V by transfinite
recursion on E so that for x€Ea and f € B(x)— E

h(sup(x, f)) = (6 (x), S(B(x), (sup u € B(x)h(F(W)))-
Finally let W(a, B) =sup(E, h).

LEMMA. Let a € V be injectively presented and let B € V such that B = a
and B(x) is injectively presented for all x € &. Then
(1) If n = W(e,B) then

If y € a and & is a function from v' to m, where {y,vy") €
S(a, B), then (y,8)E 7. (**)

(2) If n € V such that (*) then W(a,B)C 1.
() W(a, B) is injectively presented.
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Proor. (1) Let n = W(a, B), ¥ € a and let 8 be a function from y’ to 5
where (y,y) € S(a B). To show that (v, 8)E .

AsyEa, y= a(x) for some x € & Hence (@(x), y’)ES(a B) so that
by 5.3(i) of [2] ¥' = B(x) It follows that 8 is a function from é_(_)g_) to m so
that, by 5.3(ii), 8 = S(B(x), 8') for some 8’ € V such that 8 = B(x). As d is
a function with values in 7 we may use 5. 3(i) again to get (Yu € §")8'(u) €
n. Hence (Vu€6)(3z € E)(S’(u) h(z)) and we may use the type
theoretical AC to_get an f € 8'— E such that (Yu € §")(8'(u) = h(f(u))).
So &' = (sup u € B(x))h(f(u)) and by 5.3(iii)

8= S(B(x),8") = S(B(x), (sup u E B(x)h(f(w))).

Hence finally (y, 8) = h(sup(x, f)) € 7.

(2) Assume that n € V such that (**). To show that W(e, B)C 7; i.e.
h(e)En for e EE.

We will do this by transfinite induction on E. So if e = sup(x, f) where
x Ea and f € B(x)— E then we wish to prove that h(e) € n under the
induction hypothesis that

(Vu € B(x))(h(f(u)) E 7).

If 8 =(supu € B(x)h(f(u)) then 8'€EV and & =B(x) so that if
8= S(B(x),8') then by 5.3 of [2] and the induction hypothesis.5 € V is a
function from B(x) to 7. Also {(&(x), B(x)) € S(a, B) so that (@ (x),8)E 7
by (++). Hence h(e)= h(sup(x,f)) =(a(x),5)E .

(3) We shall use transfinite induction on E. We shall use a binary version
which can easilxyl_)_e__derived from the usual formulation. So if z; = sup(x;, f;)
forx,€a,fi€B(x;))>Efori=12we slﬂprove (3) under the induction
hypothesis that for u, € B(x,) and u, € B(x,)

h(f(w)) = h(f2(u2)) D fi(u) =k fo(u.).

So assume that h(z:) = h(z.). Then by the definition of h this implies that
() @(x)=da(x), and___
(i) S(B(x.),(supu € B(x)h(fi(u)) = S(B(Xz) (sup u € B(x2)h (f2(w))).

As a is injectively presented x, = x,.
Hence by 5.3(iii) of [2]

h(fu(u)) = h(f:(u)) for u € B(x)
so that by the induction hypothesis
fiu)=fx(u) for u € B(x\)

so that f; = f, and hence z, =g z,.
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Proof of A2.3
This follows the lines of Section 7 of [2] where the validity of IISI-PA is
_shown. In the statement of Theorem 7.1 the extra equality

T(W(A,F))= W(r(A),(supx € A)7(F(x)))

should be added. In the proof of 7.1 the following extra equation in the
definition of o is needed:

a(W(A, F))=h,
where h is defined by transfinite recursion on W(A, F) so that
h(sup(x, f)) = (o(A)(x), S(sup(F(x), o (F(x))), (sup u € F(x))h(f(u)))).

The remainder of Section 7 goes through with only trivial changes provided
that IT31 is replaced by IISWI everywhere, and in the modified 7.5 we get
the validity of IISWI-PA.
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PROVING PROGRAMS AND PROGRAMMING PROOFS

M.J. BEESON

Dept. of Mathematics and Computer Science, San Jose State Univ.,
San Jose, CA 95192, U.S. A.

“Proving programs’ is computer science; ‘‘programming proofs” is
logic. The meeting ground of the two is that both depend on formal
systems; those of logic are designed for proving, those of computer science
are designed for programming. Future progress, in particular progress in
applications to large-scale computer sytems, depends on the design of new
formal systems. What should these be like and how might they be used?
This paper raises some issues (in its first half) and makes (in its second half)
a technical contribution by considering some theories of Feferman from
the viewpoint of computer science, and comparing them with the theories
of Martin-Lof. Perhaps the best introduction to the paper is a listing of the
section headings:

1. Proving programs: command language and assertion language?

2. Programming proofs: mathematics as a high-level programming lan-
guage.

3. It matters how you do it, not just what you do!

4. Mathematics is dynamic as well as static.

5. The role of constructive mathematics.

6. Programming proofs: a logician’s view of automatic program genera-

7. Programming proofs: Automatic deduction in artificial intelligence.

8. Formal systems, new and used: will the next generation be cheaper and
better?

9. Types and data structures: Martin-Léf’s theories.

10. Logic of partial terms.

11. Flexible typing: Feferman’s theories.

12. Proving programs and programming proofs, revisited.
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1. Proving programs: command language and assertion language?

By “proving programs” is meant more explicitly: proving properties of
programs. Or better still: proving properties of the execution of programs.
People speak of the ‘“‘correctness” of a program with respect to its
“specifications”’; by this they mean that if the program gets an input of the
kind it is designed for, it will produce an output having certain specified
relations with the input. This notion is divided into the two notions of
“total correctness” (an output is always produced and it is correct) and
“partial correctness” (if an output is produced then it is correct).
Theoretically-minded people invented these notions after considering the
practical problems of “software reliability”’; one wishes to have certainty
that the programs used in air-traffic control, in the systems that monitor
nuclear reactor safety, in telephone exchanges, banking, air defense, etc.,
do not contain hidden bugs that will show up tomorrow under unusual
conditions and cause a disaster. Since these programs are very large and
usually written by teams, it is hard to check their correctness. Theoreti-
cally, it should be possible to provide ‘“‘comments” in a suitable formal
language, which would describe what the programmer thought should be
true as that part of the code is executed. Then the program could be run
through a “verifier”, which would find an inductive proof of the partial
correctness of the program. Note that in practical situations partial
correctness is more vital than total correctness: what we are worried about
is wrong answers that we don’t know are wrong.

Theoretical studies of the problem typically proceed by setting up a
formal language in which one can express ‘“conditions”, and writing
{#}P{y} to express the partial correctness of program P with respect to
“input conditions” ¢ and “‘output conditions” ; that is, if the input
satisfies ¢, then the output of P, if any, satisfies . Manna uses the words
command language and assertion language: ¢ and Y are written in
assertion language, and P is written in command language. This reflects a
distinction between dynamics and statics: P is supposed to do something,
and ¢ and ¢ are supposed to express facts about the static situations
before and after P does something. This distinction between dynamic and
static is a recurrent theme in our work; it recurs in several different
situations, and the question is always: what is the best way to handle the
static and dynamic aspects of a situation and their relationships? Separat-
ing the two into two separate languages necessitates a third formalism (e.g.
Hoare’s logic) to discuss their relationships.'

' Another phrase in the literature is “specification language”, which means the same as
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The distinction between dynamics and statics summarizes the difference
between the programming languages of computer science and the formal
languages of logic: the former are for doing things, the latter for stating and
proving things. Separating the two into two separate languages for program
verification is better than leaving one of them out entirely; but it is still
artificial.

The command language and the assertion language should be the same

Assertions should be allowed to mention programs as well as input and
output. Programs (algorithms) in the ‘“command language” should be
allowed to work on assertions. The distinction between data and program
has long been recognized as artificial; the distinction between propositions
(assertions) and programs is equally artificial. This point may require a
little elaboration. First of all, it is well-known that every program may be
regarded as data. It is less well-known that data may often by regarded as
programs. For example, even numbers written in various customary
notations are best thought of as programs. For example, 10" represents a
program for computing a certain natural number. It is in fact distinguished
from most of its neighbors in the natural-number sequence by having this
very short program in the simple ‘“command language’” of expressions built
up from symbols for addition, multiplication, and exponentiation. This way
of looking at data was explained to me by Per Martin-Lof: each data type,
when specified, will include a canonical representation for each of its
members (e.g. natural numbers are canonically represented by tally
marks); then an object of this type is in general a program which
“evaluates” to canonical form. We shall have more to say about this point
below, when Martin-L6f’s ideas are discussed more fully.

2. Programming proofs: Mathematics as a high-level
programming language

The formal systems of logic were created in order to be studied, not in
order to be used. It is an interesting exercise to try to formalize (for
example) Hardy and Wright’s number theory book in Peano arithmetic
(PA). Any logician will see that it can theoretically be done, but to do it in

“assertion language”. For the state of the art in specification languages, see e.g. the chapter of
BURSTALL and GOGUEN in BOYER-MOORE [1981]. For the basic theory of program correct-
ness see DE BAKKER [1980].
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practice is far too cumbersome, for some reasons which are touched upon
in Section 3. This has not bothered logicians, who (at least since Principia
Mathematica) have not been interested in actually formalizing anything,
but only in the possibilities of so doing. Similarly, they are satisfied with
Turing machines or combinatory logic as a theory of computability.
Anybody who tries to program a Turing machine to do anything compli-
cated will realize why Pascal and LISP are needed: to makes programs
which are machine-readable, and also comprehensible (that is: writeable
and readable) by humans. Similarly, formal systems are needed in which
one can write machine-readable proofs that are still comprehensible by
humans. There are at least six projects in progress (of which the author is
aware) in which elaborate computer systems have been constructed with
this (or a similar) aim. These projects and their theoretical backgrounds are
surveyed in BEesoN [1983].° One lesson the creators of all these systems
have had to learn is that what goes for programs goes for proofs: to be
readable, they must be well-structured. To state the point clearly:

The systems we want must be as great an improvement over traditional
logical systems like ZF and PA set theory, as modern computer languages
like Pascal and LISP are over Turing machine language.

To put is as graphically as possible:
? _LISP

PA~ ™

3. It matters how you do it, not just what you do!

In order to bring out more clearly what we consider the defects of PA as
a high-level programming language, we shall consider an example in some
detail: Euclid’s algorithm for finding the greatest common divisor (gcd) of
two numbers. We shall consider the example in LISP and then in PA, in
order to bring out the advantages and disadvantages of each language. The
algorithm can be expressed in a few lines of LISP:

* Study of these systems was an essential phase of the development of the ideas in this
paper, but space limitations preclude a discussion of them here. The projects are: AU-
TOMATH, under the direction of de Bruijn at Eindhoven; PRL and related projects under
the direction of Constable at Cornell; FOL under the direction of Weyhrauch at Stanford;
LCF at Edinburgh; Algos under the direction of Graves; and the language PROLOG which is
widely used in artificial intelligence research. The list of references contains a trail that can be
followed by the interested reader.
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(DEFUN EUCLID (N M)
(COND ((EQUAL N 0) M)
(EQUAL M 0) N)
(LT N M)(EUCLID M (REM M N)))
(T (EUCLID N (REM N M)))))

Translated into English: define a function EUCLID of two arguments N
and M, as follows: if N =0 the answer is M; if M =0 the answer is N if
N < M the answer is EUCLID(M REM(M, N)); where REM(M, N) is the
remainder of M after division by N; otherwise the answer is
EUCLID(N, REM(N, M)). It is an accolade to LISP that the translation is
harder to read than the algorithm.

Now consider Euclid’s algorithm in Peano arithmetic PA. The most
obvious difficulty is that Euclid’s algorithm is defined by recursion, and PA
has no direct facility for definitions by recursion. Nevertheless, since the
1930’s we have known how to make recursive definitions in PA; Godel
showed us how to use the Chinese remainder theorem to construct a
formula R (u, m, i, x) which can be thought of as “u codes a sequence of
length at least m, of which x is the i-th member”. This formula R can then
be used to replace the recursive definition of EUCLID by an explicit
definition of the relation E(n, m,y) which holds if y = EUCLID(n, m):
E(n, m, y) holds if there is a double sequence u; coding up the values of
E(i,j) for all i <n and j <m; that is, if we think of u; as the value of
E(i, j) then the recursion equations for E are satisfied, and w,.. = y.

There are two points to be made about the treatment of Euclid’s
algorithm in PA. First, were we to be presented with the formula defining
E(n, m, y) explicitly, without explanation, we would require a long time to
understand that it had anything to do with greatest common divisors. This
contrasts with the extreme readability of the LISP algorithm above.

Second, the formula mentions no algorithm. It is a mere statement of
some relationships between numbers. To the extent that one may say there
is an algorithm implicit in the formula, it is the wrong algorithm! The
recursively-defined algorithm EUCLID has been replaced by an iterative
algorithm, requiring us to compute E (i, j) for all i and j less than the given
arguments. The result, of course, is the same as the result of Euclid’s
algorithm, but the method is different. The distinction between “‘iterative”
and “recursive” algorithms is made in first-year computer science courses,
but entirely ignored in traditional logic. The fact that primitive recursion
and searching can be used to define every general recursive function (the
so-called Kleene normal form theorem) shows, to the satisfaction of the
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logician, that iteration and recursion are the same thing. What has been
overlooked is that an algorithm cannot be identified with the function that
it computes. Philosophers use the words “extensional equality”” and in this
connection: two algorithms are extensionally equal if they produce outputs
for exactly the same inputs, and always produce the same output at a given
input, no matter what the internal workings of the algorithm. Intensional
equality is a less well-defined concept; it refers to two algorithms differing
only in inessential respects. We may then summarize the defect of PA to
which we have called attention as follows:

PA does not allow the intensionally-correct representation of all number-
theoretic algorithms in a natural way.

A logician may object that the theory of Turing machines can be
formalized in PA, and the proof of the recursion theorem for Turing
machines can be formalized, and so one can find a number which is the
index of a Turing machine which works recursively in a manner similar to
the algorithm EUCLID, provably in PA. In fact, one may by suitable
Godel numberings even formalize the theory of LISP, so that there is a
code number of a coded LISP interpreter and a code number of algorithm
EUCLID. But all this is an artifice; the objection is that PA does not allow
the intensionally correct representations of all number-theoretic al-
gorithms in a natural way.

Lest it seem that we should just forget about PA and work in LISP, let us
now consider the one point in PA’s favor: After having defined E, we can
give a formal proof in PA of the facts that for each n and m, there is a
unique y such that E(n, m, y) and this y is the greatest common divisor of
n and m. We may not have the algorithm, but we have the correctness
proof; and there is no way to prove anything in LISP, whose only
statements are commands. What we need is a language in which we can do
both.

4. Mathematics is dynamic as well as static

All that the usual formal results on representability of recursive func-
tions in PA show is that every number-theoretic fact can be stated in PA.
Traditionally, this has been felt to be satisfactory. But,

It only formalizes the static aspect of number theory, ignoring the dynamic
aspect,
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LISP and Pascal, on the other hand, formalize only the dynamic aspect,
neglecting the static aspect. Informal mathematics typically includes both
aspects. People say, ““Now take x to be any number larger than y”’. That
phrase has connotations of action, but in formalization it gets translated to
the static hypothesis x > y, which is tacked on to all subsequent formulae in
the argument. Informal mathematics is made up of statements like, “if you
perform the following constructions, the result will be such-and-such”.
After translation into traditional formal systems, the dynamic feature is
erased, replaced by a function symbol or symbols combined into a term of
the formal language. The evaluation of the terms is regarded as a part of
metamathematics, not built into the formal system.

We have already seen one example of this point in the preceding section.
Another interesting example is furnished by interactive symbol-
manipulation systems such as MACSYMA, or its cousin vaxima with which
the author has had some interesting experiences. The dynamic and static
aspects of mathematics receive some explicit attention in vaxima: every
function name has a noun form and a verb form. Using the verb form
causes the function to be applied and the result evaluated; using the noun
form causes it to be left in symbolic form, e.g. sin(0) instead of 0. The same
distinction applies as well to operations of what the logician calls “higher
type”, such as the operation DIFF of taking the derivative.

Like LISP, vaxima is an interactive language; the user communicates
with the vaxima interpreter. At any time, this communication takes place
in an environment, in which certain variables have been assigned values
(the values can be numbers or defined functions). The phrase “now take x
to be 2’ which you might find in a mathematics book (or more likely in a
conversation) becomes the vaxima command x : 2. Then x has the value 2
until you change it. There is nothing corresponding to this in traditional
logical languages like PA. One can, of course, substitute 2 for x as a step in
a formal derivation. But this is a process which has to be done outside the
system itself. Indeed, one of the principal technical lemmas in the
elementary metamathematics of PA is that formal derivations are capable
of “reflecting”” all Turing-machine computations. I refer to the fact that all
recursive functions are representable in PA; it says that any computation
can be replaced by another computation with consists in searching for a
formal proof of a certain formula (if all we care about is the result of the
computation). One pushes the dynamics out of the formal system into the
metamathematics. The entire nature of the interactive relationship between
the user and such a program as vaxima is alien to the view of mathematics
fostered by the study of static systems such as PA.
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This discussion makes it clear why traditional formal systems can’t be
used for the study of program verification: the very problem of program
verification involves a dynamic aspect. Of course, we can state in PA the
theorem Vm Vn 3yA(n,m,y) which says that the primitive recursive
function corresponding to Euclid’s algorithm always produces an output.
But since every primitive recursive function always produces an output,
this is a triviality. The content of the termination of Euclid’s algorithm has
vanished in the reduction of EUCLID to some primitive recursive func-
tion.

There is another reason why traditional formal systems are inadequate
for program verification: they don’t provide anything corresponding to
“the environment”. Suppose we have a program P which is supposed to
transform input conditions ¢ to output conditions t. Suppose further that
the above difficulties do not arise, and program P can be adequately and
naturally described in formal system T, by a term ¢t of 7. Then we may
express the partial correctness of P by

Vx(d(x)—= v (t(x))).

But this doesn’t allow for the changes that the execution of P might make
in the environment, i.e. for the ‘‘side effects” of the execution. While this
formalism might work for a “‘one-run” algorithm like Euclid’s algorithm, it
is ill-adapted to programs where the “side effects” are as important or even
more important than the input and output. Indeed, many programs are
designed to ‘“‘run forever”, e.g. operating systems, so that the only
interesting aspects are the side effects.

The inability of traditional formal systems to represent the environment
comes up again when one considers the problem of natural formalization of
mathematics. Suppose one tries to formalize, for example, Hardy and
Wright’s well-known number theory text. The first page goes rather well in
PA. On the second page, one encounters the convention that the letter “p”
will always stand for a prime number. The traditional logician will not
worry: we just remember to preface every theorem mentioning the letter p
by the formula defining “p is prime”:

VxVy(x-y=p—x=pvx=s(0))

(where s is the successor function). However, this will get hopelessly
awkward as convention after convention has to be unwound in this
fashion.”

* This example was brought to my attention by Richard Wehyrauch, who pointed out to me
that his system FOL doesn’t suffer from this defect.
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Moral of the above discussion: The defects of traditional formal systems
are the same, whether one is interested in program verification, or in
interactive computerized mathematics, or in formal languages for
mathematics which are readable both by machines and by humans.

There is another lesson to be learned from experience with vaxima: the
user of vaxima soon learns that system never tells you how it gets the
answer; and since the program has a few bugs (like any piece of software
developed and modified by teams) there is room for doubt. The apparatus
for justifying an answer, which is central in systems like PA, is entirely
absent in vaxima.

The systems of the future should be able to answer the question, ‘‘How do
you know that?”

This applies not only to mathematical systems, but to systems in artificial
intelligence and in data base management. “Data base” is static, ‘“‘manage-
ment” is dynamic. As management systems get more sophisticated, the
problem of justifying the answers they give us becomes more crucial. This
is related to, but more complicated than, “program verification™.

The problem of treating both the dynamic and static aspects of information
is fundamental and arises in all branches of information science.

The solution will necessitate the construction of languages which can treat
both statics and dynamics.

5. The role of constructive mathematics

The phrase ‘“mathematics as a high-level programming language” is due
to Bishop, whose book Foundations of Constructive Analysis kindled a new
interest in constructive mathematics. By constructive mathematics 1 mean
mathematics in which “there exists” means “we can find explicitly”.
Bishop’s view is that if mathematics is properly written, one should be able
to extract what he called “numerical information” from the proof. Every
mathematical proof boils down, according to this view, to the assertion that

-if such-and-such computations are performed on the positive integers, they
will have such-and-such results. The parallel with the formulation {¢}P{¢}
is striking: Bishop says every mathematical theorem should have this form.

Hence the phrase “programming proofs”: if we start with a constructive
proof, we should be able to extract a program from it, which contains the
computational information implicit in the proof. Thus “programming
proofs” has the sense: extracting programs from proofs.
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Space for this paper is very limited; otherwise I would devote several
pages to examples of extracting algorithms from proofs. If the subject is
new to you, begin by looking up the usual proof of the existence of a
greatest common divisor of two numbers, and observing that no algorithm
can be extracted from it. Now find a proof from which Euclid’s algorithm
can be extracted.

Next, consider the different proofs of the standard existence theorem for
the differential equation dy/dx = f(x, y). The proof by successive approxi-
mations furnishes an algorithm; the proof by Arzela-Ascoli does not, since
it depends on finding a convergent sequence in a compact set, which we
have no algorithm to do.

The fundamental theorem of algebra is fertile ground for experimenta-
tion: there are many different proofs of it, and many different algorithms
for finding roots of polynomials. Try to extract an algorithm from the least
constructive proof, the one by Liouville’s theorem! You will first have to
constructivize the proof; or more accurately, find a constructive proof
based on the non-constructive one. The idea is to compute the winding
number around some nested squares; but to compute the integral you need
squares on whose boundaries the function is bounded away from zero.
Thus to find zeroes you need non-zeroes. The details may be found in
WEYL [1924]. The example illustrates Bishop’s point: many a proof that
seems non-constructive actually does have a numerical content if one looks
for it.

6. Programming proofs: a logician’s view of automatic program generation

The general problem of automatic program generation is to produce
automatically a program meeting certain specifications when presented
with the specifications. Clearly this is asking too much: the program
generator has to be told how to generate the program. As always when you
want to know how to compute something, the right question to ask is

What additional data do I need?

That is, “what data in addition to the specifications that the program is
supposed to need will enable me to find such a program?” The least we
could ask for is a proof that the thing the program is supposed to compute
actually exist! So an automatic program generator can be viewed as a
device for extracting programs from proofs.

For example, in practice one has programs which generate parsers
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automatically, when one is given a suitable grammar for the language to be
parsed. (Such a program was used to generate the mathematical typesetting
preprocessor that the author used to prepare the manuscript of this paper.
It translates, for example, “x sub i sup 2" into instructions which cause the
typesetter to print “x;”.) A grammar (of the right kind) is in fact a kind of
existence proof for a parser; the automatic parser generator passes from
such an existence proof to a parser as output. In this case, there is no
formal language in which the existence proof has to be expressed, because
the domain of applicability of such a program generator is extremely
narrow, although quite useful.

There is reason to believe that the extraction of programs from proofs may
eventually permit the construction of much more useful and general
automatic program generators.

Logicians have spent considerable effort in studying how algorithms can
be extracted from proofs. Their conclusions may be summarized as follows:
(i) One has to use constructive proofs if one hopes to extract algorithms
from them. There is an elegant logic which corresponds to construc-

tive proofs, and it has béen thoroughly studied.

(ii) One can extract algorithms from constructive proofs in at least two
ways: by realizability (and its variants), and by cut-elemination (or
normalization).

The rather large body of formal results which are summarized in these
two short statements is hardly known to most computer scientists, and
computer science is hardly known to most of the logicians who have
developed these results. Hence the potential power of these methods is as
yet untapped.’

The challenge is to implement the logical theory. By using the word
“implement” I do nof mean to imply that only a programming task
remains. On the contrary, the difficult part of the task, it seems to me, lies
in the construction of suitable languages, whose structure (syntax) mirrors
the structures we want to talk about in a natural way.

7. Programming proofs: automatic deduction in artificial intelligence

John McCarthy has said, “A reasoning program should express its
knowledge in logical terminology, and then deduce or infer a suitable

* Although Goad has begun to do so, see e.g. Goap [1980].
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action, and then carry out this action”. Of course, this presumes that the
program has some goals in the light of which it will decide what action is
suitable. We draw an analogy between the world of mathematics and the
world in which the reasoning program is supposed to operate (think of a
factory environment or the well-known ‘‘blocks world”). From a formal
proof that the goal of the program is a possible state of the world, we
should be able to extract an algorithm (suitable sequence of actions) for
achieving the goal, just as we extract number-theoretic algorithms from
constructive proofs in number theory.

8. Formal systems, new and used: will the next generation be cheaper and
better?

The common thread of the above examples is this:
The choice of formal system is crucial!

One decision that has to be made before constructing new formal systems
is whether one wants a typed system, in which every object is known to
belong to a certain data structure (in computer science language), or type
(in logician’s language); or whether one does not want to have this
restriction built in to the language. So far, typed systems have been more
fully developed for computer implementation than untyped systems (e.g.
AUTOMATH). The author thinks that untyped (or better: flexibly typed)
systems should be considered as well. To open the discussion, let us
consider only one of the reasons: It is natural to use terms even when one
doesn’t have any idea if they actually denote anything, let alone what type
it might be. The linguists are fond of ‘““The present king of France”. An
example closer to computer science is, ““the output of this program I just
wrote”, when you haven’t debugged it yet. One will have a difficult time
formalizing mathematics naturally without the use of such terms as 2., a,,,
when one hasn’t yet proved the convergence of the series. Another
example, which may show that the problem is not irrelevant even for the
most applications-oriented computer scientist: “The first available flight
from San Francisco to Madrid on next June 17”. If there is no available
flight then this expression does not denote. How should a computerized
travel agent deal with it?

We have just discussed whether every term must have a type. There is a
related question: suppose a term does have a type, must that type be
unique? In other words, must every name make clear what kind of an
object it is supposed to name? A system in which this is true is said to have
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strict typing. It means, for example, that 7 must have different names when
considered as an object of the type of integers representable in eight bits
than when considered as an object of the type ‘“‘bignum”. This is not
traditional in mathematics, where people think that “Seven is seven is
seven’’; but evidently it has its uses in computer science. Strict typing
prevents the formation of “subtypes” in the natural way; a positive real
number is not a real number as in traditional mathematics, but a real
number together with a lower bound or “witness” to its positivity.

In the next decades, very large and complex computer systems will be
designed to deal with the ever-increasing need for and flow of information.
These systems will involve major software engineering projects, and in
some cases (e.g. the Japanese Fifth-Generation Computer Systems project,
described in FucHi [1983]) hardware development as well. These systems
will have powerful methods of defining data types; their designers must
resolve questions such as how to deal with untyped terms, and whether the
system should be strictly typed or not. The design of these systems needs a
theoretical basis. In BEesonN [1983], the author has reviewed several
precursors of such systems and their theoretical bases. In this paper, the
emphasis is on the theoretical side; but the issues raised here arise when
practical applications are considered. We think that systems developed by
proof-theorists for other reasons may turn out to be useful; here we make
studies which are still very theoretical, but moving in the direction of
eventual applications. The proof-theorists alluded to are Martin-Lof and
Feferman, who have each presented formal systems in a series of papers.
The main purpose of the rest of the paper is to present a version of
Feferman’s systems chosen with an eye to applications in computer science,
and compare it with Martin-L6f’s systems. In the process we will return to
the themes mentioned in the title of the paper.

9. Types and data structures: Martin-Lof’s theories

These are often called “type theories”, because the idea idea behind
them is the principle of “strict typing” discussed above. They grew out of
Martin-L6f’s proof-theoretical studies, and were at first mainly studied by
proof-theorists, though the relevance to computer systems soon became
apparent. The fundamental statements of the theory (called “‘judgments”)
have four possible forms:

t: A (read, t is of type A),
A type (read, A is a type).
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The third possible form of judgment is
s =t: A (read, s and ¢ are equal as objects of type A).

On Martin-Lof’s conception of “type”, each type comes equipped with its
own natural notion of equality. It is this notion that is meant in this form of
judgment, not some underlying notion of absolute identity.

The fourth form of judgment expresses the equality of two data types,

A =B.

Intuitively, this is extensional equality, i.e. A = B if and only if the same
objects have type A as have type B.

The system contains primitive type constructors which enable one to
construct product and sum types, starting from the basic types N of the
natural numbers and Ni of the natural numbers less than a fixed number k.
We shall briefly describe these constructors. If A is a type, and for each
x: A, B(x)is a type, and if x =y: A implies B(x)= B(y), then B is a
called a family of types over A. In that case the product type (IIx: A)B(x)
consists of those operations f such that x: A implies f(x): B(x) and
x =y: A implies f(x)= f(y): B(x). Note that if the base type A is N,,
then the product type is what in computer science would be called an
“array of length k”, with i-th entry from B(i).

Another important special -case of the product type is when B(x) is
independent of x, say is a constant type C. Then (IIx: A)B(x) is written
C*; it is the type of all functions from A to C.

With A and B as above, the sum type (3x: A)B(x) consists of those
pairs (x, y) with x: A and y: B(x). Note that if B(x) does not actually
depend on x, say B(x)= C, then the sum type in question is just the
Cartesian product A X C. (This is responsible for a notational confusion:
sometimes the term ‘“‘product type” refers to a type built using II,
sometimes to a cartesian product, which is formally a sum.)

Martin-Lof’s systems are what a proof-theorist would call “logic-free”.
That is, they do not provide for the building up of complex expressions by
the usual logical operations, “and”, “or”, and so on. Instead, logic is
indirectly embedded, or defined, using the propositions-as-types idea.
According to this scheme, every proposition is associated with a certain
type: intuitively, the type of all (constructive) proofs of the proposition.
Thus, for example, the proposition A & B is associated with the Cartesian
product of the types associated to A and B: in order to prove A & B, we
have to give a pair (x, y) where x is a proof of A and y is a proof of B. This
idea is a fundamental one, which has its historical roots in KoLMoGoRrov
{1929] and was developed by Howard and Tait in the proof theory of the
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fifties and sixties. For a more leisurely introduction, see [BEESON, 1985]
(Chapter XI) or [MARTIN-LOF, 1982].

Martin-Lof’s philosophy calls for a strictly typed system, i.e. one in which
every object has a unique type. Thus e.g. 7 as an object of type N is
different from 7 as an object of type Ny;. His [MARTIN-LOF, 1975] system
had the corresponding formal property that if ¢t: A and t: B are both
provable, sois A = B. His [1982] system would have it too, but for a minor
technicality.’

Martin-L6f has extended the possibilities for constructing types in two
directions. First, some of his theories contain symbols for ‘“‘universes”. In
the simplest such theory, there is just one universe, represented by a
constant symbol U. Intuitively, this is the type of all “small types”. This
might be just the types mentioned above, or it might include others; the
exact meaning of U is to be left open. Hence no axioms for proof by
induction on the construction of elements of U are included. (The
computer scientist who will not be satisfied with incompletely specified
data types, may complete the specification of U as desired.) The main
axioms that are included about U are that it is closed under the formation
of product and sum types, and contains N and each Ni.

The second direction in which the basic theory has been extended is to
include some axioms for inductively-generated types. These rules are
rather complicated. They do address an important issue, however, and
some sound theoretical basis for inductive definitions will have to be
provided before these theories can be effectively applied to the design of
useful computer systems.’

10. Logic of partial terms

The purpose of this section is to describe one convenient logic for
dealing with “partial terms”, i.e. terms that may not denote anything. We

* The technicality in question is that the same constant r is allowed to be of any type
I(A, a, a). To recover the strict typing property we have to write r(A) instead of r.

¢ With this in mind the author has worked out how one uses Martin-L6f’s rules to introduce
the data type List which is fundamental to the programming language LISP. This is an
interesting and instructive exercise, but it is omitted here for lack of space. The principal
difficulty to be resolved is that the definition of “list” flagrantly violates the principle of strict
typing (as already discussed), while that principle is basic to Martin-Lof’s systems. In other
words, LISP is a type-free system; how can it be imitated in Martin-L6f’s strictly-typed
system? The answer is that one has to “‘cheat” by changing the definition of the type List to
conform to strict typing.
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shall give such a logic, compare it briefly with other such systems, give a
semantics for it, and state some theorems about it which generalize
well-known theorems about the predicate calculus to this situation.

LPT (logic of partial terms) is a logic in the same sense as the predicate
calculus. If we are given any collection of predicate symbols, function
symbols, and constants as in the usual predicate calculus, there will be a
language in LPT based on these symbols. The rules for forming terms are
the same as in ordinary predicate calculus. Every atomic formula in the
usual sense is still an atomic formula; but there is one more kind of atomic
formula, namely: if ¢ is a term then ¢ | is an atomic formula. This may be
read ‘‘t is defined”. It should be emphasized, however, that the intended
meaning is that the term “t” denotes something. That is, one says of an
object that it exists, of a term that it denotes or is defined. All objects exist,
of course, so that to say something does not exist is a figure of speech; what
is meant is that the term we have mentioned does not denote.’

In case equality is part of the language, we use ¢t =s to abbreviate
(tl—=t=5)& (s | —>t=5). In words: if either ¢ or s denotes anything,
then they both denote the same thing. Note, however, that = is not an
official part of the language.

We shall use the notation A[t/x] to mean the result of substituting ¢ for
the free occurrences of x in A. The customary inference from ¥YxA to
A[t/x]is not valid if ¢ is a non-denoting term: “if everything exists then the
king of France exists” is an invalid inference, since the antecedent is true
but the consequent is false. We are now ready to set out a list of rules and
axioms for making correct inferences in LPT. In this list, ¢ and s are terms,
while x and y are variables.

Axioms and rules of LPT
B— A

BoViA if x is not free in B Q1
ﬁ% if x is not free in B (Q2)

7 It may seem that the above is too obvious to state, but there is an entire book devoted to
the subject of “Non-existent objects”. It is dedicated to “my parents, without whom I might
have been one”. What the author means is that without his parents, his name would have been
a non-denoting term. Compare the famous Zen koan which asks for your original face, the
one you had before your father and mother were born. Another non-denoting term; but part
of the point of Zen is to break the confusion between words and reality; a word is only an
approximate description of the reality it denotes.
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VxA &t | — A[t/s] (Q3)
Alt/x] &t | —>3xA (Q4)
x=x&(x=y—>y=x) (ED)
t=s& ¢(1)—> ¢(s) (E2)
t=s—>t| &s (E3)
R(t,,....t)>t | & - &t | (81)
¢ | for constants ¢ (S2)

x | for variables x (S3)

Note that E3 is a special case of S1. Another special case of S1 worthy of
special mention® is:

fit,...,t)l—>tl & &t |

Semantics of LPT

LPT has a natural semantics, both classically and intuitionistically. For
simplicity we consider the classical semantics first. A partial structure is like
a structure (that is, it consists of a set and some relations and functions to
match the symbols of the language), except that the function symbols can
be interpreted by partial functions, i.e. functions not necessarily
everywhere defined. Note that the relations are treated as usual; there is no
such thing as a “‘partial relation”. Let M be a structure; we then wish to
define Val(t) the value of t in M for each term ¢. This is done by induction:
if f is the partial function which interprets the function symbol f in M, we
set Val(f(¢)) to be f(Val(t)), and similarly if f takes several arguments. This
rule will assign values to certain terms ¢ and leave Val(t) undefined for
some terms t; to be precise, we are taking the least fixed point of this
inductive definition. We then say that the formula ¢ | holds in M if and
only if Val(t) is defined. The rest of the definition of satisfaction is the same
as for the ordinary predicate calculus.

* This axiom may well turn out to be too strict for some future applications. It prevents, for
instance, the possibility that ‘“‘the throne of the king of France” might denote something even
though there is no present king of France; or more practically, that “Seat 13B on the first
available flight to Madrid on June 17” might denote something even if there is no such
available flight. We take the view that this is correct: the phrase may well have a meaning, but
that is more subtle and depends on the context of the phrase. It does not have a denotation. Its
meaning, if any, is the reference in the sense of Frege.
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Now we consider the intuitionistic semantics corresponding to Kripke
models. A partial Kripke structure is like a Kripke model, except that the
function symbols are to be interpreted by partial functions, subject to the
restriction that if f(x) is defined at one node of the model, it must also be
defined at any higher node (and of course take the same value). Then for
each node a there is a function Val,, such that Val, (¢) is the thing denoted
by ¢ at node «, if any; and as above we say that f(f) | holds at node a iff
Val. (¢) is defined.

Comparison to Scott’s logic

Scott [1979] has given a logic similar to LPT, but with slightly more
general aims and a different motivation. The result has at least one defect,
in the author’s opinion, in that ¥xA is not equivalent to A (x). We are so
accustomed to being able to omit universal quantifiers when stating axioms
or results that it is quite awkward to work in a logic where this is illegal.
The root of the difficulty is the different conception underlying Scott’s
logic: he is thinking of models in which some objects “exist” and some do
not. Thus what we write as ¢ |, Scott would write as E(¢), which is to be
read “t exists”. Variables are to range over all objects, existing or not, and
bound variables are to range only over existing objects. In other words,
Scott treats existence like an ordinary predicate, a property of objects and
not of terms. In certain contexts, this is not entirely unnatural: for example,
in studying models of the A -calculus, one may wish to make a model whose
elements are all terms, and where only the normal terms *“‘exist”. It was
such situations that led Scott to create his logic.

Scott’s logic is more general than LPT in that is also deals with partial
predicates and with descriptors. A descriptor is a term of the form “the x
such that ¢(x)”’; or even ““some x such that ¢(x)”. These will in general be
partial terms, since there may not be any suitable object x. A systematic
treatment of descriptors should be possible on the basis of LPT, but we
have purposely not undertaken it here in order not to obscure the basic
issues. RENARDEL [1982] gives an excellent survey of the literature on
descriptors.

Translation of LPT to ordinary predicate calculus

It is possible to reduce LPT to ordinary predicate calculus in a
strajghtforward way. Namely, to every function symbol f we associate a
predicate symbol R; to stand for the graph of f. We then assign to each
term ¢ a formula A, (x) with the intuitive idea that A,(x) should be true
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when x is the value of t. The definition of A, is by induction on the
complexity of the term ¢; there is one inductive clause corresponding to
each function symbol f. If f is unary, that clause is

Aso(x)is Iy (A, (y) & Rs(y, x)).

The clause corresponding to a function symbol with more than one
argument is similar. The base clause of the inductive definition is the case
when ¢ is a variable or constant. In that case we take A,(x)tobe x =¢; so
Ajx(x) comes out equivalent to R,(z,x), as it intuitively should.

Next we translate every formula of LPT into a corresponding formula of
ofdinary predicate calculus. Each atomic formula of the form t |} is
translated to 3xA,(x). An atomic formula of the form R (¢) is translated to
Ix(A,(x) & R(x)). The translation commutes with the logical connectives
and quantifiers. It is a sound translation in the following precise sense:

PROPOSITION. The translation of every theorem of LPT can be derived in
ordinary predicate calculus, supplemented by the axioms asserting that each
Ry is the graph of a partial function. This is true for both the intuitionistic and
classical versions of LPT.

ProOF. The axioms mentioned in the theorem are R(x,y) &
R;(x,z)—y = z. These permit one to prove A, (x) & A,(y)—>x =y for
each term . Let B° denote the translation of B. One then proves by
induction on the complexity of the formula B that

A, (y) & B[t/x]"— B [t]y].

This makes it easy to verify the translations of Q3 and Q4. The rest of the
axioms are easily checked. One then proceeds by induction on the length of
the proof of a theorem of LPT. [

REMARK. This translation is similar to the device used by FEFERMAN [1975,
1979] to avoid a logic of partial terms in his theories. However, it is not
exactly the same. That is, Feferman uses ¢(¢) as an abbreviation expressing
that ¢t denotes and ¢(y) is true, where y is what ¢t denotes. With this
convention, if we take ¢(x) to be = x |, then ¢ [¢/x] is false (no matter
what term ¢ is). In LPT, however, ¢[¢/x] might be true, if ¢ is a term that
does not denote.

The converse of the proposition is also true; that is, the translation of
LPT into predicate calculus is faithful in the sense that if the translation of
a formula A is provable in predicate calculus plus the axioms for the Ry,
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then A is provable in LPT. To see this, we just replace every atomic
formula R;(#,s) by f(t)=s and observe that theorems of the predicate
calculus go over to theorems of LPT, as do the axioms
R;(x,y) & R;(x,t)— y = z. This simple observation has an interesting
corollary:

THeOREM. (Completeness of LPT): If LPT does not prove ¢ then there is a
model in which ¢ does not hold.

REMARKS. If we take LPT with only intuitionistic logic, then “model”
means ‘‘Kripke model”. The completeness theorem itself is not construc-
tive

ProoF. Suppose ¢ is unprovable in LPT. Then by the faithfulness of the
translation into predicate calculus, its translation ¢* is unprovable in
predicate calculus. By the completeness theorem for predicate calculus,
there is a counter-model to ¢* in which each relation symbol R; is
interpreted in this model by the graph of a partial function f Using f to
interpret the function symbol f, we get a model of LPT in which ¢ fails. []

11. Flexible typing: Feferman’s theories

FEFERMAN [1975, 1979] introduced theories of “‘operations and classes”
with the purpose of formalizing Bishop’s constructive mathematics. We
shall here formulate a minor variant of these theories with the needs of
computer science in mind. Feferman’s “classes” can be thought of as ‘“data
structures”’; instead of reading x € A as “x is a member of the class A”,
we can read it as “x is an object of type A”. In order to emphasize this
reading, we shall write x: A instead of x € A, as we did for Martin-Lof’s
theories above. We shall call our version of Feferman’s theories FT, which
stands for “flexible typing”. This name reflects our view about what is
important and likely to be useful about these theories: they permit the
formation of types, without requiring that every object has to have a type
or that the type has to be unique. Theories with this property have
sometimes been called “untyped”, but that is a misnomer, since objects
may very well have types. If a programming language were to make use of
constructions like those in FT, we could certainly declare the types of
variables if we chose to; so all the facilities available in a typed situation
would be available here also — but not compulsory.
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FTis a two-sorted theory; we use small letters for individuals, and capital
letters for data types. The underlying logic is the logic of partial terms. This
may be taken either classical or intuitionistic; for definiteness, and because
we think it is the appropriate logic for theories of computation, we take the
intuitionistic version. The underlying idea in representing data structures in
Feferman’s theories is that a data structure has two aspects: it is a classifier,
as when we say that an object has type X. On the other hand, it is in turn a
piece of data itself, as when we want to manipulate it, e.g. in using it to
form a new data type. These two aspects should not be confused: for
instance, if data types are treated as classifiers, equality should be
extensional (two types X and Y should be equal if everything of type X is
also of type Y and vice versa). On the other hand, if they are treated as
pieces of data, there is every reason to want to distinguish between two
differently-constructed types which happen to classify the same objects. In
Feferman’s theories, this distinction is easily made: a data type as a
classifier is represented by a capital letter, and the same type as an object is
represented by a small letter. The theory FT includes a function symbol E
such that E(x) is the extension of X, that is, the data structure qua
classifier whose name is the object x. Since FT is based on the logic of
partial terms, it will not matter if E (x) is sometimes undefined, which it will
be if x is not the name of a data structure.

One of the kinds of atomic formulae in FT is x: A, where x is an
individual variable and A is a type variable. There are also atomic
formulae x =y and X = Y; that is, there are two kinds of equality. It is not
allowed, however, as in some of Feferman’s theories, to write x = Y. This
is replaced by E(x) =Y in FT, which we think represents a more carefully
considered view of the relationship between individuals and data types.

In FT, it is not allowed to quantify over type variables. In this respect FT
is not a theory in the ordinary logic of partial terms; with respect to its
second sort of variables it is quantifier-free. To be precise, the definition of
“formula” is given by the usual clauses, except that the clauses permitting
quantification over capital-letter variables are omitted; and in stating the
rules of inference, the quantifier rules and axioms involving type-variable
quantifiers are omitted. This feature of FT is not absolutely essential, but it
simplifies several definitions and the metatheory in general, and seems to
correspond to a certain intuition that data structures as classifiers form too
vague a universe to quantify over; individuals, on the other hand,
correspond to things that can be stored in the computer, and are quite
concrete. Note that we do not assume that every data structure has a name;
nor would we be able to state that assumption in FT.
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Feferman’s theories are constructed so as to permit the definition of
operations by recursion, i.e. to make the recursion theorem provable. In
order to arrange this, one has to settle upon a basic theory of operations.
Feferman chose to base his theories on combinatory logic. Recently
HavAsHI [1983] has given a variant of Feferman’s theories based on LISP.
We think this is a step in the right direction (towards applicability), but
there is no doubt that it complicates the metatheory. In order not to
distract attention from the main issue here, which is the proper treatment
of data types, we base FT on combinatory logic like Feferman’s theories.
In eventual applications, of course, this will have to be changed.’

We want to build in certain operations for the construction of data types.
It is natural to take operations corresponding to the product and join
constructions in Martin-L6f’s theories. We arrange this by including
constants [T and 3. The idea is that if a is a name of A, and if f(x) is of type
B(x) whenever x is of type A, and if b(x) is a name of B(x) whenever x is
of type A, then 3(a, f) and I1(a, f) are names of what Martin-L6f would
call (3x: A)B(x) and (IIx: A)B(x), respectively. Note that 3 and IT are
operations on data structures as objects, not on data structures as
classifiers; for short we can say they operate on names of data structures.
The meaning of 3 and IT would be determined by some compiler which
would produce computer representations for new data types when given
representations for the component types.

To start the process of type construction, we need some basic types. In
practice one would want at least the types of lists, character strings,
fixed-point numbers, etc. For the present theoretical purposes, it suffices to
take only one basic type, that of the natural numbers. FT includes
constants N for the natural numbers. Note that N is an individual constant,
not a second-order constant, in spite of the fact that a capital letter is used
for it. However, as a practical matter, it is convenient to write x: N instead
of x: E(N). No ambiguity is possible; since N is an individual constant,
when it occurs on the right of the colon it must be abbreviating E(N). We
shall quite generally omit to write E in places where the restoration of E is
obvious.

In FT, typing is not strict; that is, the same object may have several
different types. The number 8, for example, is of the type of integers, the

* Exercise: work out the term in combinatory logic (even allowing the extra combination of
FT) which denotes the algorithm EUCLID. This term is constructed by the fixed-point
theorem as Ax.t(xx)(Ax.t(xx)) for a suitable term ¢ expressing the recursion equations
EUCLID is supposed to satisfy. These equations involve some arithmetic operations and a
definition by cases. The term requires the better part of a handwritten page to write out in FT.
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type of even integers, and the type of integers smaller than 256. This
interpretation of typing permits the construction of subtypes in a
straightforward way. Namely, if ¢ is a formula, and A is a type, named by
a, then we can construct the subtype ¢, (a). The objects of this type are
exactly those x of type A for which ¢ (x) is true. This will not be permitted
for every formula ¢ of the system, but only for so-called elementary
formulae.

DEFINITION. The formula ¢ is called elementary if only free variables occur
on the right of the colon in ¢ ; that is, if in every subformula x: A of ¢, A
is a free variable.

Thus what is not allowed is terms containing E. For example, the
formula — x: E(x) is not elementary. The idea behind this restriction is
that any parameters in ¢ should stand for already-constructed data types.

The exact “universe” of data types is not specified, even in the ““intended
model”. It is purposely left open; perhaps it is just those data types which
can be built up by terms of FT. Perhaps, on the other hand, it is much
larger, consisting of all data types anyone might ever define. It turns out
that the theory is consistent with the existence of the data type V of all
(names of) data types. (The Russell paradox is blocked by the restriction to
elementary formulae in the subtype construction.)

Language and axioms of FT

Constants. 0, pn, sn, d, N, I, 3, K, s, po, p;, Dom, Ran. There is also a
constant ¢, for each integer n. If n is the Gédel number of an elementary
formula ¢ (y, X) we write ¢, for ¢,. (We are uninterested in the ¢, for other
n.)

Function symbol. There are two function symbols in FT: Ap and E. Ap
takes individual arguments and individual values; E takes individual
arguments and type values. We always abbreviate Ap(t, s) by ¢(s) or just ts.
In longer terms, association is presumed to be to the left, e.g. xyz
abbreviates (xy)z. Operations with several arguments are treated as usual
in combinatory logic, e.g. f(x,y) means f xy.

Type Construction Axioms.

Vx: A(E(fx) | ) E(Z(Af) ] Join
ECA N> 2(A flepx: A& pix: E(fx)) Join
Vx: A(E(fx)) | o EUI(A, f) | Product
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E(UI(A, )| = (x: II(A, fyeVz: A(xz: E(f2))) Product

E(z) | — E(Dom(z))| & (x: E(Dom(z))<>3y(pxy: E(z))) Domain

E(z)| — E(Ran(z))| & (y: E(Ran(z))< 3x(pxy: E(z))) Range
E(a)l & E(x)|—(z:cs(ay,x)oz: E(a) & (2 E(x))

for ¢ elementary Separation

Here all the free variables of ¢ are shown; y and X may be lists of
variables, and E(X) abbreviates the conjunction of the E(X:).

Axioms for programs
kxy = x
sxy | & sxyz = xz(yz)
Po(pxy) = x
pi(pxy) =y
a:N—>daaxy = x

a:N&b:N&a=b—dabxy=y

Axioms for the natural numbers

O:N zero
x:N-—>swx: N successor

x: N—palsnx) = x predecessor
X:N& 1 x=0->sn(pnx)=x successor-onto

0: A& VYx(x:N&x: A—-snx: A)-»Vz(z: N> 2: A) induction

Note that the induction axiom corresponds to what proof-theorists call
“restricted induction”: the only thing that can be proved by induction in
FT is that something is of a given type. An arbitrary formula can be proved
by induction in FT only if it can be shown that the formula defines a type.
This is not particularly important from the point of view of applications,
but to the proof-theorist it is important since it will determine the
“proof-theoretic strength” of the theory. If we put in only restricted
induction, the resulting theory FT has the strength of arithmetic; if we put
in full induction, i.e. induction for arbitrary formulae, then the theory has
the strength of 31-AC. (See BEESON [1985], Chapter XII, for a survey of
similar results on proof-theoretic strength.)
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Relation of FT to Feferman’s formulations of his theories

FT can be translated into Feferman’s (two-sorted) versions of his
theories by erasing “E’’ and replacing “x: A by “x € A”". The reverse
translation is not possible since FT does not permit quantifiers over class
variables. We shall show that nevertheless, theories with class quantifica-
tion are conservative over the corresponding theories without.

ProPOSITION. Let T be FT or an extension of FT. Let S be the corresponding
theory in Feferman’s formulation, i.e. with class quantifiers allowed and
without E. Then T proves the same elementary theorems as S.

ProOOF. Let ¢ be elementary and suppose S proves ¢. Then for some
finite list I" of axioms of S, there is a proof p in predicate calculus
(formulated Gentzen-style) of the sequent I't ¢. By the cut-elimination
theorem, we may suppose p is a cut-free proof. Since the language of T
does not permit class quantification, no class quantifiers appear in I, and
hence, by the subformula property of cut-free proofs, not in the proof p
either. The proof p is not yet a proof of ¢ in FT, since FT is formulated in
LPT and not in ordinary predicate calculus. But by adding E on the right of
€ (and replacing ““ € by ‘“:”"), we convert p to a proof of the translation
of ¢ in predicate calculus. (Note that Feferman’s predicate App(x, y, z) is
just the R; mentioned in the general translation of LPT into predicate
calculus, when f is the application operator Ap of FT.) Since we have
already seen that the translation is faithful, FT proves ¢. [l

Relation of FT to Martin-L3f’s theories

We shall interpret Martin-L6f’s simplest system ML, in FT. For a
description of ML, see BEEsON [1982] or BEEsoON [1985]. It is essentially the
system of MARTIN-LOF [1982] with no “universes”. This system can be
interpreted in intuitionistic arithmetic, as shown in BEEsON [1982] and
BEESON [1985]. So of course it can also be interpreted in the stronger theory
FT. However, the interpretation used for this proof-theoretical result
consists in formalizing the “recursive model” of ML,. Our interest in this
paper is different; we are not just interested in the traditional concern of
proof theory, the proof-theoretic strength. We are interested in whether
there is a meaning-preserving translation between Feferman’s and Martin-
Lof’s theories. Are they talking about the same kinds of data types? We
think that in one direction at least, the answer is yes: the data types of
Martin-L6f can be discussed in Feferman’s theories.
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We shall give what we claim is a meaning-preserving translation from
ML, to FT. The idea of the interpretation is to translate Martin-Lof’s types
as pairs (x,y) where E(x) and E(y) are both defined and E(y) is an
equivalence relation on E(x). Since FT contains the product and join
constructions basic to MLy, the only problem is to define suitable equiva-
lence relations on product and join types. But this too is straightforward:
first consider a join type 3 (A, f). Two members (x, y) and (a, b) of 3 (A, f)
should be equal if and only if x and y are equal as objects of type A, and y
and b are equal as objects of type E(fx). Note that E(fx) and E(fa) have
to be equal types in order that Martin-Lof will count f as a “family of types
over A”’; and only under that condition will he allow the formation of
(A, f); so there will be no conflict: if y and b are equal as objects of type
E(fx), they will be equal as objects of type f(a) too.

Now consider a product type II(A, f). We shall set u and v to be equal
as members of II(A, f) if whenever x is of type A, ux and vx are equal as
objects of type E(fx).

This informal translation can be turned into a formal interpretation,
under which each provable judgment A of ML, is translated into a
theorem of FT. The detailed definition and verification have been omitted
for lack of space.

Now consider the converse. How could we interpret FT meaningfully in
ML,? The difficulty is that FT is not strictly typed, while ML, is. Note that
when we interpret ML, into FT, we need only a few types defined by
elementary separation' domain, and range. It is these constructors,
however, that permit us to construct subtypes. We think that this difference
between FL. and ML, is interesting and important, bearing as it does on the
design of next-generation computer systems.

One aspect of the difference between FT and ML, is that FT permits the
use of existential quantification in defining subtypes. For example, we can
define the type of even integers as the type of integers n for which there
exists an m with 2m = n. In ML, we can only define the type of pairs
(m, n) with 2m = n. Here m is an example of what is called a witness, in
this case a witness to the even-ness of n. The type constructors of ML,
permit only the construction of “fully-presented’ types, with all witnesses
explicity present. This is good: all the information is carried along, and so is
readily accessible if needed. It is also bad: all the information is carried
along; it takes up space, distracts attention, and has to be manipulated.

'® For technical purposes in interpreting e.g. the I-rules of Martin-Lof’s theories.
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The metamathematical technique known as realizability can be used to
recover the “missing witnesses” when subtypes are defined using separa-
tion in FT. There is no space in this paper to explain realizability; we refer
the reader to BEEsON [1985] for a discussion of witnesses and realizability.
The point is that to each type A is associated the type of pairs (x, y) for
which x realizes y: A. This latter type is defined by a negative formula of
FT, i.e. one without any existential quantifiers or disjunctions. This
construction is similar to the method usually used to interpret (for
example) arithmetic in Martin-Lo6f’s theories. (See e.g. BEEsoN [1982].)

We shall not present purely formal interpretations of FT into ML, since
the point of interest is to compare the meanings of the theories; and the
domain of discourse of FT is somewhat broader than that of ML,. There is,
however, a natural translation of FT into Martin-L6f’s theory with one
universe, ML, which interprets the type variables as ranging over the
universe U, and the combinators as suitable terms built up by the operation
of “abstraction” permitted in Martin-Lo6f’s theories. The range of the
individual variables may also be taken as U. One generalizes the interpre-
tation of arithmetic in a straightforward way. Even full induction is soundly
interpreted; which is pleasant, since FT plus full induction and ML, have
the same proof-theoretic strength.

Extensionality

There is another difference between FT and ML, extensionality.
MARTIN-LOF [1982] has extensionality built in, in the sense that types come
equipped with equality relations, and families of types are supposed to
respect these equality relations, i.e. if x and y are equal objects of type A
and f is a family of types over A, then fx and fy have to be equal types.
This is not required in FT. It is also not required in the [1975] version of
MARTIN-LOF's theories, and hence is not essential to that style of theory,
although he now feels that it is necessary to a coherent philosophical
explanation of his notions. There are some interesting formal results in
connection with extensionality. For example, in BEEsoN [1982] it is shown
that Church’s thesis is refutable in Martin-Lo6f’s theories; extensionality
plays a key role in making Church’s thesis mean something other than it
would in the absence of extensionality. (Hence this result cannot be
interpreted as an argument against the constructivity of Martin-Lof’s
theories.)

Another interesting formal result about extensionality is the theorem of
Gordeev (which can be found in BEEsoN [1985] (Chapter X, section 11) or
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[1982b]) that extensionality is inconsistent with Feferman’s theories. In the
context of Feferman’s theories, by extensionality we mean

Vx(x: A< x: B)—> A =B) (Ext)

Gordeev’s proof works for Feferman’s versions of his theories, but it does
not work for FT. If one tries to translate the proof into FT, one finds that
one would need the principle

E(x)=E(y)—>x=y

to make the proof work. Otherwise put: Gordeev’s proof shows that FT is
inconsistent with (Ext) plus the principle just mentioned. In Feferman’s
formulation of his theories, there is no distinction between types as
classifiers and types as names, so (Ext) carries the meaning that two types
classifying the same objects have equal names. In FT, (Ext) only says that
two types which classify the same objects are equal as classifiers. This
seems to be much weaker and might even be taken as defining the intended
meaning of equality of types. These considerations raise the formal
question whether (Ext) is consistent with FT. We answer this question in
the affirmative.

THEOREM. FT is consistent with (Ext).
REMARK. The proof applies as well if full induction is added to FT.

ProoF. Let M be the model of FT constructed by FEFERMAN's [1975]
method. That is, the universe of M (the range of the individual variables) is
the natural numbers, and the operations IT and 3, as well as the pairing
functions, are interpreted by indices of some trivial functions, so that e.g.
II(A, b) is interpreted as (1, A, b). Similarly, we interpret c,(x, Y) as
{(m, x, Y), where m is the Godel number of ¢. We interpret the function E
as the identity function on a certain inductively defined set CL which will
serve to interpret the type variables. CL is defined simultaneously with the
relation M x: A as follows: the number chosen to interpret N is in CL,
and if A has already been put in CL,and M k= x: A implies {e}(x)isin CL,
then the interpretations of IT(A,e) and 3(A,e) are in CL. If A and Y
have already been put in CL, then the interpretation of ¢, (A, x, Y) is in
CL. These clauses enable us to advance one stage in the inductive
definition of CL if we know the relation M = x: A for A already in CL. To
continue, we must be able to determine this relation for the A just added;
but that can be done, since it only requires to determine whether M
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satisfies some elementary formulae with type parameters already known to
be in CL. To determine this, we need only know the “type of” relation
restricted to those parameters; but that is already known, by induction
hypothesis.

The reader who finds this proof too informal may find details in BEEsON
[1985]. So far, nothing new has been added to Feferman’s original model
construction. But now we come to the point: in FT, we have a separate
equality relation for the type variables. We are free to define the conditions
under which M will satisfy A = B. We define this to hold just in case M
satisfies x: A if and only if it satisfies x: B. Since equality between type
variables cannot occur in an elementary formula, how we define this
relation does not affect the fact that the model satisfies the non-logical
axioms of FT. We only have to check that the equality axioms are satisfied.
One proves by induction on the complexity of ¢ that if M satisfies A = B
and ¢(A) then it satisfies ¢(B). (Here A and B are parameters from M.)
One basis case is when ¢ is x: A; in that case the conclusion holds by
construction. The other basis case is when ¢ i1s A = C; we have to check
that this equality relation is transitive and symmetric, which it is. []

The point 1s that the axioms of FT permit the equality relation on type
variables to be any equivalence relation which refines extensional equality.
This is pleasant: we have decoupled the role of types as classifiers from
their role as names of classifiers.

12. Proving programs and programming proofs revisited

It may seem that our extended discussion of data types has brought us
rather far afield from the initial topics, those mentioned in the title. This
section is intended to remove this impression and show the usefulness of
having a system that treats data types adequately. Consider how to
formulate program correctness in FT: a program will be represented by a
term t, the pre-conditions by a formula ¢, and the post-conditions by a
formula ¢. We then have

Partial correctness:

d(x) & tx | — ¢¥(x, tx).
Total correctness:
d(x)—tx | & ¥(x, tx).

The aim of having a single language combining “assertion language” and
“command language” has been achieved. Note that the input x can be
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mentioned in the post-conditions without the artificial device of carrying it
along as another output, as is necessary in the Hoare logic formalism.

Now consider ‘“programming proofs”; given a formal proof p of
¢(x)— yY(x,y) in FT, when can we extract an algorithm ¢ from p that
gets y from x? Not always, since ¢ may be defined using some existential
quantifiers; for example, if ¢ (x) says that x >0 and (x, y) says that y is a
positive rational smaller than the real number x, then there is no hope of
extracting y from x alone. However, if ¢ is ‘“almost-negative”, i.e.
contains no I or v, then various proof-theoretic tools, for example
realizability, may be used to extract a term ¢ from p that gets y from x. We
shall make use of the standard theory of realizability (more precisely
g-realizability; see e.g. BEEsoN [1985]) to prove:

THEOREM (Correctness of extracted algorithms). Let ¢ be almost-negative.
Suppose FT proves ¢(x)— Iyy(x, y). Then a term t can be found such that
FT proves ¢(x)—tx | & ¥(x, tx).

ProoF. We assume the reader is familiar with formalized realizability. In
order to avoid having to make any hypothesis on the formula , we use a
variant of realizability known as g-realizability; thus in e r A, the r means
g-realizability. Since ¢ is almost-negative, we can find a term j such that

FTF¢(x)—jxro(x). @
By hypothesis, we have
FTH¢(x)—3Ayd(xy). @
By the soundness of realizability, we have some term g such that
FTHqr[¢é(x)— Iyd(x, y)]. ©)
By (1) and (3), we have
FTH¢(x)—q(x) | & q(jx)rIyd(x, y). “
Take t to be Ax.po(q(jx)). Then
FTHo(x)—>tx | & y(x, tx) & pi(q (x))r ¥ (x, ix). )
Dropping the last conjunct, we have
FTHo(x)—tx | & ¢(x, tx) 6)

as claimed. [

The proof is very simple; the point is not that a complicated or deep
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result has been proved, but that a result of interest in computer science has
been proved by a simple application of standard methods of proof theory.
We have given a single theory in which programs can be written and their
correctness stated; we have shown how to extract programs from proofs
and how to prove the programs so extracted.
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THE USE OF ORDINALS IN THE CONSTRUCTIVE
FOUNDATIONS OF MATHEMATICS

WILLIAM HOWARD

Dept. of Mathematics, Univ. of Illinois, Chicago, U.S. A.

Introduction

In [4] and [5] GENTZEN introduced a method of analyzing formal theories
by the constructive use of ordinals, and his approach has been developed
extensively since that time. Our purpose will be to consider certain aspects of
this line of development from the viewpoint of the constructive foundations
of mathematics. Also, in Section 4, we will describe a method of measuring
functionals of finite type by ordinals in such a way that operations such as
composition and primitive recursion are reflected by corresponding func-
tions on the measures. This allows one to see in a direct way what ordinals
can be expected to be associated with a given family of functionals. If the
functionals arise from Godel’s functional interpretation of a theory C, this
indicates what ordinals will be associated with C.

1. Constructive foundations and reductive proof theory

By a foundations of mathematics is meant a framework of ideas,
principles, concepts, definitions, and axioms within which some part, or the
whole, of mathematics can be developed. An example is Dedekind’s
set-theoretic foundations of the real number system which provides a basis
for the differential and integral calculus.

Some of the ideas of constructive foundations are as follows. The notion of
an effective process is taken to be fundamental. This includes functions on
natural numbers. Depending on one’s philosophy, one may regard an
eflective process as occurring in the physical world (for example, as a
computation) or as a constructional activity of the mind (Brouwer). The
classical notion of truth is replaced by a notion of proof. When a natural
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number with a given property is proved to exist, an effective means must be
given for producing (or ‘constructing’) it. A species of mathematical objects
is not regarded as existing as a completed totality; rather, the objects in the
species are to be constructed.

Since set theory is widely accepted as a foundations of mathematics at the
present time, it may be asked, “What is the interest in constructive
foundations?”’ A reply to this is as follows. A goal of foundational research s
to obtain or develop answers to the question, *“What is the relation between
mathematics and: knowledge and experience as a whole?” In thinking about
this question it is obviously worthwhile to consider constructive ideas,
set-theoretic ideas, or any other ideas which appear to be fundamental to
mathematical reasoning. This can be illustrated by the following example.
What is an irrational number? The standard answer is that it is a certain kind
of set. This leads to problems concerning the nature of sets. It may be argued
that mathematical intuition shows us that sets exist and that the axioms of set
theory are true [6, p. 271]. In reply, one might claim that it is properties,
rather than sets, which are fundamental. The language of set theory might be
regarded as merely providing a geometric imagery which helps us talk about
properties. Thus the set-theoretic approach leads to various questions. On
the other hand, in considering how irrational numbers such as V2 and # are
used by machinists and astronomers, one might decide that an irrational
number should be regarded as an approximation process; in other words, a
rule of calculation. This leads to the theory of computable real numbers,
which has its own problems. Another method of attempting to base the
theory of real numbers on constructive ideas is provided by reductive proof
theory, which we shall now consider.

In the program of reductive proof theory, first various areas of ordinary
mathematics are formalized; then the resulting formal theories are ana-
lyzed by constructive methods. This approach is, of course, an outgrowth of
Hilbert’s Program. Hilbert’s idea was to prove the consistency of various
formal theories by means of a particularly elementary form of constructive
reasoning which he called finitistic. As Godel’s Second Incompleteness
Theorem shows, the methods which Hilbert and his followers were using are
not strong enough for the required consistency proofs. As Gentzen showed,
some progress in reductive proof theory can be made by appealing to a
constructive principle of transfinite induction.

2. Extensions of Skolem arithmetic by “transfinite induction”

In [4] and (5] GENTZEN proved the consistency of Peano arithmetic by
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means of an appeal to a constructive principle of transfinite induction over
the ordinals less than Cantor’s first epsilon number &,. Specifically, in the
1938 paper he attached ordinal notations ord(d) to derivations d and gave a
reduction procedure f such that if d is a derivation of an inconsistency, then
f(d) is also a derivation of an inconsistency and, moreover, ord(f(d)) <
ord(d). He then concluded ‘‘by transfinite induction” that d cannot be the
derivation of an inconsistency. He emphasized that, except for this appeal to
transfinite induction, the reasoning used in the consistency of proof is of an
elementary constructive nature. The purpose of the present section is to
consider formulations of ‘transfinite induction’ which are appropriate for
this situation. We will emply Skolem, free variable, primitive recursive
arithmetic PRA, which provides a useful formulation of an elementary part
of constructive reasoning.

2.1. Rule of transfinite induction

If the ordinal notations less than €, are numbered in the usual way, then
the order relations of the ordinals is reflected by a relation x <y on
numbers, and Gentzen’s consistency proof can be carried out in PRA
extended by the following free variable rule of transfinite induction which
was formulated by KReIseL [11, p. 47; 12, p. 322]: from =1 h(x) < x — B(x)
and B(h(x))— B(x), infer B(t) for an arbitrary term t In general,
supposing that a set of ordinal notations for at least the ordinal notations less
than ¢ has been numbered, let PRA(£) denote PRA extended by the free
variable rule to transfinite induction restricted to the ordinals less than &

2.2. Ordinal recursion

A second method of extending PRA consists of using the following
scheme for introducing function ¢ on the basis of given functions f, g, and h
by ordinal recursion [1; 12, p. 322]:

h(x)<x—o(x)=g(x ¢(h(x))
—rh(x)<x—e(x)= f(x).

Let REC(¢) be a PRA extended in this way for the restriction of the ordering
x <y to numbers corresponding to the ordinals less than £ As KREISEL has
shown [12, p. 323], the free variable rule of transfinite induction for ordinals
less than £ is a derived rule of REC(£). Thus REC(£) is at least as strong as
PRA(£). On the other hand, it is not much stronger (relative to the formulas
of PRA) since the consistency of REC(£) can be proved in PRA((£ + 1)*w),
as was shown by Tarr [20].
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2.3. Descending chain principle

Returning to the account of Gentzen’s consistency proof given at the
beginning of the present section, we note that the role of ordinals consists in
their use in showing that a certain process terminates. From this point of
view it is the descending chain principle which is fundamental. A corre-
sponding extension of PRA can be obtained by introducing function
variables and a A -operator for numerical variables (alternately, the approp-
riate combinators of level 2) together with a sign E for a functional of type 2
and the axiom scheme

fO)<E—=>=fEF)+ D <FEF)

forterms f of type 1. Let CHN(¢) denote the resulting extension of PRA. By
means of the methods of [9] or [19] it is not hard to show that, after
replacing the function variables by closed terms, CHN(£) can be inter-
preted in REC(¢) and vice versa.

2.4. Use of the three extensions of PRA

The extensions 2.1-2.3 provide an implementation of Gentzen’s idea of
taking the metamathematical reasoning to be elementary except for an
appeal to a constructive form of ‘transfinite induction’. Moreover, one way
of measuring the strength of a formal theory is to take £ to be the strength of
the theory T if the II theorems of T are the same as those of
U{PRA(a): a < £}; cf. PoHLERs [16, p. 124].

The theories REC(£) and CHN(£) serve as rather minimal extensions of
PRA which allow the use of constructive versions of IT5 and II; statements,
respectively. Thus, for example, REC(£) is appropriate for proving that a
computation process terminates, and CHN(£) is suitable for proving the
well-foundedness of trees. To put the matter another way: the ordinal
recursive functions (respectively, the descending chain functional) provide a
means for handling the notion of the termination of a process (respectively,
the termination of a non-deterministic process), which, of course, is a basic
constructive idea.

3. Infinite derivations

The constructive w-rule and the corresponding use of infinite derivations
were emphasized by Schiitte and have subsequently played an important
role in proof theory. The proof-theoretic ordinals arise as the lengths of the
trees. From the viewpoint of constructive foundations a question arises as to
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the nature of these trees. One answer is that they are inductively generated
objects, but another answer has been emerging which will be described
below.

In ScHUTTE's work [17] a derivation tree can be understood as being
provided by a constructive function f such that, for a finite sequence N of
natural numbers, the value of f(¥)indicates whether N is a node of the tree,
whether N is a terminal node, and what formula is attached to N. Thus
Schiitte’s metamathematics must be able to talk about functions as objects.

It has become customary to encode infinite derivation trees by natural
numbers in a manner similar to the encoding of the Church-Kleene
constructive ordinals. One thing this achieves is that it makes the
metamathematics more elementary because now the domain of individuals
in the metamathematics consists of natural numbers. The main emphasis,
however, has been in the use of such an encoding as a technical tool [18].

The use of encodings as just described has led to an awareness of the
continuity of the syntactical transformations employed in the process of
cut-elimination. Such continuity can be inferred in a general manner as
follows. Since the mappings of the codes are defined by Kleene’s recursion
theorem, they are defined on all trees rather than merely on well-founded
trees. Moreover these transformations can be extended to all recursive
functions by employing an extensional effective operation which maps an
arbitrary recursive function into a function that defines a tree. Hence by [13]
these transformations are continuous.

When infinite derivations are viewed as inductively generated objects, it is
natural to define the syntactical transformations by transfinite recursion,
hence successively from the terminal nodes back to the principal node. On
the other hand, since the transformations are continuous, they can be
defined by starting from the principal node and proceeding out to the
terminal nodes. Thus the transformations are also defined on non-well-
founded trees [14].

Another interesting aspect of these developments is the use of primitive
recursive codes [18], [15]. The syntactical transformations are then rep-
resented by primitive recursive functions on the codes. Asis well known, the
possibility of characterizing the notion of computable function depends on
the fact that if a computable function f is defined by means of a computation
process whose steps are given by another computable function, then f can
also be defined by means of a computation process whose steps are
elementary (for example, primitive recursive). Perhaps the phenomena
concerning continuity and primitive recursive codes, above, have an
analogous significance.
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These considerations lead to a metamathematical treatment which is very
much in harmony with the idea, expressed in Section 2, that all steps in the
metamathematics can be taken to be elementary except for the use of the
descending chain principle to show that a process terminates.

4. Functionals

An approach to reductive proof theory which has interesting points of
contact with the Gentzen line of development is provided by GODEL's
functional interpretation [7]. First a given classical theory C is mapped into
an intuitionistic theory I by means of the ‘negative translation’, then Gédel’s
functional interpretation is applied to the theory I. In this way, one obtains a
collection of terms for functionals of finite type over the natural numbers. A
constructive analysis of C will be obtained if it can be shown, by constructive
means, that the terms of type 0 are computable. Also, an ordinal analysis of
the functionals yields an ordinal analysis of C. One approach to the ordinal
analysis of functionals of finite type is provided by the use of infinite terms in
analogy with SCHUTTE's use of infinite derivations [21]. In the present section
we will describe another approach, which uses ordinals to measure the
lengths of computation trees.

4.1. Types

Natural numbers have type 0. If o and 7 are types, then so is o — 7, where
the level of o — 7 is the maximum of 1 + level(o) and level(7). The level of
the type 0 is zero. We denote o,—(0,—>: :(0,—7)---) by
(o1,...,0,)— 7 toindicate that a functional of this type can be regarded as a
function with argument places of types o, ...,0, and values of type o. If #
denotes the empty set, a functional of type o can be represented as a
functional of type §— o; in other words, p is 0 in the above. Hence by
putting p, equal to @ in Section 4.3, below, application is expressed as a
special case of composition.

4.2. Evaluation trees

The notion of an evaluation tree for a functional of level not exceeding 2
can be explained by considering the case in which F has type (o, 02,0)— 0,
where o is (0,0)— 0 and o is 0— 0. The evaluation of F(a, 8, x) proceeds
by pursuit of a path through the tree. When a node is reached, numbers n
and m are given, and one of the following three questions is asked. “What is
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the value of a(n, m)?” “What is the value of 8(n)?” “What is the value of
x?” The answer determines which branch is to be taken. When a terminal
node is reached, the value of F(a, B, x) is given.

When the determination and value just mentioned are given by a
computable function, then the evaluation tree is called a computation tree.
To say that, for every a, B, and x, the value of F(a, B, x) exists is just to say
that the evaluation tree is well founded. It is easy to see that a functional has
an evaluation tree if and only if it has a Kleene-associate.

If ordinals are assigned to the nodes of a tree in such a way that the ordinal
assigned to a node N is greater than the ordinals assigned to the immediate
successor nodes of W, and if this assigns the ordinal b to the principal
node, then we say that the tree has length b. If a functional F of level not
greater than 2 has an evaluation tree with length b, say that F has measure b
and write meas(F) < b.

4.3. Composition

Let F be a functional of type (o, ...,0;)— 0. If a list £ of indices r < is
selected, and if G, is a functional of type p, — o, for every r in £, and if G is
the corresponding list of functionals G,, then Fo G denotes the result of
composing F with the functionals G, at the corresponding argument places
in F. Thus Fo G is a functional of type (&,...,&)— 0, where § is p, or o,
depending on whether r is in £. We say that the composition is uniform if the
types o, with r in & all have the same level. We say that the composition is of
the first kind if it is uniform and if the level of F o G is less than the level of F.
Otherwise the composition is said to be of the second kind. Note that a
composition of the first kind must involve all the argument places of
maximum level in F.

THEOREM 4.1. Suppose F and G,,...,G; are functionals with level not
exceeding 2 and with measures cand b, . .., b;, respectively. Let G denote the
list G,,..., G,. Then F o G has the following measures:

(i) (1+ max{b,})(c +1) in general, and

(i) ¢ + 2, b,if G, ..., G, have values of type 0.

ProoF. By hypothesis F and G,,..., G; have evaluation trees o and
Ti,..., 7 with lengths ¢ and bi,...,b;, respectively. Thus there are
assignments ord(#) and ord(X') of ordinals to the nodes of o and 74,..., 7
respectively. The evaluation of F ¢ G proceeds by going from state to state,
where a state is labelled by a pair (M, X). For fixed ., the value of some
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G.(n,...,n)is being sought, and this involves the pursuit of a sequence of
nodes N, X', X", ... in the tree 7,. When this value is found, then we go to a
successor of . Thus the nodes of the evaluation tree of FoG can be
taken to be finite sequences of pairs of nodes (#, ) which satisfy the
predecessor relation obtained by ordering these pairs lexicographically (but
pairs (A, ) with 4 terminal are not included). Let b denote the maximum
of b,..., b, and take ord(4, ) to be (1 + b)ord(H) + 1 + ord(N).

In case (ii), first evaluate G;, G;-,,..., G,, getting numbers n;, n;_;, n,,
thenevaluate F(n,,.. ., n;). In the state (s, /') the value of G, is being sought.
Take ord(r, N)tobe ¢ + b, + - - - + b, + ord(X).

In Theorem 3.3, p. 95 of [9], replace (b + 1)f by (1 + b)(f+1). O

The preceding ideas suffice for the ordinal analysis of primitive recursive
functionals of level not exceeding 2. These functionals are generated by
starting with zero, successor, and projection functionals, and applying the
definition schemes for composition and primitive recursion; namely,

H(Z)=F(G(Z),...,G;(Z))
and
H(Z,0)= G(Z),
H(Zn+1)=F(Z n H(Zn)) forn=0,1,2,....

The level of the primitive recursion is 1 plus the level of H(Z, n). Let H,(Z)
denote H(n, Z). Supose F and G have measures ¢ and b, respectively. We
wish to find a measure h for H. Suppose H, has measure h,.

Primitive recursion on level 1

By case (ii) of Theorem 4.1 we can take h,., to be ¢+ h,. Hence
h. = cn + b by induction. Hence h < (max{b, c})w. Thus primitive recursion
on level 1 is reflected by multiplication of the measures by w. By case (ii) of
Theorem 4.1, composition is reflected by, essentially, multiplication of the
measures. The starting functionals have measure 2. Thus the functionals
generated by composition and primitive recursion on level 1 have measures
less than w*

Primitive recursion on level 2

In this case, use (i) of Theorem 4.1 to infer that h, can be taken to be
(1+b)(1+c¢)". Thus h <(1+b)(1+¢)”. Alternatively, h < (max{b, c})” so
long as b and ¢ are greater than 1. Thus primitive recursion on level 2 has the
effect of raising the measures to the power w. Hence, in the light of Theorem
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4.1, what is required for the ordinal analysis of the primitive recursive
functionals of level not exceeding 2 is a (non-trivial) set of ordinals closed
under addition, multiplication, and raising to the power w. Thus the ordinals
less than w*, where d = »*, will do.

4.4. Extension of measure to higher types

It is natural to consider the following notion of measure function. A
functional F of level 3 is said to have a measure function f if, for all
compositions of the first kind (Section 4.3) with lists D of functionals of level
2:if meas(D) =< d, then meas(F o D) = f(d).

In composition involving functionals of level 3, the type levels can have
various combinations. For example, composition of a functional F of level 3
with functionals G,, ..., G; of levels 2 or 3 at argument places of level 2
yields a functional F » G whose level may be either 3 or less than 3. To handle
all these combinations at once it is convenient to think of a functional G of
level less than 3 as represented by a functional G* of level 3, where
G = G*(B) for some trivial functional with measure 2. Hence we say that G
has measure function g for height 3 if G has measure g(2). Also, if a
functional F of level 3 has a measure function f, then we say F has measure
function f for height 3.

With this understanding, and assuming all measure functions are strictly
monotone increasing, it is easy to prove, for (uniform) composition at some
of the argument places of level 2 in F: if F and G have measure functions f
and g, respectively, for height 3, then F° G has measure function fe g for
height 3.

For the functionals being analyzed, it may be that a suitable supply of
measure functions for the functionals of level 3 is provided by some family k.
parametrized by ordinals ¢. For example, to analyze the primitive recursive
functionals of finite type we use h.(x)= x°. To analyze the functionals of
finite type generated by bar recursion of type 0, we use the Bachmann
functions @., ¢ < gq.1, [8]-

For the analysis of functionals of level 3, if we have such a parametric
family h., then: if F has a measure function h. for height 3, we say F has
measure ¢ for height 3. These ideas can be extended to functionals of level
greater than 3 in a manner which we will illustrate for the case of primitive
recursive functionals.

4.5. Primitive recursive functionals of finite type

By induction on n we define: e(0,b)=5 and e(n +1,b)=2""".1If a
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functional H of level i has measure e(n, ¢), then H is said to have measure
¢ for height j+ n, where j = max{i,2}.

Suppose a functional F of level s +1>2 has type (o4,...,0;)—0 and
consider compositions F o D of the first kind. We say that F has measure c if,
for all such compositions, FeD has measure d° for height s whenever
meas(D)<d.

THEOREM 4.2. Suppose F and all functionals in the list G have level not
exceedings + 1, where s > 1. If Fand G have measure c and b for height s + 1,
respectively, then: if F is composed with G at some of the argument places of
level k in F, the resulting functional F o G has the following measure for height
s+1:

(i) bcifk=s,

(i) b+cif2=<k<s,

(iii) b+c+i—1 if k<2, where i is the number of functionals in the
list G.

This theorem can be proved by induction on s by the method of proof of
Lemma 2.1 of [8, p. 110}].

Using this theorem and proceeding essentially as in Section 4.5, it is easy
to show that every primitive recursive functional of finite type has a measure
less than &o.

4.6. The metamathematics

The discussion in Sections 4.4 and 4.5 suppose some notion of functional
of finite type. In order to reduce the discussion to the metamathematics
considered in Section 2, one would first take a model which can be discussed
in arithmetic; for example, a term model in a A-calculus. Then one might
modify the discussion so that it could be carried out directly in one of the
theories in Section 2. Alternately, a reduction to one of the theories in
Section 2 might be obtained by use of an intermediate metamathematical
theory; for example, Peano arithmetic extended by transfinite induction.

5. Accomplishments, difficulties
Gentzen hoped eventually to obtain a consistency proof for classical

analysis; that is, second order arithmetic with a comprehension axiom with
respect to arbitrary formulas. This is the theory which has customarily been
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regarded as appropriate for formalizing elementary calculus. Although the
goal of obtaining a consistency proof for classical analysis has not been
attained, the program has been carried out for certain subtheories: II;
comprehension being a landmark [22], and the 3} axiom of choice plus bar
induction being the strongest theory handled so far. Summaries of this work
are given in [3] and [16]. The following two difficulties have been
encountered.

(1) There is the purely mathematical difficulty of discovering suitable
systems of ordinal notations. The problem is to name the ordinals
belonging to sufficiently large segments of the second number class. The
best solution so far is based on ideas of Veblen and Bachmann. At the
present time it appears that the Veblen-Bachmann approach has reached a
fairly natural stopping point [16, p. 134]. To get significantly larger
notational systems, some new ideas will be needed.

(2) Supposing a formal theory to have been analyzed by use of a
constructive form of transfinite induction with respect to some system of
ordinal notations, the question arises, “Are we to take transfinite induction
with respect to these notations as a fundamental constructive principle?” If
not, then, in pursuing the program of reductive proof theory (Section 1), it
becomes necessary to give a constructive proof of the principle of transfinite
induction for the system of notations used. GENTZEN himself felt this had to
be done for the notations less than &,. His proof is based on the concept of
accessibility: see 15.4 and 16.11 of [4]. Is the concept of accessibility to be
taken as a basic constructive idea? BROUWER [2] gives a proof of transfinite
induction up to &, based on ideas about inductive generation which
presumably are to be regarded as more fundamental than the idea of
accessibility. FEFERMAN [3, p. 81] has formulated a constructive theory T,
based on an axiom of accessibility, which is strong enough to prove
transfinite induction for every proper lower segment of the large system of
ordinal notations mentioned in (1). Should Feferman’s theory T, be taken as
fundamental or should it be analyzed on the basis of more fundamental
ideas?

The ideas about constructive reasoning which we have at present are
fragmentary. It is an open problem to find some basic constructive principles
upon which a coherent system of constructive reasoning may be built. The
most extensive system of constructive ideas we have at present consists of
those developed by Brouwer; but in Brouwer’s system a basic role is played
by an abstract notion of proof (or, more generally, construction) which needs
to be clarified.
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APPLICATIONS OF PROOF-THEORETIC
TRANSFORMATION (ABSTRACT)

G.E. MINC

Leningrad, U.S.S.R.

We present here three applications in mathematical logic, one in algebra
and two in computer science.

1. Conservativity of (AC + RDC)” over Heyting arithmetic (HA)

Finite types are constructed from (0 by — . Terms of finite types are defined
from constants (including 0, +, S, -) by application. Atomic formulas are
equations of terms of the same type, and formulas are built up by &, O and
quantifiers for all finite types. The formulation of HA® in terms of sequents
A, ..., A, — B has as postulates intuitionistic natural deduction rules (like
A, X — B/X— (A D B)) modified to take account of many-sorted lan-
guage and usual arithmetic axioms. AC, RDC denote axiom scheme of
choice and relativized dependent choice respectively. The conservativity of
these schemata for all finite types (cf. [14]) over HA is proved in three steps.

(a) Infinitary natural deduction system H. using formulas-as-types nota-
tion and ordinals < g, is built up and HA® + AC* + RDC" is embedded
into H...

(b) Normalization theorem for H.. is established (in PRA).

(c) Normal derivation of any HA-formula in H. is transformed in one
containing no types except 0 and then into HA-derivation (using reflection).

2. Proof of Novikov’s hypothesis
Familiar Godel-Tarski translation of the intuitionistic logic into nodal one
is simply the result of prefixing the necessity sign [] to any subformula

occurrence. It evidently preserves derivability. The proof of McKinsey and

95
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Tarski of its faithfullness for the propositional calculus was extended to the
predicate case by Rasiowa and Sikorski. Novikov [2] conjectured extension
of this result to his formulation of HA with partial recursive functions. This
turned out to be false in general but we were able to prove faithfulness in {3]
for all formulas containing no symbols for partial functions. The scheme of
the proof is the same as in Section 1.

3. Normalization theorem for predicate logic implying one for arithmetic

To simplify notation consider Gentzen-type L-formulation (with the rules
for introduction in antecedent and succedent) of the classical predicate
calculus in the language V, —, &. In fact everything extends to the language
with other connectives as well as to the intuitionistic case.

An (V- )-inference A{t], VxA, I'—> 3/VxA, I'— 3 is reducible if A{t]
is derivable. Corresponding reduction consists in replacing this inference
by a cut on A[t]. A derivation is irreducible if it is cut-free, contains no
reducible inferences and its free individual variables are exactly free
variables of the endsequent and eigenvariables of (— V)-inferences.

THEOREM. Any derivation is reducible to an irreducible derivation of the same
endsequent.

ScHEME OF THE PROOF. Given derivation is transformed in the infinitary one
like in [4] and normalized. The normal derivation is pruned and induction up
to £, shows the resulting figure to be required (finite) irreducible derivation.

It would be interesting to obtain simple model-theoretic proof of the
corresponding normal form theorem.

Irreducible derivation of a sequent of the form I— A where I is a
conjunction of arithmetic axioms is easily (primitive recursively) trans-
formed into normal arithmetic derivation of A.

4. Pruning

In this section we mean by pruning the deletion of obviously superfluous
parts of a derivation like replacing

do: X—>A VB di: A, X—>C d»» B, X—>C
X->C
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by d>: X — C if the rightmost derivation d, does not use the assumption B.

This transformation was discovered by KLEENE [5] and independently by
SHANIN [6] and applied by GoaD [7] to computer program optimization in the
framework of mixed computations [8].

5. Coherence theorems

These are theorems of category theory of the form: all diagrams commute
(under suitable conditions). The applications of proof theory outlined by
LaMBEK [9] and developed in detail by MACLANE [10] are based on the
correspondence between canonical morphisms in categories with addi-
tional structure S and (equivalence classes of) derivations in suitable
non-classical calculus Cs. The most popular example is § = (cartesian
closed) and Cs = (intuitionistic proportional calculus). In this case the
(reformulation of) coherence theorem takes the form: if any variable
occurs no more than twice in A — B, then any two derivations of A — B
are equivalent (modulo standard normalization steps for natural deduc-
tions). This was proved by SoLoviov and BaBaev [11] by rather long
arguments and is proved now by much shorter argument using pruning.

6. Program synthesis

Standard approach to program synthesis from proofs (see [12] for
example) suggests to apply some realizability interpretation to a given
deduction d of a sentence Vx IyA(x,y) to obtain (a term describing)
program m,; such that VxA (x, 7, (x)) holds. This requires either construction
of d by a man (as was done in Goad’s experiment) or some proof-search
program. The latter is impractical for most decidable theories, so the
problem of finding suitable efficiently decidable subclasses arises. Very close
relation between intuitionistic propositional logic and working program-
synthesis system PRIZ [13] was discovered during investigation of planner
(program synthesis) module of this system. The planning of PRIZ turned out
to be sound and complete P-SPACE proof search algorithm for the
implication-conjunction intuitionistic propositional calculus. Other stan-
dard intuitionistic propositional connectives can be eliminated preserving
deductive equality. First falsity L is replaced by conjunction of all
proposition variables present plus a new one. After this depth-reducing
transformations (due to Wajsberg and Jaskowski) are applied leaving
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occurrence of v only in the form (A & (x =y v z) & B)— u and then
occurrences of x — y v z are replaced by

& (y—=v) & (z2>0v))—=(x—0))

with conjunction taken over all variables v. Efficiently decidable (and most
useful in practice) class is one with implication nesting < 2,
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ASPECTS OF 8,-CATEGORICITY
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Prologue

I have always found the classification of structures blessed with an
unusual degree of symmetry, such as the finite simple groups, an extremely
attractive subject, even when there are no immediate prospects of success
(finite projective planes). As far as the study of N,-categorical structures is
concerned, we cannot realistically expect any very explicit classification, as
simple examples show. The situation is analogous in algebra, where
nilpotent groups or rings are intrinsically unclassifiable. The most one
might aim at in the context of general N,-categorical theories is a good
notion of “nilpotent radical”. I do not as yet have a sufficiently well-
developed case of megalomania to aim at this, and I will confine myself to a
discussion of some specific problems whose solution might be expected to
advance the field.

Before we begin 1 should comment on my title. I avoid the word
“survey” for various reasons, one of which is worth mentioning explictly:
my neglect of work on ordered structures, for which one may consult
papers of SCHMERL [1]. A survey would necessarily have to deal systemati-
cally with this work as well.

The convention will be in force throughout the discussion that all
structures are countable, although not invariably infinite. This allows us in
particular to give the following succinct formulations of R.-categoricity. A
structure M is Ny-categorical if any structure M’ elementarily equivalent to
M is in fact isomorphic with it. Equivalently [3]:

M"/Aut M is finite for each n. n

Here M" is the space of n-tuples from M, on which the automorphism
group Aut M acts naturally, and M"/Aut M is the corresponding space of

9
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orbits (the model theorist’s n-types). Someone has coined the term “almost
n-transitive” for the property exhibited in (1).

This elegant characterization makes it possible to discuss the subject
intelligently with algebraists, and in any case entirely supplants the original
definition in practice. As a first consequence, immediate but fundamental,
any Ny-categorical structure M is uniformly locally finite, that is we have an
a priori estimate on the size of the substructure of M generated by an
arbitrary finite subset A, which is of the form:

card(A) < f(card A)

where indeed we may take f(n)=|M""'/Aut M|.

I shall divide my subject into two parts. We will consider classical
algebraic theories in the first part, and then pass to topics of purely
model-theoretic interest.

I. ALGEBRAIC THEORIES

We will consider Nq-categorical theories of modules, rings, or groups.

A. Modules

An explicit algebraic characterization of Ny-categorical modules as direct
sums of finitely many modules of the form

E@ (that is P E: with E, = E)
with E finite and indecomposable, a < o, was given by BAUR [4]. A curious
feature of his argument is that he finds it necessary to make explicit use of
the stability of theories of modules, more specifically of indiscernible sets,
within a purely algebraic analysis. As a purely model-theoretic conse-
quence of his analysis, Np-categorical modules are in fact Ny-stable of finite
Morley rank.

As it stands, Baur’s result fits naturally into the general model theoretic
structure theory of modules, which is reorganized and developed in a
forthcoming article by ZieGLER [5]. But for our purposes it would be
desirable to have a very different description of the Ny-categorical modules,
as follows.
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ProBLEM 1. Describe Ny-categorical modules in terms of their transitive
constituents.

By this I mean the following. If M is an Ng-categorical structure, a
transitive constituent of M is an orbit in M under Aut M, equipped with the
structure inherited from M. Thus if P is a transitive constituent of M, Aut P
is the restriction to P of Aut M. The problem is

(a) Describe the transitive constituents of Ni-categorical modules.

(b) Describe the linkages among the transitive constituents that allow us
to reconstruct the module from them.

As described in Part II, theory predicts the form of the solution to (a),
but it is not clear to me how explicit such an analysis can be. So far part (b)
has been ignored completely by the general theory, so we don’t even know
precisely what we are looking for.

There are any number of problems in a related vein, such as:

(c) Describe the abstract group Aut M explictly.

(d) If Aut M = Aut X where M is an 8-categorical module and X is an
N,-categorical structure, what can one say about X? This last question is
admittedly bizarre, and certainly lies off the main line, but it seems
intriguing.

B. Rings

Here the situation is more complex. If R is an Ny-categorical ring then
both the Jacobson radical J and the semisimple quotient R = R/J are
N-categorical, as J is 0-definable in R. Since we have our hands full with
the study of the possible radicals J and the quotients R, we are not going to
confront the extension problem (reconstruction of R from J, R). What is
known about J and R runs as follows.

(1) If R is an No-categorical biregular ring (meaning that ideals are
generated by central idempotents), in particular if R is No-categorical,
semisimple, and commutative, then it has a very explicit representation as a
so-called filtered Boolean power, in symbols:

R =C(X, ).

Here C(Z,9) denotes the ring of all locally constant functions f: ¥ —
where:

F=(X:X,..., %)
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is an aygmented Boolean space (X is Boolean and the X; C X are closed
subsets), and

A=(AA,..., Ax)

is a finite augmented ring (the A; < A are subrings), where in fact A is a
matrix ring over a finite field. Here f: ¥ — U signifies that f[X;]C A..

This representation is given by MIRAVAGLIA [6].

(2) J is nilpotent. This was proved in [8}.

(3) SaraciNo and Woob [9] have given 2™ examples of radicals J which
are not only N-categorical, but are commutative, nilpotent of exponent 3
(xyz =0), of any odd prime characteristic, and more. This seems to be the
end of the line for classifiers, but a vestige of legitimate doubt remains (see
the end of Part II).

Scholia

[ intend to comment on these three items at length, under two headings.

1. Filtered Boolean powers

In the course of the last decade filtered Boolean powers were extensively
studied by universal algebraists, with incursions by model theorists (com-
pare the bibliography in Johnstone’s Stone Spaces, 1983). To my way of
thinking the subject remains elusive, mainly because the representation of
a given structure as a filtered Boolean power is not generally canonical. In
the case at hand, this makes it difficult to determine whether a given ring is
Nj-categorical.

PrOBLEM 2. When is a filtered Boolean power N-categorical?

We know that the following are equivalent:

(i) X is Ny-categorical (by Stone duality X corresponds to a Boolean
algebra with distinguished ideals; whence a notion of Ny-categoricity for
X);

(ii) The (dual) Heyting algebra H of closed sets generated by Xi,. .., Xi
in X is of “finite type”, that is H is finite, and every element of H has
finitely many isolated points;

(iii) The Boolean closure algebra generated by X,,..., Xi in X (taking
Boolean operations plus the closure operation) is of finite type in the sense
above.

Here I combine MACINTYRE-ROSENSTEIN [7] with recent comments of
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Apps [17]. The point of all this is that these conditions imply that C (., ) is
N,-categorical if ¥ is finite. What is missing is some sort of converse.
There is of course a more obvious open question.

PrOBLEM 3. Analyze the general semisimple N,-categorical ring R.

We know so little about this problem in general that we cannot even tell
whether it should be difficult. For all I know these rings may be always
biregular! Conceivably we can steal some of the ideas that have been used
successfully to analyze Nj-categorical groups (see below).

2. Calculemus

There are connections between Nj-categoricity on the one hand, and the
notions of model-completeness and QE (quantifier elimination) on the
other, which in favorable circumstances can be exploited to reduce the
question of the existence of (some, many) N,-categorical structures of a
given type to a fairly elementary, if tedious, calculation.

Recall that a structure M is model complete if to each formula ¢ in the
language of M we can associate an existential formula:

¢* =3xd% (b quantifier-free)

with the same free variables, so that ¢ and ¢* define the same relation on
M. If ¢* can always be taken to be quantifier-free, we say M is QE
(queuey). We have gradually learned to appreciate the following connec-
tions.

Le coté Fraissé

Uniformly locally finite QE structures can be mass-
produced economically. (1)

Since all such structures are automatically N-categorical, this has
become the primary source of examples. The method for producing
uniformly locally finite structures was described explicitly on a theoretical
level by Fralssé [10]; one takes a suitable supply of finite structures and
amalgamates them all together into a huge ratatouille. Two decades later
AsH, EHRENFEUCHT, GLASSMIRE, and HensoN [11] suddenly gave recipes for
2% distinct ratatouilles.

You get 2" Ro-categorical digraphs this way, which is frankly embara-
ssing. We have been converted from cooks to sorcerer’s apprentices. This
situation will be reexamined at the end of Part II; what matters here is that
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this idea eventually led SARACINO and WooD [9] to the construction of 2%
uniformly locally finite QE commutative rings (and an analogous class of
groups).

QE structures can be analyzed a priori. (VA

I don’t know whether anyone tried to manufacture QE groups and rings
ad nauseam in the early seventies. In the event, Saracino and Wood’s
choice of ingredients is quite subtle. They work with certain very special
finite commutative rings of prime characteristic satisfying:

xyz =0 allx,y, z (QE1)
x>=0 2> xy=0 allx,y. (QE2)

Work of BOFFA-POINT-MACINTYRE [12] on the one hand and BERLINE and
CHERLIN [13] on the other showed that one can’t build very many QE rings
of prime characteristic out of anything else! The combination of (1) and (2)
is irresistible, though practitioners of the art have been known to grumble
at the amount of calculation involved, both in the preliminary analysis and
in the actual constructions.

Before abandoning this topic, I offer a political slogan.

N,-categoricity = lim QE(L ; ULF). 3

Here L is a variable finite language, and ULF means “uniformly locally
finite”. The stock of examples provided by (1, 2) applied to various
languages is already quite rich.

Robinson’s way

Let T be an inductive first order theory, that is we assume that the class
of models of T is closed under increasing unions. The example to bear in
mind here is the theory of nil rings of exponent n which are not nilpotent.

SARACINO observed [14]:

If T has an Ny-categorical model, then it has a model-
complete Nj-categorical model. 4)

I want to argue that this is a significant observation, by showing that it leads
to a proof that No-categorical nil rings are nilpotent, at least in the
commutative case.

Reineke suggested looking for a commutative counterexample J of
characteristic 2 and exponent 2. Bearing in mind (4), take it to be
existentially complete (that is make as many existential sentences
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3x¢(a, x) true in J as possible, when a € J). This guarantees that J is not
nilpotent, and is the simplest way to aim at model-completeness. J is our
prime candidate to refute the theorem. (To make the last two points really
convincing requires more background than I want to go into here.)

Now we know exactly what to do: compute the existential n-types for
each n, and see if there are finitely many. The point is that as we deal only
with existential formulas, this really is just a computation (for fixed n). This
situation being rather murky, we try n =2. The computation is short, and
the list of 2-types 1s finite.

As the situation is still murky, we try n = 3. In the fullness of time it
becomes evident that this involves an infinite computation. A typical
existential formula F, in three variables a, b, ¢ is found in Exhibit A.

(Fx - xeax,=bx-&ax2=bx; & - - - & axi 1 = bx, & acx, #0]
& (A)
[3y:i -y ay,=bc & ay.=by, & - -+ & ayc = byc-1 & by, =0)].

It is extremely easy to see that as k varies the formulas F,(a, b,c) are
pairwise contradictory, and that they are all satisfied in J. So J®/Aut J is
infinite.

Reverse engines. For any N,-categorical commutative ring J and large
enough k, J omits F,, that is: no triple in J satisfies F.. The next point is a
bit subtle, and involves some more computations: if the commutative ring J
omits F,, then it satisfies:

Vll"'22k+|[2?="'=23k+1=0 > 21"'22k+1=0]-

From here it is downhill all the way.

I think it is pretty clear how this sort of thing flows out of (4). One
specializes the problem to make the computations practical and afterwards
jettisons any accidental features of the result. Can one do this in other
contexts?

I published this proof together with some heuristic remarks in the
foregoing vein in a (very) short article [8]. I wish I could give a similar
treatment of the noncommutative case, but it is completely ad hoc. One
exploits identities coming from x" =0 to arrive ultimately at

anIynfl — (_yx)nfl,
a relation enough like commutativity to permit the previous argument to
be used. This leads to x" ' =0 and so on. Observe that for n =2 one has
the desired identity as an immediate consequence of x* =0, and our law is
just as manageable as the commutative law, while for n >2 we have to
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reduce first to the characteristically simple case to get our identity, and
tinker with the subsequent argument. [ insist on these minor points because
we will want something similar in the next section, in a more subtle context
— something which we perhaps cannot get.

C. Groups

Notice at the outset that there are many Ro-categorical nilpotent groups
of class 2. QE technology fails us slightly, since most QE nilpotent groups
are of exponent 4, which is not very satisfactory. I think one can repair this
by taking QE groups in a language with a predicate for the center, and this
may even be implicit in other work of Saracino and Wood, but I have not
checked. In any case there is a “Mal’cev correspondence” between rings
and the corresponding upper triangular unipotent (1’s on the diagonal)
n X n matrices (e.g. n = 3) which preserves Ny-categoricity (but not QE of
course).

But I want to comment on the work of WiLsoN [16] in the direction of a
classification. Wilson has surveyed his work and the recent work of Apps in
the proceedings of the St. Andrews group theory conference, and Apps’
papers are in course of publication in the usual British journals [17].

Let G be an Ny-categorical group. It has of course a finite characteristic
(i.e. 0-definable) series:

1=G()<G|<“‘<G,.=G.

The quotients G;.\/G; are No-categorical, and essentially independent of
the series chosen. Apps looks a bit at the extension problem, but I will not,
so let us take G itself to be characteristically simple. There are three
possibilities:

(1) G is elementary abelian.

(2) G is a Boolean power (unfiltered) of a finite simple group.

(3) G is a perfect ([G, G] = G) p-group for some prime p.
This uses the classification of the finite simple groups and is due to Wilson,
using results of Kargapolov and Higman. As far as I know the details can
only be found in a paper by Apps (1983?). Is there a similar result available
for rings by similar methods?

PrOBLEM 4. Prove that Ni-categorical p-groups are nilpotent.

As Apps notes, we can try locally nilpotent lie rings first, if we aim to
generalize the treatment of nil rings described previously.
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Wilson has proved that N-categorical solvable locally nilpotent groups
are nilpotent, and observes that this is essentially the analog of my result on
Ni-categorical nil rings in the commutative case. One reduces first to the
case of metabelian groups, that is solvable groups of class 2. This means
essentially that an abelian group B acts on an abelian group A, so that we
have:

B —End(A), b—vy,

where y(a)=[b,a]l=(a ")’a. If we let J be the subring of End(A)
generated by (v,: b € B) then our objective is (precisely) to show that J is
nilpotent. Now J is easily seen to be commutative, and (unexpectedly,
using commutativity) also N,-categorical, so that my result applies. Details
are in Wilson’s survey article [16].

Summing up we have the following apparent analogies.

Ring Group
Nil Locally nilpotent (formally: right Engel)
Nilpotent Nilpotent
Commutative Solvable class 2
x’=0 [y, x,...,x]=1

x’=0 2 xy=—yx [y,x,x]=1 = nilpotent class 3
xn—lynflz(_yx)nfl r) r)

In the penultimate line, we have some relations that don’t depend on
No-categoricity (the one on the right is nontrivial). The one on the left has a
useful generalization in the characteristically simple case. Actually it is
unfortunate that [y, x, x] = 1 implies nilpotence outright, since it makes it
impossible to translate the ring-theoretic analysis sensibly into the group-
theoretic setting. I think it would be useful to have a purely group theoretic
proof of Wilson’s theorem, based on the type structure in a suitable sort of
“existentially complete” group.

II. GENERAL MODEL THEORY

I will discuss stable N¢-categorical structures, and QE structures for small
(microscopic) languages.

A. Stability

My own favorite question in the area of Ro-categoricity is the following.
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PrOBLEM 5. Show that any stable Ni-categorical structure is Ny-stable.

We know a great deal about Ny-categorical No-stable structures, and this
leads to various equivalent formulations of Problem 5.

I will describe five properties of Ng-categorical N,-stable structures,
combining work of ZiL'BER [18, 19] with work of HARRINGTON, LACHLAN,
and CHERLIN [20]. The first fact seems technically central. Throughout M
denotes an Ny-categorical N¢-stable structure.

1. Coordinatization

I need to speak of geometries, coordinate systems, and grassmannians. A
geometry is either an affine or projective geometry of infinite dimension
over a finite field, or (degenerate case) an infinite set with no additional
structure. A coordinate system is, roughly speaking, a disjoint sum of
finitely many isomorphic geometries. If # is a coordinate system and p is
an orbit in # of some finite algebraically closed set under Aut # then the
“grassmannian” Gr(p, ) is the structure whose underlying set is p and
whose automorphism group is Aut ¥ with the natural action. (This way of
putting things may seem abstract, but I don’t know a better one.)

A coordinatization of our structure M is an isomorphism
M/E — Gr(p, ) between the quotient M/E of M by a O-definable
equivalence relation, and a grassmannian structure.

The first significant property of our structure M is that it admits a
coordinatization.

2. rank(M) is finite (in the sense of Morley rank).

3. M has the finite submodel property: any sentence ¢ true of M is true
of a finite submodel of M.

4. Definable sets in M are Boolean combinations of sets definable from
single parameters.

5. The definable sets in M are “flat” in the following sense. If % is a
definable family of sets of constant rank r and % covers M then

rank F +r =rank M,
assuming that the sets in % are normalized in the following sense:
A, B € #F distinct = rank(A NB)<r.

I think the fourth property is suggestive in connection with Problem 5, if
one knows Shelah’s local ranks (4-rk). There is another line of attack
suggested ten years ago by LAcHLAN [21]. He calls a combinatorial
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geometry (P, L; I) (that is: points, lines; incidence) a pseudoplane if each
point or line is incident with infinitely many lines or points respectively,
while no two share infinitely many partners. Lachlan suggested

ProBLEM §'. Prove that there is no N-categorical stable pseudoplane.

He showed that this contains Problem 5; any Ro-categorical stable but
not Ny-stable structure involves a pseudoplane. Now we know that the two
problems are equivalent, because there is no Nj-categorical Ro-stable
pseudoplane. (If (P, L;1) is such, we can easily assume the rank r of the
lines as subsets of P is constant, and apply property 5 above with & = L to
conclude:

r+rank L =rank P.

Then compute rank(l) two ways for a contradiction.)

Is Problem 5 a good reformulation of Problem 5? The results on
Ni-categorical Ny-stable structures are all essentially equivalent with the
nonexistence of Ni-categorical Ni-stable pseudoplanes, and can be obtained
by two separate methods: an application of the classification of the finite
simple groups to determine the structure of strongly minimal sets, or a
direct attack (Z1’BER [19]) on the pseudoplane problem, making heavy use
of the fact that only pseudoplanes of rank 2 need be considered. Neither
approach is very plausible as a way of analyzing N,-categorical stable
structures, but of the two Zil'ber’s is slightly more promising.

However Lachlan actually suggested we might prove:

PrOBLEM 6. Show that there is no Ny-categorical pseudoplane.

My impression is that he had no very pronounced opinion as to the
veracity of this assertion, but it is known as Lachlan’s Pseudoplane
Conjecture. I have come to believe that it is true, and in fact I believe
something stronger:

CoNJECTURE. There is no uniformly locally finite pseudoplane.

I must of course give you the correct definition of “subplane generated
by A”, so that the notion of uniform local finiteness will be sensibly
defined. We take:

(A)=acl™(A),
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the algebraic closure of A relative to existential formulas. (Cf. Saracino’s
principle, part IB.) I would very much like to know whether for each n, e.g.
n =5, there is a uniformly n-finite pseudoplane. Conceivably there is an
easy construction for each n separately, but if there seems to be no
uniformly 5-finite pseudoplane, then that would bring the whole issue
comparatively down to earth.

B. QE structures

If L is a finite relational language I denote by QE(L) and QE(L ; st) the
classes of QE or QE and stable structures, respectively. Since our language
contains no function symbols, all structures are uniformly locally finite, and
all sorts of phenomena are going to be simplified. Lachlan and co. have
been looking at these two classes for some time, with interesting results.
Bear in mind that QE(L) contains finite structures.

QE(L, st)

ExampLE. The stable QE graphs are of three types:

(A) m- K, or its complement (m, n <),

(B) G,

(C) K3, with an edge between (i, j) and (k, 1) if {i,j} N (k, 1) #@.
K, is the complete graph on n points, Cs is the 5-cycle. This example
generalizes as follows.

THeoreM. With L fixed, QE(L, st) decomposes into finitely many families
F., ..., F such that within a given family F,, each structure M is determined
up to isomorphism by its dimensions d;(M), which are defined as the
dimensions of the geometries involved in coordinatizations of M and suitable
substructures by grassmannians.

This is imprecise in a number of ways — one must allow finite
geometries, and only the degenerate ones are relevant — but it does
capture the way this theorem fits into the line of Section A. This
formulation of the theorem incorporates a technical result proved recently
by Lachlan and myself. Lachlan uses a rank function designed to make
sense on finite structures and satisfying:

QE(L,st)= |J QE(L,n)

n<e



ASPECTS OF N,-CATEGORICITY 111

for QE(L,n)={M € QE(L): rank M < n}. For technical reasons he
proves his theorem for each QE(L, n) separately, but as he suspected:

THEOREM. For each L there is an n with
QE(L, st) = QE(L, n).
What is really at issue here is the following:

COORDINATIZATION LEMMA. For L fixed there is an m so that for any
M € QE(L, st) and any maximal 0-definable equivalent relation E on M
with M/E finite of cardinality at least m:

M/E = some grassmannian.

This is a theorem about finite permutation groups, and the recent
literature abounds in relevant information.

I find it quite interesting that the theory of N,-categorical N,-stable
structures closely resembles that of QE(L ; st), after one allows nondegen-
erate geometries.

QE(L)

It is very hard to get a complete classification of the QE structures for
even the simplest languages, but Lachlan — in part with Woodrow — has
had considerable success. I don’t feel I can go into the methods here, but
let me indicate the current situation.

QE graphs: (2 symmetric 2-types)
Stable: listed above.
Unstable: — K, .,;-generic (containing every graph not embedding
K..\), or the complementary graph,
or generic (universal).

QE tournaments: (2 asymmetric 2-types)
1 (one point),
C, (oriented triangle),
Q (rational order),
Q* (Skolem’s circular order-points at rational angles on the unit circle;
arrows in the positive direction up to half-way around).
Generic.
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If we take a stock of three 2-types (with one or all symmetric) there are
2" examples by the ratatouille method. This leads to a very interesting
problem, which should be attributed to Lachlan, unless he disowns it.

ProsLEM 7. Find all QE simple digraphs.

A solution to this problem would provide the first explicit classification
of a natural uncountable family of Nj-categorical structures. For the
record, here are the ones I know of.

Some QE simple digraphs

(1) C, (oriented square).

(2) SL(2,3): the points are the eight nonzero vectors in the plane over
F. The automorphism group is SL(2,3); this determines the digraph.

(3) m- X or X[m], X one of the five QE tournaments, in the empty
graph on m points, m <,

(4) The generic partial ordering.

(5) The generic digraph for which “not joined by an edge” is an
equivalence relation, with m classes (m < ).

(6) @, T where T~ is the generic tournament and the operation **”
applied to the tournament T does the following:

(a) adds a point o to T to form T,, with 0o > T;

(b) creates a second copy T, of T,;

(c) joins a in T, to b' in T, by an arrow the “wrong” way (a# b);

(d) leaves a, a’ unlinked.

(1= G, G =SL(2,3)).

(7) Qs: this is the digraph defined on the points r =1, 8 €@ (in polar
coordinates) where a— b means b lies less than one third of the way
around the circle in the positive direction.

(8) Generic omitting m (m is the digraph on m points with no arrows).

(9) Generic omitting a fixed set X of tournaments (where X is closed
upward, and otherwise arbitrary).

Perhaps this list is complete as it stands.

Notes added in proof

(1) For the classification of characteristically simple No-categorical
groups (part C), compare also R. GiLmAN, J. Symbolic Logic 49 (1984),
pp- 900-907.
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(2) I have classified all imprimitive homogeneous digraphs (cf. Problem
7). It turns out that there is one additional variant of number (5) for m = o,
I have not learned of any other primitive examples.

(3) Peter Neumann showed that if Aut X = AutQ with X countable,
then X is interpretable in @. Compare Problem 1(d).
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STRUCTURAL PROPERTIES OF MODELS OF
N,-CATEGORICAL THEORIES

B.I. ZII’BER

Kemerovo University, Kemerovo 43, 650043 USSR

The structural theory of categoricity (in uncountable powers) began with
the works of BALDWIN [1972] and BALDWIN & LacHLAN [1971], in which the
notions of a strongly minimal set and algebraic closure were introduced
and it was shown that the structure of a strongly minimal set with respect to
algebraic closure (acl) affects essentially the structure of the model itself.

The structure of a strongly minimal set § with respect to the closure
operator acl can be essentially characterized by the geometry associated
with S. The geometry associated with S over a subset A is given by its
points, which are the sets of the form acl(a, A) for a € S-acl(A), and its
n-dimensional subspaces, which are acl(ao,...,a., A), where ao,...,a.
are algebraically independent over A. We omit “over A”, if A =0.

If the geometry associated with S over any non-algebraic element is
isomorphic to a geometry of a projective space over a division ring then the
geometry associated with S is called locally projective.

If the division ring in the definition is finite, then the main result of
DoveN & Husaur [1971] describes the locally projective geometry as an
affine or projective geometry over the division ring.

Call a strongly minimal structure S disintegrated if acl(X U Y)=
acl(X)Uacl(Y) for every X, Y C S. This is equivalent to the degeneracy of
the geometry associated with § (i.e. all subsets of the geometry are
subspaces).

Natural examples of strongly minimal structures with projective geome-
tries are strongly minimal abelian groups and, more generally, modules.
Affine spaces over division rings have locally projective geometries which
are not projective. The natural numbers with the successor operation is a
typical example of a strongly minimal disintegrated structure.

115
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On the other hand such strongly minimal structures as algebraically
closed fields can hardly be characterized in terms of their geometries. More
adequate in this situation seems the following notion introduced by
LAcHLAN [1973/74].

A pseudoplane is a triple (P, L, I), where P is a set of “points”, L is a set
of “lines” and I C P X L is an incidence relation satisfying the following:

(1) every line is incident to an infinite set of points;

(2) every point is incident to an infinite set of lines;

(3) any two distinct points are incident in common to at most finite
number of lines;

(4) any two distinct lines are incident in common to at most finite
number of points.

ConJeECTURE. For any uncountably categorical pseudoplane there is an
algebraically closed field such that the field is definable in the pseudoplane
and the pseudoplane is definable in the field,

In the paper the following theorem will be proved:

TricHOTOMY THEOREM. For an uncountably categorical structure M one and
only one of the following holds:

(1) An uncountably categorical pseudoplane is definable in M.

(2) For every strongly minimal structure S definable in M the geometry
associated with S is locally projective.

(3) Every strongly minimal structure definable in M is disintegrated.

In the connection with the Trichotomy Theorem the following theorem
is of special interest.

THEOREM 2. There is no totally categorical pseudoplane (i.e. one the
complete theory of which is categorical in all infinite powers).

Theorem 2 was proved independently by CHERLIN et al. [1981] and the
author [1977] (the complete proof is to appear in Sibirsk. M.Z.). The proofs
are quite different, that of CerLIN et al. [1981] relies on the classification of
all finite simple groups. The proof of the author is rather long but does not
use any deep results outside model theory.

As was shown in ZI1L'BER [1980a] the global properties of an uncountably
categorical structure M depend essentially on the structure of groups
definable in M. Therefore the following theorems, which will be proved in
the paper, are of much importance for the structural theory.
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THEOREM 3. Let M be an uncountably categorical structure satisfying (2) of
the Trichotomy Theorem and G a group definable in M. Then

(i) G is abelian-by-finite.

(1) If G is infinite and has no proper infinite definable subgroup, then G is
strongly minimal.

THEOREM 4. If M is an uncountably categorical structure satisfying (3) of
the Trichotomy Theorem, then no infinite group is definable in M. It follows
from this that M is almost strongly minimal.

Note that Theorem 3(i) contains the known theorem of BAUR, CHERLIN
and MACINTYRE [1979] which states that totally categorical groups are
abelian-by-finite.

2. Proofs

An incidence sytem is a triple (P, L, T), where P is a set of “points”, L is
a set of “lines” and I C P X L is an arbitrary relation called an incidence
relation.

For a binary relation R and an element x we denote

xR ={y: xRy}, Rx ={y: yRx}.
Thus, for pp€P, LhEL
poI = {l eL: po”}, Il ={p eP: pHo}

Let A C M" be an X-definable subset of a structure M and E be an
X-definable in M equivalence relation on A. Sets of the form A/E are
called X-definable sets in M. Definable means X-definable for some
XCM.

An X-definable structure in M is an X-definable set with X-definable
relations.

A natural construction considered in SHELAH [1978, III, §6], ZIL'BER
[1980a], CHERLIN et al. [1981] allows us to treat definable sets in M as
definable subsets of some larger structure M* which contains M and
preserves categoricity, ranks and definability.

Now we begin with the proof of the Trichotomy Theorem. From now on
M is an uncountable categorical structure.

LemMa 1. Let {P,L,I) be an incidence system 0-definable in M,
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(Po, 10) €]
rank(lo, @) = rank(L), rank(p,, @) = rank(P),
rank(po, {lo}) = rank(Il), rank(l, {po}) = rank(pol).

Then there exist an 0-definable incidence system (P',L',I') in M, I,E L’
and a mapping m : L' — L such that

P =P, rank(L') = rank(L),
m~'(l) is finite foralll€L, m()=1,
rank(I'ls) = rank(Il,), deg(I'l))=1,
forallpe P m(pI')Cpl, rank(pl') =rank(pl).
Proor. By the Finite Equivalence Relation Theorem in SHELAH [1978, III,
T2.28] there is a two-variable formula E, with constant lp, which defines an
equivalence relation on Il, with finite number of classes, each of the classes

having degree 1 or rank less than r, = rank(Il). Let the number of classes
be ko. Put

L,={l € L: E, is an equivalence relation on Il with k, classes}.

Evidently, L, is O-definable, I, € L,, therefore rank(L,) = rank(L).
Define an equivalence relation E on I N(P X L,):

(p, DE(p',I) iff I=1I"&pEp/,
and put
L'=IN(PxL,)E.

It is easy to see that for every I € L, there are precisely ko elements
I’€ L' of the form I' = (p, I)E forsome p € P. Define m(l’) = [ in this case.
Evidently, I’ € acl(l), therefore, in particular, rank(L') = rank(L). Put

pI'l' iff I'=(p,I)E & rank((p,)E)= r.

Note that the last condition is definable in M since M is uncountably
categorical. Put

15 ={po, l)E.
It is clear that I'l;C Il,, I'ly, is an E,-equivalence class and p, € I'l;,
therefore rank(I'ls) = ro, deg(I'l3) = 1.

LEMMA 2. Let M be a strongly minimal structure. If there are elements a,, a.,
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b, by, ¢ in M, every four of which are algebraically independent, ¢ €
acl(ai, a2, by, b2) and acl(a, az, )N acl(by, by, ¢) = acl(c), then there is an
incidence system (P, L, I) which is 0-definable in M and:

rank(P) =2, rank(L)=2, deg(P)=1;
rank(Il)=1 foreveryl €EL;
ifl,LEL L #L, thenrank(Il,N I)=0.
PROOF. Let P =M XM, Ly=M XM X M and I, C P, X L, be an arbitrary
O-definable relation such that
(b:, bs) In(ai, as, ¢)
and

(x1, %2) Io()’l, Y2, 2)—>z € acl(x, xz, y1, )’2)-

It is easy to check that putting po = (b, b,), Iy ={a,, a,, ¢) we have all the
assumptions of Lemma 1 satisfied. Hence for some Ly, I5 € Lo, I; we have

rank(L() = rank(L,) = 3, lLi€acl(b), Il,€acl(ly),
rank(I414) = rank(lol) = 1, deg(I3ly)=1.
Put
L, ={l,€ L{: rank(Iol,)=1 & (VLE Ly)
(rank(Iol N Il,) > 0— rank(Iol, — I5L) = 0).
Since Iols is strongly minimal, hence /o€ L,, therefore
rank(L,) = rank(l(, @) = rank(L ).
Define an equivalence relation E on L:
LEL iff rank(Iyl,=I5l)=0.
Now put P=P,, L=L,/E and for pEP, I EL,
pI(IE) iff rank(pl}— IE)<rank(lE).

It follows from Proposition 1.5 of ZnBER [1980a] that for every [ of L,
there is p of I§l such that pI(IE) (consider y =Ll ¢ =IE, ¢ =1I)
Moreover it follows from the same proposition that pI(IE) holds for almost
all p of Iyl i.e.

rank(I(IE)=15l)=0, rank(I(IE)) = 1.
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In particular for our po and I, if we put [,=I,E we get the strong
minimality of Il, and poll,. L
If l:, lzeLl, ll = llE, lz = le, rank(lll N Ilz)>0, then

rank(Iol, N I{L)>0 and rank(I4l, = Iol) =0,

which follows from the definition of L;, hence [, = L.

We show now that rank(l,,#)=2 and therefore rank(L)=>2.

Suppose rank(l,,@)<1. Then, since rank(po,{lo})=1< rank(p,#),
rank(lo, {po}) < rank(lo,#)<1. Thus [, € acl(po) = acl(hi, b,). Evidently
c& acl(ly), therefore there is ¢’ of M such that

t«C, C'),{ro}) = t«bl’ bZ)’{l—U})
Since rank({c, ¢'), {l) =1,
¢' €acl(l, ¢)Cacl(by, b, c) N acl(a,, a, ¢).

By the definition c'?acl(c). This contradicts the assumptions of the
lemma. Hence, rank(/,, )= 2.

LEMMA 3. Let for an incidence system (P,L,I): p,€ P, rank(p.,®)=
rank(L), rank(paI) >0 and if p,, p, € P, p\ # p», then rank(p;I N p,I)=0.
Then there is o € L such that

(Po, lyel rank(po, {10}) >0,
rank(lo, @) > rank(pol), rank(Ilg)> 0.
PrOOF. It follows from the assumptions of the lemma that there is no

O-definable subset L’ of L such that L' D p,I, rank(L") = rank(poI). Thus,
by the Compactness Theorem there is

lo€ pol — acl(po),  rank(l, @) > rank(poI).
Now counting
rank({po, lo), @) = rank(po, {lo}) + rank(ls, @)
= rank(lo, {po}) + rank(po, 9),
we have
rank(po, {lo}) = rank(lo, {po}) + rank(p., 0)
— rank(lo, @) = rank(lo, {po}) > 0.

Hence, in particular, rank(Il;)>0.
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LemMA 4. If all the assumptions of Lemma 2 hold then an uncountably
categorical pseudoplane (P,L,I) is definable in M with rank(P)=
rank(L) =2, deg(P)=deg(L)=1.

Proor. Using LLemma 2 and the symmetry of the definition we get an
incidence system ( Py, Lo, I,) definable in M such that the following hold:

)] rank(P,) =2, rank(L.) =2, deg(L,) = 1;
(i) rank(ply))=1 forall p of P;
(lll) if P, P2 (S P(), D1 # D2, then rank(plL) N sz()) ={.

Considering a definable subset of rank 2 degree 1 of P, instead of P, and
taking an inessential expansion of M we preserve (i), (ii), (iii) having
rank(Py) =2 and the incidence structure O-definable in M.

Apply now Lemma 3 to find {po, lo) € I, such that

rank(po, @) = rank(lo, 0) =2,
rank(poI) = 1 = rank(l,, {po}),
rank(Il,) = 1 = rank(po, {lo}).

Now by Lemma 1 we get an incidence system (P, Lo, Io) and I¢ € Lq. Ijlg
is strongly minimal in the system. In addition for different pi, p., of P, the
set pIi N p.I} is finite, since it lies in m™'(p,I, N p.IL,).

Put as in the proof of Lemma 2

Li={l,€ L rank(Iil)=1 & (VI,€E Ly)
(rank(Iol, N I4l) > 0— rank(Iol, - Il,) = 0)};
LEL iff rank(Igl,— I3l)=0;
P =P, L =L\/E,
pI(IE) iff rank(pl;—IE) <rank(lE).
Observe that every class IE is finite, since if [El,, then there are
p,p: € Ll NI,
rank(p:,{I}) = rank(p,,{}, I,}) = 1,
rank(pz, {pi, 1}) = rank(pz, {p,, L L}) = 1,
and by the reciprocity principle
rank(ly, {I}) = rank(l,, {l, p.}),



122 B.I. ZIL’'BER

rank(l,, {l, p.}) = rank(l,, {1, pi, p2}),
thus

rank(l,, {I}) srank(l,,{p:,p:}) =0
(since 1, € p. I N p.1}), i.e.
I, Eacl(]).
Granting the finiteness of IE,
pI(IE) iff IECpl..

Hence

pI C pIi/E,

rank(p.I N p,I)=0 for distinct p,,p. € P.

As is shown in the proof of Lemma 2 for distinct I, I, of L
rank(Il, N I1,) =0, rank(l;))=1.

To get rank pI = 1 for all p € P remove all p € P with rank pI =0 from
P. Since rank(po,#) =2, rank(poI) = 1 and rank(P) = 2, deg(P) = 1, the set
of the points removed has rank not greater than 1, therefore removing
these points we diminsh the rank of only a finite number of I, | € L.
Remove these lines too, denote by the same letters P, L the new sets, and
the construction of the pseudoplane (P, L, I) is finished. In ZiBER [1980b,
Proposition 11] it is proved that (P, L,I) is an uncountably categorical
pseudoplane.

PROPOSITION 5. If no uncountably catagorical pseudoplane is definable in
M then for every strongly minimal structure S definable in M the geometry
associated with S is locally projective or degenerate.

The proof of the proposition follows from Lemma 4 as is shown in
Z1UBER [1980b, Section 2].

PROPOSITION 6. If a pseudoplane is definable in M, A C M, then for every
A-definable in M strongly minimal structure S the geometry associated with
S over a is neither projective .nor degenerate.

ProOOF. Let (P, L,I) be a C-definable in M incidence system satisfying the
following:
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) rank(Il, N I1,) =0, rank(p,I N p.I) =0
for L, LEL, p,p.EP, L #L, p# p..
(ii) For some pair {p,, l)) E I
rank(ly, C) = rank(L), rank(p,, C) = rank(P),
rank(lo, {po} U C) >0, rank(Il,) >0, rank(poI)>0.

(iii) The four-tuple (rank(P), deg(P), rank(L), deg(L)) is lexicographi-
cally minimal among such four-tuples for every C CM and systems
(P, L, I) satisfying (i) and (ii).

Observe that it follows from Lemma 3 and the minimality condition that

rank(P) = rank(L), deg(P)=1, deg(L)=1.

Condition (ii) implies the existence of such C-definable P’, L', I,
PEP CP, LWEL CL, (po,lo) EI'C I that for every pEP', | EL’

(iv) rank(pI’)>0, rank(I'l) > 0.
We assume that P'=P, L'=L, I'=I. Put r =rank(P) =rank(L).

Observe also that any extension of C preserves conditions (i}-(iv), thus
we may assume C contains all the parameters required in what follows.

Let S be a C-definable in M set and (x, y) a formula with parameters
in C which is a stratification of L over S of rank less than r, i.e.:

(v) For every | EL there is an s €S such that y(s,[).

(vi) For every s € S, rank(y(s, M))<r.
The stratification ¢ exists if C is sufficiently large, ZIL'BER [1974] (see also
another version of the statement in SHELAH [1978, V. 6.1]).

Let us prove

(vii) For every s € S, rank(poI N (s, M))=0. Indeed, otherwise, put-
ting

Lo=y(s, M)N L, L=IN(P XLy

we get

rank(p,, C U {s})=r — 1 = rank(L,), rank(po.Io) > 0.
Evidently (P, Lo, I) over C U {s} satisfies (i), and (ii) follows from Lemma
3. This contradicts the minimality of (P, L, I).

Observe again that if we take
P'={p € P: Vs €S, rank(pI N (s, M)) =0},
I=IN(P'xL),
we get system (P’, L, I') satisfying (i)}-(iii), therefore it can be assumed
P'=P
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Let Q be a definable subset of P U L of the rank maximal among all
such Q that

QCacl(SUC), C'DC, C'isfinite.

Since C was assumed to be sufficiently large, hence C' = C. Also Q # 0,
since Q D(PUL)NC. Let

rank(Q N L)=rank(Q N P),
p*=pPnQ, L*=U{pl:pe0nP}.

For every I from L* there are p € P* and s €S such that [ € pIN
(s, M). Since the last set is of rank 0,

I €acl(p,s,C); L*Cacl(SUC),

i.e. rank(L*) < rank(P*). Choose p§ € P* so that rank(p§, C)=rank(L*)
and by Lemma 3 we get (ii) for (P*,L*, I N(P* X L*)). Since (i) for this
system follows from that of (P, L, I),

rank(P*)=rank(L*)=r.

We will assume P*=P, L*=L,i.e. PUL Cacl(SUC).

It can be easily proved by induction on k, that for every C-definable set
Q of rank k, if Q Cacl(S U C), then C can be extended so that for every
q € Q there are di,...,d. €S

acl(q, C) = acl(d,, ..., d, C).
Let now Q be P U L. Assume for simplicity C =@. Then
acl(py) = acl(sy,. .., s:), acl(ly) = acl(t,, ..., 1),
for si,..., S, ti,...,t, €S. Since rank(po, @) = r, rank(lo, @) =1r,
dim(s,...,s)=r=dim(t,..., ).
It follows from (i) that

l‘al’lk(Po, {lo}) <,
therefore

dim(s1,---,sr9 tl9"'9t’)<2r'

If the geometry associated with S over @} is degenerate or projective,
then the last condition implies the existence of u, € § — acl(®)

wo € acl(sy,...,s,)Nacl(t,...,t),
i.e. uo € acl(po) N acl(l).
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It is easy to get, using the last fact, a formula ¥ (x, y) without parameters
such that

Y(uo, ly) and rank(d(uo, M))<r.

Such a formula can be easily touched up so that (v) and (vi) be satisfied.
Therefore poI N Y (us, M) is finite. This set contains [,, hence

I, € acl(po, uo) = acl(po).

This contradicts condition (ii). Thus the geometry associated with S over C
is neither projective nor degenerate. Since A C C, the proposition is
proved.

Proof of the Trichotomy Theorem. By Propositions 5 and 6 the non-
definability of pseudoplanes in M is equivalent to the fact that all strongly
minimal structures in M have locally projective or degenerate geometries.
Adding a new constant for any locally projective strongly minimal struc-
ture we can assume that the locally projective structure is projective. Since
every two strongly minimal sets in an uncountably categorical structure are
nonorthogonal, their geometries are isomorphic provided they are projec-
tive or degenerate, as is proved in CHERLIN et al. [1981, 2.8].

Now we begin with the proof of Theorem 3. M is the structure which
does not satisfy (i) of the Trichotomy Theorem, G is the group definable in
M.

Proof of Theorem 3(ii). We will prove that if G has no proper infinite
definable subgroups and Q is its strongly minimal subset, then G — Q is
finite. Let

H={h € G: Qh= Q is finite},
H'={h € G: hQ-+ Q is finite}.

It is known from ZiUBeR [1977, Lemma 10] that H and H' are definable .
subgroups of G and for some g g'€ Q, rank(gH — Q) <rank(H),
rank(H'g' — Q) <rank(H). By our assumptions H and H' are finite or
equalto G.If H = G or H' = G, then G — Q is finite. Thus we may assume
that H and H' are finite.

Now by the definition Q= H'QH is finite, we assume Q = H'QH. Put

P={gH':g€G}, L ={Hg:g€EG)
I={(g'H',Hg): g' € Og}.
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If H and H' are finite, then all the axioms of a pseudoplane are satisfied by
(P, L, I), which contradicts the assumptions of the theorem. Theorem 3(ii)
is proved.

LEMMA 7. Let J C U X G be a binary definable relation such that for every
u € U the set uJ is a strongly minimal subgroup of G and for any distinct
u, u: € U, uyJ# u,J. Then U is finite.

PRrRoOF. Suppose not. Then we may assume U is strongly minimal. Put
H ={h € G: Jh is infinite},
P={Hg:g€G}, L={g-ul:g€G ueU},
I={gH, g ul). g €G, uc U}

H is finite for otherwise, since for any hi,..., i EHJh, N - - N Jh is
infinite we can find distinct u,, u» € U such that u,J N u.J contains at least
k elements h,, ..., h, therefore distinct u:, u- can be found with u,J N u.J
infinite, which contradicts assumptions of the lemma.

H is a subgroup of G, since for hi, h, € H, Jhi- hy' 2 Jhi N Jh, is infinite.
Now it can be directly verified that (P, L, I) is a pseudoplane, which is a
contradiction.

LEMMA 8. G possesses a definable normal nilpotent subgroup of finite index.

ProOOF. We may assume that G is connected (i.e. has no proper definable
subgroup of finite index, see CHERLIN [1979] or ZiL’BER [1977]). Then
G X G is also connected.

Let H be a strongly minimal subgroup of G, which exist by Theorem
3(ii), if G#1. Let gI{h,h’Y mean hEH & h' =g 'hg.

Clearly for every g € G the set gl is a subgroup of G X G isomorphic to
H, i.e. gl is strongly minimal.

Let g Eg. denote g,I = g.I. Then, by Lemma 7, G/E is finite. This
means that the centralizer C(H) of H in G has a finite index. Since G is
connected, C(H)= G and thus H lies in the center of G. It follows by
induction on rank(G) that G is nilpotent.

LEMMA 9. G possesses a definable normal abelian subgroup of finite index.

ProoF. Now we may assume G is connected and nilpotent of class 2 (i.e.
G/C(G) is abelian). It is sufficient to prove that G = C(G).
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Denote G_= G/C(G) and supposing G # 1 we get by the connectedness
of G that G is infinite and by Theorem 3(ii) G has a strongly minimal
subgroup H. Put

gI(h,h,> iff hh'EH& geG & hl=hgh—1g~1’
g Eg iff gl=gl

It is evident that gI is a strongly minimal subgroup of G x C(G). By
Lemma 7, G/E is finite, in other words the subgroup

{gEG:VhEH, hgh™' =g}

has a finite index in G and thus coincides with G. This means H =1 in G,
contradiction.
This proves the lemma and concludes the proof of Theorem 3.

Proof of Theorem 4. First we suppose G Cacl(S) for some strongly
minimal set S. We shall prove that G is finite.

Let rank(G) = k. It is easy to prove for any set G C acl(S) by induction
on k that there is a finite A C M such that for every g € G there are
Si,...,8% €S with

acl(g, A)=acl(s,,..., s, A).

Assume for simplicity A =) and choose g, h € G independent over @) with
rank(g, @) = rank(h, @) = k. We have '
acl(g) = acl(sy, ..., s), acl(h) = acl(t,,..., &)

forsome s,,..., 8, b, ..., & € S. It follows from the independence of g and
h that
acl(s,, ..., s ) Nacl(t, ..., &)=acl(@).

Let g-h=f, acl(f)y=acl(u,,...,w), ui,...,u €S. Since f€Eacl(g, h),
h €acl(g, f), g Eacl(h, f) we have, granting § is disintegrated,

acl(sy,...,s)Uacl(t, ..., &) Dacl(u, ..., u),
acl(s,,..., s )Uacl(u,, ..., w) dacl(t, ..., k),
acl(t,, ..., ) Vacl(u,,...,u) Dacl(ss,. .., S).

This is possible only if all the sets lie in acl(#). Thus k =0 and G is finite.

Now if MZ acl(S), then an infinite group G is definable in M with
G Cacl(S), as is shown in ZiwBer [1980a, Proposition 4.3]. This is
impossible as was shown above, and it follows that G C acl(S) for every
group G definable in M and G is finite.
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AN INTRODUCTIONTO
THE ADMISSIBILITY SPECTRUM

SY D. FRIEDMAN*

M.LT., Cambridge, MA 02139, U.S.A.

The admissibility spectrum provides a useful invariant for studying
definability properties of reals. An ordinal « is R-admissible if L.(R)
obeys 3, replacement. If R is a subset of o, let A(R) denote the class of all
R-admissible ordinals greater than . Then A(R) is a proper class
containing all L(R)-cardinals. The least element of A(R) is precisely o?,
the least non-R-recursive ordinal.

The ordinal w{ has received a great deal of attention in the literature. It
can be characterized in many equivalent ways: the least R-admissible
greater than o, the least non-R-recursive ordinal, the closure ordinal for
R -arithmetical positive inductive definitions, the least a such that the logic
%a, A =L,(R), is 3, compact. A beautiful relationship between w{ and
the hyperdegree of R was discovered by Spector.

SPECTOR CRITERION. wf > w{*iff 0 <, R (where O is Kleene’s complete IT;
set of integers and <, is hyperarithmetic reducibility).

It is reasonable to expect that other elements of the admissibility
spectrum A (R) would provide further information concerning definability
properties of R. This is illustrated below; in particular there is a natural
generalization of Spector’s Criterion which relates A(R) to the L-degree
of R.

1. Early resuits

Work of Sacks [1976] and JENSEN [1972] characterizes the countable sets
which can occur as an initial segment of A(R) for some real R. We present

* This research was supported by NSF Contract #MCS 7906084.
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proofs of these results in this section which are somewhat simpler than the
original ones. (SAcks [1976] actually proves a result stronger than what we
consider here. See the discussion at the end of this section.)

THEOREM 1 (Sacks). If a > w is admissible and countable then there is a real
R such that wf = a.

ProoF (Almost Disjoint Forcing). We can assume that « is a limit of
admissibles as otherwise if B = sup(a N Adm), we can force over L., with
finite conditions from w into B; this produces a generic real R so that « is
the least R-admissible greater than w. (Admissibility is always preserved
when forcing with a set of conditions which is an element of the ground
model.)

Now the desired real R is obtained in two steps.

Step 1. Find A Ca so that B € AdmNa— Ly[A] is inadmissible.

Step 2. “Code” A by a real R so that BEAdmNa—ANB is
A(Lgs (R)).

In both steps we of course want to preserve the admissibility of a.

To accomplish Step 1 first force A¢Ca so that L.[Ao] is locally
countable; i.e., L,[Ao]E “Every set is countable”. This can be done by
forcing with finite conditions p from a X w into a with the property that
p(B,n)< B. Note that if P, denotes this forcing and B8 € Adm N a then
any maximal antichain M for 2§ = %, N L, is also a maximal antichain for
P,. It follows that the P,-forcing relation is ¥, when restricted to ranked
sentences and that given p such that p IF3B¢, ¢A,, one can effectively
produce a maximal antichain M below p so that M€ L, and g €
M= q Ik ¢(B,) for some B,. These facts imply that if Ao is P,-generic over
L. then L.[A,] is admissible.

Second, we add A, C a so that L, [A,, A,] is admissible but 8 € Adm N
a — Lg[Ao, A] is inadmissible. This is done by forcing with %, consisting
of all conditions p:B8,—2 in L,[JA)] so that BEAdmN
(B, + 1) Lg[ Ao, p] is inadmissible. Using the fact that L,[A] is locally
countable it is easy to see that p € P, B <a — 3q < p, B, = B. It is easy to
see that the forcing relation is 3; when restricted to pairs (p, ¢), ¢ a ranked
sentence of rank <f,, as in this case plt ¢ iff Lg [p]k ¢. Lastly if
(D; |i < w) is a uniformly (L. [Ao]) sequence of dense open sets, p € P,
then we can effectively define p=po=p,=--- so that p,,, € D; and
(i |i<w)is Si(Ls[Ad]), B = U{B, |i < w}. Thus Ls[A,] is inadmissible
and p = U{p: |i < 0} is a condition. This form of distributivity suffices to
show that if Ais #;-generic over L, |[A,] then L, [A,, A ] is admissible. To
complete Step 1 define A = Ayv A,
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Step 2 is accomplished using almost disjoint forcing. We assign a real R,
to each B < a so that Ry is definable over Lg[A Juniformly in 8. Note that
for any 8 < a there must be an L[ A ]-definable bijection of w and L,[A]
as the least counterexample L;[A] to this assertion would have to be
admissible, contrary to hypothesis. Thus we can in fact choose R, to be
Cohen generic over Lz[A] as well, say for all 3:(Ls[A]) dense sets.

A condition in the forcing ? for coding A is a pair (r, F) where r is a
finite subset of w and 7 is a finite subset of {R",;lﬁ e A}lU {r* I r a finite
subset of w}). Here we make use of the canonical operation R » R* =
{Code(R [n)l n < w}C w for converting distinct subsets of w into almost
disjoint ones. Write (r',F)<(r,F) if rCr', FCF' and bEF—>bNr C
b N r. Thus generically we produce a real R so that B € A iff R, R} are
almost disjoint. Also note that as each R, is uniformly definable over
Ly [A] we obtain that A N B is uniformly A,(Ls (R)), by induction on 8.
(To define A N (B + 1) we need to know A N B and R, ; but the latter is
definable over Lg[A N B] = Lg[A].)

We need only show that # preserves the admissibility of L,[A]. As in
the first part of Step 1 it suffices to argue thatift M C P* =P N L,[A]isa
maximal ?*-antichain and 3-definable over L; [A] then M is a maximal
antichain in 2. It is for the proof of this assertion that we chose R; to be
Cohen generic over Ly[A]. Indeed suppose (r, Fo U ;) were incompatible
with each element of M, where 7o C Lg[A], 7 N Ls[A] = 0. Note that the
reals F, g{Rg'Rz'EF[} are mutually Cohen generic over L;[A] as if
Bi<PB,<---< B then Ry is Cohen generic over Ly[A], R, is Cohen
generic over Lg[A]D Ly [A][Rg), ... and we use the product lemma. So
in fact the preceding assertion about (r,7oU F;) is forced by a Cohen
condition ¢ on F,. But then (r, U {s* l s Ec})E Lz[A] would be incom-
patible with each element of M, contradicting the maximality of M. This
completes the proof of Theorem 1. []

To be sure, there are many published proofs of the preceding result. We
have included the above proof here, however, to serve as a model for the
following proof of Jensen’s result, as yet unpublished. To save notation we
introduce:

ConvenTION. When writing L.[X|,..., X,] we refer to the structure
(L [X1, ..., X, Xiy ..y Xo).

THEOREM 2 (Jensen). Suppose X is a countable set of countable admissibles
greater than w and a € X — L,[X] is admissible. Then for somereal R, X is
an initial segment of A(R).
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Proor. We can assume that X has a greatest element «. As in the proof of
Theorem 1 we proceed in two steps.

Step 1. Find A Ca so that B<a— Ls|A] is admissible iff B € X,
Ls[A] is not recursively Mahlo.

Step 2. Code A by a real R so that B<a— A NP is 4:(Ls(R)).
In both steps we want to preserve the admissibility of the elements of X.

To accomplish Step 1 first add AqC e so that L,[Ag] is locally
countable, as in the proof of Theorem 1 except over the ground model
L.[X]. Then L;[X] admissible = L [X, Ao] admissible for all B8 < a. (To
see this note that if A, is P-generic then A, N B is Pi-generic.) Also if
B = least p.r. closed ordinal greater than B then B < a — B is countable in
Ls[X, Ao). Second, add A, C a so that Ls[X, Ao, A1] is not recursively
Mahlo for all 8 < a. The collection of conditions Q, for doing this consists
of all p: B, — 2 so that

() B<B, —plBELiX Al

(i) B <R, Lg[X, Aj] admissible — L;[X, Ao, p] admissible,

(iii) B =B, — Ls[X, AJ] is not recursively Mahlo.

We must show that p € Q,, a > B > 3, — there is a q <p, B, = B. Then
the argument of the second part to Step 1 in the proof of Theorem 1 shows
that Q, is sufficiently distributive so as to preserve the admissibility of
L.[X, Ad).

The extendibility assertion is proved by induction on B. If B8 is a
successor ordinal then the result is clear. If B8 is a limit ordinal but
Ls[X, Ao] is inadmissible then the construction of g is easy by induction,
using the fact that B is countable in Ls[X, Ao). If Ls[X, Ao] is admissible
then first we force with Qf = QoN Lg[X, Ay] to obtain q': B —2 so that
q'€EL[X, Ao] and g’ D p. (Note that p € QF.) Then L;[X, Ao, q'] is
admissible as Qf preserves admissibility just as does Q.. We must arrange
that Ls[X, Ao, q] is not recursively Mahlo. This requires one further
forcing. Let Qf consist of all closed p C B, |p|=max(p)Ep so that
p ELy[X, Ao, q'] and

(i) B'<|p|=>pNB ELsX Avq'],

(i) B'<|p|, Lg[X, Ao, q'] admissible — Lg[X, A, p,q'] admissible,

(iii) B'Ep—> Lg[X, Ao, q'] inadmissible.

(Note that (ii) is actually redundant due to (i), (iii) and the fact that p is
closed.) Now force g” to be Qf-generic, q” € Ls[X, Ao]. Then Of can be
shown to preserve admissibility much as could Qf. Clearly
Ls[X, Av,q’,q"] is not recursively Mahlo as q” provides a closed un-
bounded set of B’ < B such that Lg[X, Ao, q'] is inadmissible. Finally we
define g < p so as to code q', q". Then q € Q,, B, = B.
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We now have that Lg[X] admissible = Ls[X, Ao, A] admissible, 8 <
a — Lg[X, Ao, A} is not recursively Mahlo. In particular 8 < a — there is
an Ly [X, Ao, A J-definable bijection of w and Ls[X, Ao, Ai]. At last we
now complete Step 1. We add A, C « so that B8 < a — Lg[X, Ao, Ay, As] is
admissible iff 8 € X. The collection of conditions 2, for doing this consists
of all p: B, =2 in Lg[X, Ao, Ai] so that

(i) B=pB,—Ls[X Ao A1, p] is admissible iff B € X,

(i) B<B,—~pIBELI[X A Al
We must show that for all p € ?;, 8 < a there exists g < p, 8, = . Once
this is accomplished we have completed Step 1 as the argument that 2,
preserves admissibility is much like that for Q.

The extendibility assertion is proved by induction on 8. As before the
nontrivial case is where B € X. Then the desired g <p is obtained by
forcing with P¢=2, NLg[X, Ay, A;]. Such a q can be found in
Ls[X, Ao, A}]. And, P% preserves admissibility just as did Qf. This
completes Step 1: let A =X v Ayv A, v A, where A, is #;-generic.

Step 2 is precisely as in the proof of Theorem 1. Note that we can choose
R; to be definable over L;[A], as in that proof, since B < a — there is an
Ls[A)-definable bijection of @ and Ls[A]. Lastly note that B € X, R
P-generic over L,[A]—> R P”-generic over Ls[A] (for 3, definable
dense sets) so it follows that L, [R] is admissible. [

As we mentioned earlier, SAcks [1976] establishes a result somewhat
stronger than Theorem 1: If @ > w is a countable admissible ordinal then
a = wr for some real R such that S <,R - w} < wf, where <, refers to
hyperarithmetic reducibility. Sacks uses pointed perfected forcing and in
addition, when L, is not locally countable, perfect trees of Lévy collapsing
maps.

Recently, R. LUBARsKY [1984] has established a version of the preceding
result in the context of Jensen’s theorem. He shows that, assuming X as in
Jensen’s theorem has a greatest element o and in addition that X N B is
uniformly definable over L, for 8 € X, that there is a real R so that X is an
initial segment of A(R) and in addition, SEL,(R)=> R € L.(S) or X is
not an initial segment of A(S). Lubarsky’s proof is a significant extension
of Sacks’; the key difference is that @ = wi— L, (S) is locally countable,
however B € A(S)+ La(S) is locally countable. Thus when establishing
minimality for R, Lubarsky must consider that for S € L. (R) one need not
have the local countability.of L, (S) for B8 € X (though L, (R) is locally
countable for B € X). A new argument is required to rule out the
possibility that such an $ may obey “X is an initial segment of A(S)”.
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2. The full spectrum-limitations

The theme of this section is that A(R) is a useful invariant for detecting
the set-theoretic complexity of R. Let A denote A(0)= all admissibles
greater than w.

THEOREM 3. Suppose R € L. Then A(R) contains A — 8 for some B < Ni.
ProoF. Choose B so that R €L, B <Ni. [

Thus it follows from Theorem 2 that if V =L then the possible
admissibility spectra A (R) can be completely characterized: they are of the
form X U(A — «) where X is as in Jensen’s theorem, X € L,,.

Note that if R is a Sacks real (R is generic for perfect set forcing over L)
then a density argument shows that the conclusion of Theorem 3 fails.
However we have the following.

THEOREM 4. Suppose R is set-generic over L (R belongs to L (G) where G is
P-generic over L, P €EL). Then:

(a) A(R)D A — B for some B.

(b) Forany a <N, there exist B, y <N, such that A N (B, v) has ordertype
= « and is contained in A(R).

ProoF. (a) Choose B so that # € Ls; where R € Ls(G), G is P-generic
over L. If « > B is admissible then L, (G) is admissible as forcing with a set
of conditions preserves admissibility. Thus L,(R) is admissible since
REL;(G)C L.(G).

(b) By the result of (a) we know that there exist 8, ¥ € ORD such that
A N (B, v) has ordertype = a and is contained in A(R). But HC = (the
hereditarily countable sets) is a 3, elementary substructure of V. So there
must exist such B, ¥ which are countable. [J

The preceding result imposes severe restrictions on which admissibility
spectra can be obtained via set-forcing over L. It implies that even
when restricting to countable admissible ordinals, simple spectra such as
{az li € ORD} = (even admissibles) cannot be realized by A(R) for
set-generic R (where ao<a,<--- is the increasing enumeration of A).

The next result implies that certain spectra cannot be realized without
the use of large cardinals.
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THEOREM 5 (Silver). Suppose A(R)— B is contained in the class of all
L-cardinals for some B. Then 0 <, R.

ProoOF. Let « be a singular cardinal greater than 8. Then (k)" ® > (k)"
since there are R-admissible ordinals between « and (x*)"®. By Jensen’s
Covering Theorem (see DEVLIN-JENSEN [1974]), 0¥ € L(R). [

This result can in fact be strengthened to provide a natural generaliza-
tion of Spector’s Criterion, in the context of L-degrees.

DEFINTION. X C ORD is 3;-complete if whenever Y CORD is 3,(L), Y is

THEOREM 6. A(R) is X,-complete iff 0" <, R.

ProOF. X is 3,-complete whenever X is unbounded and X C L-Card =
{a ,a is an L-cardinal}, as if Y is 3,(L) with defining formula ¢ (y) then
yZ Y iff Ja € X (L. F~ ¢(y) and y, p € L,) where p is the parameter in
¢. (We are using the fact that @ an L-cardinal - L, <y, L;i.e., a is stable.)
Thus A(R) is 3,-complete whenever 0* <, R as A(0*)C L-Card. Con-
versely if A(R)is ¥,-complete then L-Card is 3,(L (R)) and as in the proof
of Theorem 5, (k*)"®> (k)" for sufficiently large singular k. (We are
using the R -stability of (« *)"*®.) By the Covering Theorem, 0*<, R. [

Theorem 6 has the consequence that certain spectra X are ruled out
entirely, even though the Jensen criterion (@ € X — (L, [X], X) is admissi-
ble) is satisfied.

CoroLLARY. There is no real R obeying any of the following:
(a) A(R)= 3,-admissible L-cardinals,
(b) A(R)= 3,-admissible stables,
(c) R is generic over L via an amenable class forcing, A(R)C stables.

Prook. (a), (b) are clear, using Theorem 6. (c) follows from the fact that the
condition on R contradicts 0<, R (see Beller-Jensen-Welch [1982],
p. 157). [

We have left open the possibility of solutions to spectrum equations
A(R)= X, where X is not 3,-complete. We discuss this in the next section.
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3. The full spectrum-positive results

The results of Section 2 imply that a real R satisfying A(R)=(even
admissibles) cannot be set-generic and cannot construct 0 (i.e., 0* <, R).
Thus such reals are entirely ruled out by the following conjecture of
Solovay.

SoLovAy's CONJECTURE. 0¥ <, R — R is set-generic (over L).

Fortunately for our purposes, Solovay’s conjecture is false. This was
shown by Jensen (see BELLER-JENSEN-WELCH [1982)]).

TueoreM 7 (Jensen). If A CORD then there is an (L[A], A)-definable
forcing for extending L|A] to L(R), R C w so that L(R)EZFC and A is
definable over L(R).

COROLLARY. The negation of Solovay’s conjecture is consistent.

ProoF. Choose A CORD to be amenable but not L-definable. By
Jensen’s theorem we can get R C w so that A is definable over L(R).
Then R cannot be set-generic over L as otherwise there is a condition
p € P and a formula ¢ (where R € L(G), G P-generic over L) such that
for unboundedly many &« EORD, plFA Na is an initial segment of
{B|o(B). Thus BE A iff Ax€L (phkB Ex, x an initial segment of
{BloBMH. O

As it turns out the technique used to prove Theorem 7, Jensen’s coding
method, suffices to get the first example of a nontrivial spectrum.

THEOREM 8 (David, Friedman). There is an L-definable forcing for produc-
ing a real R so that L(R)FZFC and A(R)C (even admissibles).

IDEA OF ProOOF. The desired forcing is made up of certain “building
blocks”, which are not difficult to describe. Jensen coding is used to put
these building blocks together.

We wish to arrange that & R-admissible — « is an even admissible.
Suppose that we have D C N, so that: L, [D] admissible — a is even. Then
we could hope to choose R so as to code D and satisfy the desired
property.

The problem is that if we code D by R in the usual way (with almost
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disjoint forcing) we only obtain the following: For all a, D N (8,)" is
Ay(L. (R)). The reason is that to decode D from R we need to know the
almost disjoint coding reals R, and it is only for 8 < (N;)™ that we have
R € L.. Thus the recovery of D from R is not “fast enough”. On the
other hand we are in great shape if D has the following stronger
properties:

L.(D N ¢)admissible, L, (D N é)E £ =8, — « is even. (*)
L, [D] admissible and locally countable —a is even. (**)

For then we need only recover D N (X,)™ inside L, (R) to guarantee that «
is even (or inadmissible relative to R), a recovery that can be made.

The question is how to obtain D' C 8, obeying (*), (**). The natural thing
to do is force with conditions d which are initial segments of N, obeying (*),
(=) for ¢ <sup(d). We now come to the heart of the argument, which is
contained in the following two observations:

(1) Extendibility for this forcing is trivial because given d and ¢ >
sup(d) we are free to extend d to length ¢ by killing all admissibles
between sup(d) and & It is crucial for this argument that we are only
concerned with killing admissibility, not in preserving it.

(2) Distributivity for this forcing is easily established assuming the
following (!): There exists D' C N, such that:

L.(D’' N ¢)admissible, L, (D' N §)F ¢ =N,— a iseven ()
L.[D] admissible, L,[D] =Vx (card(x) S N,)— a iseven. (')

Thus we are faced with the original problem, but one cardinal higher!

Proof by induction does not look promising. However note that we need
not already “have” all of D’ before we can “start building” D; thus the
idea of the proof (as in all Jensen coding constructions) is to build
R,D,D’,D",... simultaneously and check distributivity for any final
segment of the forcing. [J

A proof of the preceding result will appear in Davib [1984]. In that
paper the above ideas are combined with some ideas from “‘strong coding”
(mentioned below) to improve the conclusion of Theorem 8 to: A(R)C
{a |L E ¢(a)), where ¢ is X, and L F ¢(«x) for all cardinals .

The next step in the study of admissibility spectra is to introduce the
requirement of admissibility preservation into the above. Thus for example
we wish to obtain solutions to the equation A(R)= (even admissibles).
This requires the method of strong coding.
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THEOREM 9. There is a A\(L)-definable forcing P for producing a real R so
that L(R)EZFC and A(R) = (even admissibles).

IDEA OF PROOF. We approach the problem as in Theorem 8. Of course now
the extendibility property is much more difficult (distributivity is the same).
Indeed the desired extension of d to d' of length = £ must be made
generically, so as to preserve even admissibles. Thus we see that our
conditions must be constructed out of generic sets for “local” versions of
the very same forcing. Thus in fact we construct a strong coding #* C L, at
each admissible B and then inductively build ?° out of generic sets for
various 2%, B' < B.

The main difficulty is in showing that the desired generic sets actually
exist; note that we want a ?*-generic over L, where 8 may indeed be
uncountable. The proof of generic existence is by a simultaneous induction
with the proofs of extendibility, distributivity and requires use of the
critical projecta of FRIEDMAN [1982]. (These projecta are closely related to
Jensen’s notion of dependency in the theory of higher-gap morasses.)

The other difficulty in the extendibility argument is the conflict between
the genericity requirement and the need to ‘““‘avoid” the almost disjoint
codes R%: Recall that in almost disjoint forcing, (r', 7)< (r, ) iff r' D,
F'D7Fand b €F— b Nr Cr This last requirement causes difficulty with
the need for making r' generic. Solving this requires the construction of
special “supergeneric” codes R;. These codes will not be Cohen generic
but instead generic for a suitable forcing, defined inductively. [

4. Recent work

A complete characterization of those A C ORD which can be realized as
admissibility spectra A(R) is not known. However some hints as to the
nature of such a characterization are hinted at by the following examples.

(a) Suppose A = L-Card, the class of L-cardinals. Then A cannot be of
the form A(R) as A fails to satisfy: «a € A — L,[A] is admissible.

(b) Suppose A = (all a such that L, = Power set). Then A cannot be of
the form A (R) as then the L (R )-cardinal successor to N, would be greater
than the L-cardinal successor to N,,, hence 0¥ € L(R); but then A(R)—
B C L-Card for some .

(c) Suppose A ={a ,a a successor admissible, L-Card(a) a successor
L-Cardinal} U {a ,a recursively inaccessible, L-Card(a) a limit L-
cardinal}. Then A cannot be of the form A(R) else L-Card is A,(L(R))
and thus 0* € L(R); this is a contradiction as in (b).



THE ADMISSIBILITY SPECTRUM 139

(d) Suppose A = nonprojectibles = {a lZ, projectum(a) = a}. Then A
cannot be of the form A (R) for then the least R-admissible a greater than
N, would have cofinality w, but this is false since cof(a) = cof(Z, projectum
a relative to R)=N,.

Also note the following: If A = A(R) then A is 4,(L(R))and hence A
“collapses to itself” when transitively collapsing 37 Skolem hulls. More
precisely, for any x € #,,(ORD) ={x CORD | x is countable} let o, be the
unique order-preserving function from x onto ordertype(x). Then in L(R),

={x € ?.,(ORD)| =, [A] is an initial segment of A} contains a closed
unbounded class (namely {x € 2, (ORD) | x <3, L(R)})). Thus
(L[A),A)EA* is stationary in ?,,(ORD), assuming (N,)""*1 = (8,)*®.

The above considerations lead us to conjecture what the situation is in a
very special case of the general problem. Namely suppose a = (least «
such that L. =KP and N exists). We conjecture the following.

(*) Suppose A C « is amenable and (L., A) is admissible. Then there is
a real R such that A = A(R)Na, L. (R)EKP+ N, exists iff:

(i) N°, N;"E A,

(i) B €A —>(Lg[A],A NB) is admissible,

(i) N < B, B a successor element of A — L, = cof(8) =N,

(iv) (L., A)E= A* is stationary on 2,,(ORD).
The key step in establishing this conjecture should be to obtain an
(w:, 1)-morass of A-preserving maps, using property (iv) to show that the
natural forcing for doing this is w-distributive.
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ARE RECURSION THEORETIC ARGUMENTS
USEFUL IN COMPLEXITY THEORY?
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1. Introduction

Recursion theory is that area of mathematical logic where one studies
the qualitative aspects of computability. Here one is only interested in the
question whether a computation converges at all, i.e. yields a result after
finitely many computation steps. In complexity theory, which is part of
computer science, one studies in addition quantitative aspects of computa-
tions. For example one studies for computations on a mathematical
computer model the computation time as a function of the size of the input.

Over the last few decades a number of quite powerful techniques have
been developed in recursion theory — most of them so-called priority
arguments — that finally allowed to solve a number of difficult open
recursion theoretic problems (see SOARE [25]). In complexity theory, on the
other hand, a variety of concepts and methods have been introduced but
many basic and important problems remain open. We analyze and survey
in this paper some of our recent research in the light of the question
whether arguments from recursion theory are useful in complexity theory.
We arrive at the conclusion that recursion theoretic techniques are in fact
useful in complexity theory, although in general only in combination with
arguments about algorithms for concrete problems or with arguments
about concrete computer models.

Many problems in complexity theory deal with the question whether
certain mathematical problems can be solved by computations whose
computation time is polynomially related to the size of the input. It is
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Permanent address (after Fall 84): Dept. of Mathematics, Statistics and Computer Science,
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tempting to view such quantitative questions as qualitative questions in a
new generalized recursion theory where one interprets the basic concept of
“finite” as ‘“‘of polynomial size in the considered parameters” and “‘recur-
sive function’ as “in polynomial time computable function.” It is well
known that many arguments from recursion theory can be transferred to
generalized recursion theories, where the basic notions of “finite” and
“recursive function” are substituted by other notions (see e.g. FENSTAD
[5]). We look in Section 2 of this paper at a number of open problems about
the structure of NP where one can prove that even under the assumption
P # NP recursion theoretic arguments will not suffice. Ironically our proof
uses a recursion theoretic argument.

In Sections 3 and 4, on the other hand, we exhibit examples from
complexity theory where a strategy that is very reminiscent of a well-known
strategy from priority arguments in recursion theory is used in combination
with concrete arguments about algorithms (Section 3) resp. computer
models (Section 4). In Section 3 we construct polynomial time approxima-
tion schemes for some strongly NP-complete problems that arise e.g. in
robotics. In Section 4 we survey a proof of optimal lower bounds for two
tapes versus one on deterministic and nondeterministic Turing machines.
We further get results that show a substantial superiority of nondetermin-
ism over determinism resp. co-nondeterminism over nondeterminism for
one-tape Turing machines (which have an additional one-way input tape).
We show that both in Section 3 and in Section 4 one can view the proof of
the desired result as the construction of a winning strategy for a two-person
game. Further the winning strategy that we give employs a tactic that is
familiar from modern priority arguments. Qur winning strategy consists of
a system of different strategies which have the property that the failure of
one strategy (which after all tells us a little bit about the opponent)
increases the chances of the other strategies to beat the opponent. Such
tactic is actually used quite often in complexity theory, although it usually
remains hidden in the combinatorics. We believe that it is worthwhile to
make this feature more explicit because its full power has not yet been
exploited. It is quite plausible that the proofs of many theorems in
complexity theory have not yet been found for the same reasons that
delayed the solution of several problems in recursion theory. One tends to
insist on winning strategies that try to reach their goal too uniformly, i.e.
besides the outcome of the game they also want to prescribe how the game
is won (which is unnecessary and often impossible). The previously
sketched tactic leaves it open which strategy in our system will overcome
the opponent. Thus it offers a way to exploit the power of inconstructive
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mathematics. It further appears that similarly as in recursion theory the
description of lower bound proofs as games makes it possible to keep track
of increasingly complex situations (with nested strategies, etc.).

There are many interesting interactions between recursion theory and
complexity theory that we do not even touch in this paper. We refer to
SoaRe [24] for a recent survey concerning the qualitative theory of
complexity measures (it turns out that in this area one also finds applica-
tions of concepts from complexity theory to recursion theory, see also
Maass [17]). Additional results and references can be found in HARTMANIS
and HopcroFT [9] and JoserH [16).

The previously indicated possibility to view polynomial time computable
functions as the “‘recursive” functions of a generalized recursion theory is
made explicit in forthcoming work by Moschovakis.

We do not assume in this paper any knowledge from complexity theory.
In particular we try to define and illustrate all concepts from complexity
theory that we use.

2. On the limits of recursion theoretic arguments in complexity theory

We assume that the reader is familiar with the standard definition of a
Turing machine (abbreviated: TM). A set of binary strings is in the class P
if its characteristic function can be computed by a deterministic TM in time
p(n) for some polynomial p (n is the length of the input for the considered
computation). The only new feature of a nondeterministic TM N is that its
transition function is multiple-valued. Thus for every input w one has
instead of one computation a tree of many different computations of TM N
on this input. One says that N accepts input w if one of the branches in the
tree ends with an accepting final state (assume that all final states of N have
been partitioned into accepting and nonaccepting states). N accepts w in
time ¢ if there is at least one such branch of length < ¢ (or one can demand
that every accepting branch has length <t — it does not make a difference
in the following). Finally one says that a set of binary strings is in the class
NP if there is a nondeterministic TM that accepts exactly the strings in this
set and further accepts each string of length n in time p(n) for some
polynomial p. Notice that for sets in NP there is an asymmetry between
being in the set and being out of the set, similarly as for recursively
enumerable sets.

It is tempting to view the classes P and NP as downward projections of
the classes of recursive and recursively enumerable sets. Note that one may
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view the elements of a recursively enumerable set f[N], where f is some
total recursive function, as those elements w that are accepted by a
nondeterministic TM that tries in each computation branch a different
argument x and halts at the end of the branch in an accepting state iff
f(x)=w.

Unfortunately so far one cannot answer even the most basic questions
about this downward projected recursion theory (e.g. P = NP?). BAKER et
al. [2] have shown that the situation is even worse. They consider
relativizations P® and NP° of P and NP where the attached “oracle” O is
some set of binary strings. One can use e.g. oracle-TM’s like in recursion
theory to define such relativized complexity classes. An oracle-TM may ask
its attached oracle O at any time and as often as it likes during the
computation whether the string u that it has currently written on its special
oracle-tape is in the set O or not. The oracle O gives in one step the
correct answer. General experience says that every recursion theoretic
argument “relativizes”, i.e. remains valid if one attaches the same oracle O
everywhere in the argument (for an arbitrarily chosen set O). This
relativized argument proves then an accordingly relativized theorem.
BAKER et al. [2] show that it is impossible to prove P = NP or P # NP by an
argument that relativizes. They do this by constructing via simple diagonal-
ization sets A and B s.t. P* =NP* and P” # NP”.

This result leaves the possibility open that one can get under the
assumption P # NP via recursion theoretic arguments a clear picture of the
structure of the classes P and NP (following the standard tradition in logic
to take as an axiom what one cannot prove). The following result shows
that there are also limitations to this program.

THEOREM 2.1 (HoMER and Maass [14]). The following statements S are
“independent” from the assumption P # NP in the sense that there are
recursive sets A and B s.t. P* #NP* and S* but P*# NP” and — S*:

(1) every infinite set in NP has an infinite subset that is in P,

(2) there are simple elements in the lattice of NP-sets (with set theoretic
inclusion),

(3) there is a set U in NP that is universal for P, ie P=
{{v l(v,w)E U}lw a binary string} for some standard pairing operation

(50

To prove Theorem 2.1 one splits for each statement $ the desired
properties of A resp. B into infinitely many requirements. One constructs
A and B in stages s.t. gradually all requirements become satisfied. This
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construction is somewhat delicate because there arise conflicts between
requirements of different types. One possible way to solve such conflicts is
to use a finite injury priority construction. Alternatively — since one has in
these constructions a recursive a priori bound on the stages where an
earlier attempt might be injured — one can eliminate with some additional
work all injuries. On the other hand, one encounters usually still delays of
the activities for a given requirement and in order to show that each
requirement is only finitely long delayed one has to argue like in a finite
injury priority argument. In general it may be appropriate to view a delay
of a requirement in the restricted world of constructions of recursive sets
(instead of recursively enumerable sets) as a form of injury.

Following Theorem 2.1 a large number of similar “independence”
results has been found (see references in JosepH [16]).

What methods remain that might possibly answer the mentioned ques-
tions from complexity theory if recursion theoretic arguments (actually
more generally: arguments from mathematical logic) do not suffice? We
would like to mention two possible escapes. If one proves (by any
argument) that a concrete NP-complete problem (say HAMILTONICITY)
is not in P then this proof of P # NP does not relativize. There is not even a
natural definition of HAMILTONICITY® for an oracle O. Second one
might analyze more closely the concrete structure of computations on a
specific computation model. In general such arguments do not remain valid
if one adds an oracle tape to the computation model. Thus in any case it
appears to be unavoidable that the recursion theorist gets “his fingers
dirty”.

3. Approximation algorithms

In this section we apply a strategy that is familiar from recursion theory
in order to design approximation algorithms.

The following computational problem arises in the context of motion
planning and positioning of robots:

Given: n points in Euclidean space (e.g. spots that have to be welded by
a robot) and some type of industrial robot.

Wanted: a minimal number k of positions for the base of the robot s.t.
each of the n points can be reached by the arm of the robot from one of
these k positions.

We look first at the 1- and 2-dimensional versions of this problem.
Assume that all given points lie in a fixed horizontal plane. Assume that
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from any fixed base position the arm of the robot can reach any point that
has a distance between r and r + w from the (vertical axis through the)
base of the robot, where r and w depend on the flexibility of the arm of the
considered type of robot. Thus we arrive at the mathematical problem of
covering n given points in the Euclidean plane by a minimal number of
rings with inner radius r and outer radius r+ w. Unfortunately the
following result suggests that no computer is able to solve this problem (for
nontrivial sizes of n).

THEOREM 3.1 (FOWLER, PATERSON and TaMIMOTO [6]). The problem whether
n given points in the Euclidean plane can be covered by k rings of inner
radius r and outer radius r + w is strongly NP-complete (even if we fix r =0,
i.e. consider only discs).

We would like to explain briefly to those readers that are not familiar
with nondetermininistic computations what this means. It is easy to see
that the considered problem (which we identify with the set
{{xi, y1)y ooy (Xns Yu)y 1 W, k) I the n points with coordinates {x;, y;) can be
covered by k rings of inner radius r and outer radius r + w; all numbers are
rational}) lies in the class NP. A nondeterministic Turing machine (see
definition in Section 2) just guesses the positions of up to k rings and
checks whether all points are covered by these rings. If a tuple
{xt, ¥1)s ..., {xn, ¥u), I, w, k) isin the considered set then along some branch
of the computation tree of the nondeterministic computation the TM
guesses k ring positions that cover all points and therefore it halts at the
end of this branch in an accepting state. Since it takes only polynomially
many steps (in the length of the considered tuple) to write down k guessed
ring positions and to verify that all n points are covered (assume that one
can compute in one step the distance between two points), this accepting
branch is of polynomial length in the size of the input. Thus the problem is
in NP. To say that the problem is NP-complete means that it is in NP and
that every other problem in NP can be reduced to it by a deterministic
polynomial time computable function (like in many-one reducibility). This
implies that the problem is not in P unless P=NP. Strong NP-
completeness means that this holds even if we write down the data of the
problem in unary code (which makes the size of the input much longer).

Notice that if we cannot compute in polynomial time the minimal
number k of rings that are needed for a covering, we certainly cannot
compute an optimal covering in polynomial time.
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We refer to GArRey and JounsoN [7] for further information about
NP-completeness.

Usually one can escape NP-completeness in geometric location problems
by looking only at special cases that are essentially 1-dimensional. In our
case one might want to consider given points on a straight line (or on a
fixed number of parallel lines). Notice that the intersection of a ring with a
straight line is a pair of closed intervals. Unfortunately our problem is quite
obnoxious.

THEOREM 3.2 (Maass [18]). The problem whether n given points on the line
can be covered by k pairs of closed intervals of length w and distance 2r is
strongly NP-complete.

Does NP-completeness imply that it is hopeless to attack these problems
on a computer? No, because even NP-complete problems may have good
approximation algorithms (another possibility would be to look at random-
ized algorithms, a third possibility would be to show that P = NP). Instead
of a minimal number of robot positions an approximation algorithm for the
considered problem computes a nearly minimal number of robot positions
from which all points can be reached. If for an instance I of our problem
OPT(I) is an optimal solution and A(I) is an approximate solution that is
produced by approximation algorithm A one calls

[ lAMD)|-]OPT(D)| |
|OPT(I)]

the error of A on instance I (|JOPT(I)|, | A(I)| are the numbers of robot
positions that are used in the respective solutions). One calls A a
polynomial time approximation scheme for some combinatorial optimiza-
tion problem II if the scheme A provides for every given £ >0 a
polynomial time approximation algorithm A, that has error < ¢ for all
instances I of II.

Not all NP-complete problems have good approximation algorithms. In
particular polynomial time approximation schemes for strongly NP-
complete problems are very rare (see [7]).

We sketch in the rest of this section the construction of polynomial time
approximation schemes for the considered strongly NP-complete prob-
lems. We will also point out how one can view these constructions as the
construction of winning strategies in certain 2-person games. Our winning
strategy employs a system of complementary strategies with the properties
that we described in Section 1.
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THeoreM 3.3 (HocHBAUM and MAass [13]). For every finite dimension d the
problem of computing for n given points in d-dimensional Euclidean space
positions for a minimal number of d-dimensional balls with radius w that
cover all n points has a polynomial time approximation scheme (this problem
is strongly NP-complete for d =2).

Proor. It is sufficient to illustrate the idea for d =2. For a given € >0 we
describe a polynomial time approximation algorithm A.. Fix a natural
number [ s.t. (1+ 1/1)’ <1+ ¢ Cut the 2-dimensional Euclidean plane into
vertical strips of width ! - 2w. We use the divide-and-conquer method and
solve the covering problem separately in each strip. We then take the union
of all discs that we use for the coverings in the strips and get a covering of
all n given points. The problem with this approach is that it may cause an
error > ¢. This occurs in particular if most of the given points happen to lie
close to a cut line.

To view algorithm design as a 2-person game one imagines that player I
(“we”) wants to produce an algorithm with the desired properties and
player II (“opponent”) wants to construct an instance of the considered
problem where player I's algorithm fails. In the preceding situation player
11 can win by placing most of the n given points in suitable positions close
(i.e. in distance =<2w) to a cut line of player I's algorithm. Player I is now
more clever and uses instead of one strategy S for cutting the plane into
strips of width | - 2w, [ different strategies S,,..., S, where $;=$ and Si.,
results from S; by shifting all cut lines of strategy S; over a distance 2w to
the right. The rationale behind this approach is that if player II decides to
place e.g. most of the n points close to the cut lines of strategy S,, he must
place accordingly fewer points close to the cut lines of the other strategies
S.. This implies that one of the strategies S; causes a relatively small error.
More precisely each disc of a fixed optimal global solution is cut by a cut
line of at most one strategy S.. Thus for some S; the cut lines of S; cut at
most 1/1 of these discs. Further the number of additional discs (compared
with the fixed optimal solution) that the divide-and-conquer strategy S;
uses can be bounded by the number of discs in the fixed optimal solution
that are cut by a cut line of this strategy S:. Therefore some strategy S;
causes an error <1/l

So far we have assumed that each strategy S; computes an optimal
covering in each of its strips of width [ - 2w. Since we do not know how to
do this in polynomial time, we use again for each strip an approximation
algorithm. We cut now the considered strip by horizontal lines in distance
I -2w and apply again the divide-and-conquer method. In each resulting
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I-2w x1-2w square we can afford to compute an optimal covering by
exhaustive search because this takes only polynomially in m many steps
(where m is the number of points in that square). We use here the fact that
at most 2I* discs are needed for an optimal covering of such square.
Further every disc in an optimal covering that covers more than one of the
given points has w.l.0.g. at least two of the given points on its periphery and
these two points determine its position up to two possibilities.

Of course we may again produce an error > ¢ by this divide-and-
conquer method for the considered strip. Therefore we try I different
substrategies Ty,..., T, for cutting this strip into I-2w X[ -2w squares,
where T.. results from T; by moving all cut lines of T; upward over
distance 2w. Some T; is guaranteed to cause in this strip an error <1/l
(same argument as before).

Altogether approximation algorithm A, proceeds as follows. It tries
successively ! strategies S,,..., S, for cutting the plane into vertical strips
of width [ -2w. Separately for each strip that arises in some S; it tries
successively | substrategies T,,..., T; for cutting it into I-2w X[ -2w
squares. For each resulting square it computes an optimal covering by
exhaustive search. It returns with the resulting covering from that sub-
strategy T; which uses the fewest discs. Finally A, outputs the covering
of the n given points which arises from that strategy S; which uses the
fewest discs.

By the preceding A. uses at most (1+1/1)*-|OPT(I)] discs. It is easy to
verify that the running time of A, is polynomial in n and w.

Compared with a “supermind” which knows immediately the best
cutting strategy the previous algorithm A, has to try various guesses at the
opponent’s strategy. A, has to pay for this lack of knowledge with a time
penalty: a factor of I in the time bound for A.. These delays correspond to
the injuries in a finite injury priority construction.

Concerning the problem from Theorem 3.1 one gets in the same way a
polynomial time approximation scheme for each fixed bound on the
“nonconvexity’”” measure r/w of the covering rings. For the 1-dimensional
problem there is a more subtle approach that allows to eliminate the term
r/w from the exponent of the time bounds. This yields the following result.

TueoreM 3.4 (HocuBauM and Maass [12]). There is a polynomial time
approximation scheme for the strongly NP-complete problem of Theorem 3.2.

One can improve the time bounds of the previous approximation
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algorithms considerably by using insight into the combinatorial resp.
geometrical structure of an optimal local covering (see Sections 5 and 6 in
[12]).

Of course one gets in the same way approximation schemes for covering
with objects of various other shapes. A nice application is the problem of
covering given points with a minimal number of squares, which comes up in
image processing [26]. Also the same methods happen to provide polyno-
mial time approximation schemes for NP-complete packing problems
where one wants to pack without overlap a maximal number of objects of a
given size and shape into a given area (JOHNSON [15] describes how such
problems arise in the context of VLSI-design).

4. Lower bounds for Turing machines

The generic question of machine-based complexity theory is the follow-
ing. Given are two classes T, and T, of mathematical models for compu-
ters, where models of type T appear to be more powerful than those of
type T. Find the slowest growing function Sy, +, s.t. any model of type T
whose time bound is t(n) (for some function ¢(n)) can be simulated by a
model of type T, with time bound O(S r,.,(t(n))) (simulation just means
that the same output is produced on the same input). Nonlinear lower
bounds for S, 7, tell us that models of type T are in fact more powerful
and the precise growth rate of S+, 1, provides a quantitative measure for
the superiority of models of type T, over models of type T;.

Questions of this form arise quite frequently in computer science, e.g. if
one wants to make an intelligent choice between several competing designs
for hardware or software. Such questions also arise in more theoretical
considerations where one wants to classify the inherent computational
difficulty of mathematical problems (which often can be determined only
for a special type of computer model, e.g. only for nondeterministic
machines).

Unfortunately questions of the considered type have only been solved
for very few classes T and T.. The most prominent open problem is the
instance where T, is the class of deterministic Turing machines and T; is
the class of nondeterministic Turing machines (P 2 NP problem, S, 4, is
nonlinear by [22]). Many other open problems of the considered type are
not related to nondeterminism. This suggests that there is not just a single
“trick” missing (the one that shows P # NP). Rather a new mathematical
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area has to be developed that provides techniques for sharp lower bound
results.

We want to report in this section about some new results in this area,
that rely on the method of playing simultaneously several strategies against
the opponent in a 2-person game. We will describe primarily those aspects
that are relevant to this aspect and refer to Maass [19] for all missing
details.

The first problem that we consider is the instance where T is the class of
1-tape deterministic Turing machines and T is the class of 2-tape deter-
ministic Turing machines. We assume that every Turing machine (TM)
possesses besides its work tapes (whose number we indicate) an additional
one-way input tape (one-way means that the associated head can move
only in one direction). Further one head is associated which each tape. All
heads may move simultaneously.

The problem of comparing these two classes T, and T is actually quite
old. Traditionally only 1-tape TM’s have been considered. 2-Tape TM’s
emerged right at the beginning of machine-based complexity theory
because one can write for these machines programs that run substantially
faster than all known programs for 1-tape TM’s. Unfortunately although
similarly fast programs have not been found, one was neither able to prove
that they do not exist. The obvious disadvantage of a 1-tape TM is the fact
that it needs (2(! - d) steps to move on its work tape a string of I symbols
over a distance of d cells, while a 2-tape TM can do this in time O(/ + d).
This observation allows to prove easily quadratic lower bounds for a weak
form of 1-tape TM’s that do not have an extra input tape (they receive the
input on the work tape), see HennIE [11]. E.g. such machine cannot
compute for any & >0 in O(n”"") steps whether a string x; -+ X,y " * * Y is
a “palindrome”, i.e. for all i:y; = x,.,—;. The 1-tape TM with an extra
one-way input tape — this is the model that is usually studied in the current
lower bound literature — is quite a bit more powerful and can e.g.
recognize palindromes in linear time. In addition for more difficult
problems such 1-tape TM has the option to choose a clever ‘““datastructure”
for the representation of the input on its work tape which makes it
unnecessary to perform during the computation a lot of time-consuming
copying operations. In particular, the machine can use several “tracks” on
its single work tape and it may also write immediately each input symbol
that it reads from the input tape at a number of different locations on the
work tape. In order to get strong lower bound results for the function S+, r,
in question one has to show that all these tricks cannot help. On the other
hand, there are related situations where the use of clever datastructures



152 W. MAASS

helps very well. For example one can simulate a k-tape TM with time
bound t(n) by a 2-tape TM without a severe time loss in time
O(t(n) - logt(n)), for any k >2 (HENNIE and STEARNs [10]).

The best known upper bound for the function St 7, in question is
Sr,r,(m)=0(m?) (HARTMANIs and STEARNs [8]). The best known lower
bound result shows that not S, ,(m) = O(m -loglog m) (DuRris et al. [4];
one should also mention related earlier work by RABIN [23], AANDERAA [1]
and PauL [21]).

THEOREM 4.1. For no 8 >0, Sy, r,(m)=0(m*™°").

Another open problem of the considered type (see DuRis et al. [4] for a
recent list of open problems, we solve here 1. and 7.) deals with the classes
TV of nondeterministic 1-tape TM’s and T> of nondeterministic 2-tape
TM’s. The HARTMANIs and STEARNs simulation [8] provides again the best
upper bound Sy (m)=O(m?®) and the best lower bound result shows
that not Sy~ x(m) = O(m -loglog m) (Duris et al. [4]).

Strong lower bounds for nondeterministic 1-tape TM’s are a bit more
difficult. Notice that these machines accept e.g. some NP-complete prob-
lems like 3-COLORABILITY in linear time. Further in terms of the
previously discussed possibilities a nondeterministic 1-tape TM has an
important additional tool. In order to simulate a 2-tape TM without
significant time loss it can choose for each input an “individualized”
data-structure on its work tape, which facilitates the particular computa-
tion that is performed on this particular input. In addition Book et al. [3]
have proved that for any k > 2 one can simulate a nondeterministic k-tape
TM by a nondeterministic 2-tape TM without any increase in computation
time. Furthermore for alternating TM’s (which iterate nondeterminism)
PauL et al. [20] have shown that for any kK > 1 one can simulate a k-tape
alternating TM by a 1-tape alternating TM without any increase in
computation time.

THEOREM 4.2. For no 8 >0, Syyry(m)=0(m*™*).

So far we have compared classes that have the same control structure but
different storage facilities. We consider now pairs of classes which have the
same storage facilities (one work-tape besides the one-way input tape) but
different control structures. We write DTIME (t(n)) and NTIME,(#(n))
for the classes of sets that are accepted by deterministic resp. nondeter-
ministic 1-tape TM’s (always with an additional one-way input tape). We



RECURSION THEORETIC ARGUMENTS IN COMPLEXITY THEORY 153

write CO-NTIME.(¢t(n)) for the class of sets whose complement is in
NTIME,(t(n)).

THEOREM 4.3. NTIME,(n)Z U ;-0 DTIME,(n*™).
THEOREM 4.4, CO-NTIME,(n)Z U;-,NTIME\(n*®).

Notice that Theorem 4.4 implies Theorem 4.3. In a somewhat related
result PAuL et al. [22] have shown that

NTIMEx(n)Z U DTIME, (n - (log* n)").
k=1

Concerning stronger separation results the authors of [22] point out that
their method might yield at best an n - log n lower bound. We use here a
different type of argument (analysis of the structure of computations for
concrete languages) which seems to have no a priori limitations. We
construct a language L, that satisfies the following lemmata (which
obviously imply Theorems 4.1-4.4).

LEMMA 4.5. L, is accepted by a deterministic 2-tape TM in linear (even
real) time.

LEMMA 4.6. The complement of L, is accepted by a nondeterministic 1-tape
TM in linear (even real) time.

LeEMMA 4.7 (Main Lemma). There is no 8 >0 s.t. L; is accepted by a
non-deterministic 1-tape TM in time O(n’™®).

The language L, consists of finite sequences of symbols 0, 1, 2, 3, 4. We
interpret these symbols as commands that tell a deterministic 2-tape TM
M’ to perform certain operations and tests. We assume that initially M’ is
always in “writing mode”. In this mode M’ copies the initial segment of its
input Y from left to right on both work tapes until it encounters in the
input a first symbol z & {0, 1}. M’ rejects the input unless z = 4. M’ changes
now into the “‘testing mode” (it never changes back to the writing mode).
M’ always interprets the symbol 4 as the command to change the direction
of movement for both of its work heads. M’ interprets 2(3) as the command
to move work head 1(2) one cell in the currently required direction. M’ in
testing mode interprets a symbol y €{0,1} as the command to test
whether the work head that moved last reads currently the symbol y. We
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put a string Y in L, iff all these test that M’ performs for input Y have a
positive outcome. With this definition of L, we have proved simultaneously
Lemma 4.5. The proof of Lemma 4.6 is also quite obvious.

As an example for words in L, we note that a binary string
X' X.y1° - Y is a palindrome iff the string x, - - - x,42y,2y,- - - 2y, is in
L,. For the lower bound argument we will consider words in L, of the
following structure. Let X =x,---x, be a binary string and let L =
I,L,,...and R =r,r,... be two sets of subsequences of consecutive bits
(“blocks”) from X. We assume that the blocks in L and R are listed in the
order of their occurrence from right to leftin X. Let l;--- L, and r;-- -1,
be the symbols of block I resp. r; in the order of their occurrence in X from
right to left. Let d, (i) (d, (i)) be the number of bits between blocks /i and
li+1 (v and r..1) in X. Further let 4, (0) (d, (0)) be the number of bits in X to
the right of block [, (r). Then the following string is in L;:

X1 x,.42 ce 22’“2’12 ce 211_p3 ce 33'1,1371_2 ce 3r|_p2 ce 22’2,12’2,2 te 2’2_p
Mot N Nt
d, (0) times d, (0) times d, (1) times

3--+33r.,3r,, - - - 3r, - - - (etc., alternating through all blocks of L and R).
[ p—

d, (1) times

We view the proof of Lemma 4.7 as a 2-person game where player |
(“we””) wants to prove the claimed lower bound and player II (“opponent”)
claims to have a counterexample. The opponent starts the game by
choosing a nondeterministic 1-tape TM M and constants 8, K >0. He
claims that M accepts L, in time K - n°"°. Player I continues the game by
choosing an input X" Z in L; on which he tests M. X" Z is chosen as
follows.

We assume that some canonical way of coding TM’s M by binary strings
has been fixed. We write | M| for the length of the binary string that codes
M. The first part X =x,- - - x, of the input is a binary string s.t. K(X)=
n>|M|. Here the Kolmogorov complexity K(X) is defined as

K(X):=min{| M|| M is a TM which produces
(for the empty input) output X}.

The notion of Kolmogorov complexity has been introduced into com-
plexity theory by PAUL (see [2]). Its advantage is that if K(X)=|X|>|M |
we can be sure that TM M has nearly no special knowledge about X (X
looks like a random string to M).

We define for the rest of this section fi:=n
is bigger than the time bound for M.

1-&/3

. Note that (for large n) A’
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To motivate the choice of the second part Z of the input we first give a
result that holds for any Z.

LEMMA 4.8 (“Desert Lemma”). Assume that C is an accepting computation
of TM M on input X " Z with no more than K(10n - log n)*™° steps (n is the
length of string X). Then for large enough n there is an interval D (*‘desert™)
of i cells on the work tape of M and there are two sets L and R s.t. both L and
R contain exactly ii/2—2n'"*? blocks B from X with |B|=n®" for each B
and s.t. in computation C the work head of M is always left (right) of D
while its input head reads from a block B in X that belongs to L (R).

The proof of Lemma 4.8 requires a lengthy combinatorial argument
which we cannot give here. One uses in particular that among any 7 cells
on the work tape of M there is one which is visited during at most 7 steps.
This may be viewed as playing 7 substrategies against the opponent — one
of which is guaranteed to win.

If we put ourselves for a moment in the easier situation of the proof of
Theorem 4.1 where the opponent’s 1-tape TM M is a deterministic
machine, we are after Lemma 4.8 already quite close to the completion of
the proof. In this case the first part of the computation C of M on input
X" Z until the step t, where M’s input head moves onto the first symbol of
Z does not depend on Z. Therefore we need not specify Z before step .
Lemma 4.8 deals only with the part of C before step . Thus we can use the
sets L and R that are provided by Lemma 4.8 for the definition of Z. From
L and R we define Z as in the example right after the definition of L;, with
p:=n’", L:=L, R:= R. Then we can complete the proof by using Lemma
4.10 below (call every subsequence of Z an L — R pair that consists of the
commands to check a block from L and to check in immediate succession a
block from R).

When we return now to the proof of Lemma 4.7 (the nondeterministic
case) we see that our strategic situation is much weaker. In this case the
first part of computation C until step ¢, depends already on the second part
Z of the input (e.g. M may choose a representation of X on its work tape
that facilitates the particular test sequence Z; technically M can guess Z
while reading X and verify its guesses later while reading Z). But if we
define already Z before the beginning of the computation, with some
arbitrarily chosen sets L, R in the way of our previous example, we can
hardly expect that the opponent is so kind to arrange C s.t. the sets L, R
that come out of Lemma 4.8 are the same — or even similar — to the sets
L, R we started with. Therefore we use a system of several different
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strategies against the opponent. We use in our first strategy a guess L,, R;
at the future L, R that may be totally wrong. But if this is the case we learn
at least something about the opponent and the second guess L., R, that we
use in our second strategy is designed to approximate any L, R that are
totally different from L,, R,. Analogously L, R; is designed to approxi-
mate any L, R that are totally different from L,, R, and L., R,. Altogether
we design a system of log /i “guesses” L;, R; and we use L,, R; to define
the ith section Z; of Z. Z, is defined from L, R, exactly as the string in our
previous example had been defined from sets L, R. Z, is a similar
command sequence that tells the 2-tape TM M’ to check in alternation the
blocksin L, and R, the first ones with head 1, the second ones with head 2.
This is done on M’ during one sweep from left to right of both heads. Z,
uses like Z, a sweep from right to left to check in alternation the blocks in
Ls, Rs.

We partition X into fi blocks of length n*”. We number these blocks in
X from left to right by binary sequences of length log /i (assume w.l.o.g.
that log /i is a natural number). We say that two blocks are i-connected if
their associated binary sequences differ exactly at the i-last bit. If two
blocks are i-connected we put the left one into L; and the right one into R;.

Finally we define Z:=Z,"---" Z,,, s. Notice that any two blocks from X
that are i-connected for some i are tested in immediate succession
somewhere in command sequence Z. It is obvious that X" Z € L,.

We have now specified the complete input X"Z and Lemma 4.8
provides for this input a “desert” D and two sets L, R of //2—2n'"*"?
blocks each. We call a subsequence of Z an L-R pair if it consists of the
commands to check in immediate succession two blocks b, b, from X s.t.
one belongs to L and the other to R.

LEMMA 4.9. Assume that the fi blocks of X have been partitioned into any
three sets L, R, G (G consists of those blocks that are neither in L nor in R).
Then there are at least min{|L|,|R|}—|G|log /i L-R pairs in the previ-
ously defined sequence Z.

PrROOF OF LEMMA 4.9. We verify now that our previously described tactic —
where we play a system of log#A strategies against the opponent — is
successful. Assume for simplicity that G =@ and [L |=|R | = /i/2. We view
the partition into L, R as a coloring of the blocks in X. Consider the case
where our first strategy fails completely and Z, contains no L-R pair. This
implies (by the definition of L,, R, respectively the definition of “1-
connected”) that the first and second block in X have received the same
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color, the third and fourth block in X have received the same color, etc.
Assume in addition that the second strategy fails completely and the
second section Z, of Z contains also no L-R pair. Together with the
previous information this implies that the first through fourth block in X
have the same color, the fifth through eighth block in X have the same
color, etc. Apparently, this cannot go on for all sections Z,, ..., Zizs of Z
because otherwise all blocks in X would have received the same color, a
contradiction to |L |=|R|= /2.

It is not difficult to fill in the precise proof of Lemma 4.9, which proceeds
by induction on log A.

Lemma 4.9 implies that for the two sets L, R that have been provided by
Lemma 4.8 there are at least /2 —6n'""?logfi L-R pairs in Z, which is
more than 7/4 for large n. The final knockout is delivered by the following
lemma.

LemMA 4.10. For at least 1/3 of the LR pairs in Z the work head of M
crosses the /3 cells in the nlidcgle of desert D during those steps where its
input head reads from that L—-R pair in Z.

The proof of Lemma 4.10 requires a lengthy combinatorial argument.
The intuition is that M cannot too often check blocks from X (as
demanded by Z) without moving its work head close to the area where it
had written notes about this block while reading the corresponding part of
X. Of course one has to be aware that M may have written down each
block at several locations and it may also have spread information about
each block to other areas during its later head movements.

Lemma 4.10 implies that the work head of M crosses (for large n) at
least 1/3 /i/4 often the 7i/3 cells in the middle of desert D. This takes at
least 7i’/36 steps, which exceeds for large n the time bound of
K(10n -lognY ™ steps for machine M on input X" Z. This finishes the
proof of Lemma 4.7.
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REALS AND POSITIVE PARTITION RELATIONS
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The purpose of this note is to give several remarks and informations
about the partition relation

M- (2%, @) forall @ < w,

as the strongest positive ordinary partition relation not refuted by the
well-known Sierpifiski partition 2% % (8;,N,)°. One of the first informa-
tions about this relation was given by K. KunNen [6] who showed that

If k is real-valued measurable, then
k= (k,a) forall a <w.

Let us note that R. SoLovAy [10] had previously shown that if « is a
measurable cardinal and if ? adds a number of random reals, then 2
forces k is real-valued measurable. Thus Ik — (k, @)’ for all a < ;.
Later R. LAvVER [8] defined a new saturation property of x-ideals, i.c., a
(A, p, v)-saturation property of k-ideals, and showed for example that

If k is (k, k, Ro)-saturated, then
k= (k,a) forall e <w.

In this paper we give some further information about this partition by
proving the following preservation theorem for uncountable cardinals «.

THEOREM 1. If k — (K, k)’ and if P is any of the standard posets for adding
a number of independent reals, then 5k — (k, a) for all a < w,.

By “standard poset for adding a number of independent reals” we mean
any of the standard posets for adding side-by-side a number of, say, Cohen,
random, Sacks, Silver, -« reals. However, an examination of the proof of
Theorem 1 will show that 2 can be any product of small posets with small

159
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supports which preserves w,. We do not know which of the weaker positive
partition relations on k are also preserved in this sense under some
reasonable forcing-real extensions. However, we know that the relation
k —(k, @)’ where @ < w, in general, is not preserved under such exten-
sions. For example, w,— (w:, w : 2’ fails if one Cohen or one random real
is added. On the other hand,

w,— (w,a) forall a <w,

is consistent relative only to the consistency of ZF ([11]).

The proof of Theorem 1 readily generalizes to higher levels of cardinal
exponentiation. So, for example, if ? adds k many Cohen subsets of w;,
then ? forces

24— (2" a) forall @ < w,.

Our second result gives a counterexample to the partition relation
2" — (2", w + 2)* which can be considered as the weakest positive partition
relation not provable in ZFC. The first result in this direction is due to A.
HaiNaL [4] who showed that CH implies 2"+ (2", (w :2))’. Later R.
LAvVER [7] showed that MA + 2" = N, implies 2"+ (2", (w : 2))’. Thus

MA +2% <N, implies 2%54 (2%, (w :2)).

It is interesting to note that this result cannot be generalized further, i.e.,
that MA + 2% = R, does not imply 2" (2", (w : 2))’ (compare this with [3;
p. 271]). This can be proved easily using the methods of Section 2. In [1], J.
BAUMGARTNER proved the consistency of 204 (2", (w : 2)f where 2" is the
successor of an arbitrary regular cardinal. He also proved the consistency
of 20— (2%, (w :2"%))* without using large cardinals. Subsequently R.
LAveR [7] showed the consistency of 2054 (2%, (w :2))’ where 2™ is a
weakly Mahlo cardinal. In this note we shall prove the following.

THEOREM 2. If cf k > w then there is a ccc poset P of size k which adds at
least k new reals such that sk % (k, 0 +2).

Thus if k™ =k then s 2" 54 (2%, 0 + 2)°. If, moreover, « is a measur-
able cardinal, then since 2 is a ccc poset, we have that ? forces

there is a o-saturated k-ideal ([9]) but k 4 (k, ® +2)*.

This shows that the fine saturation properties used by Kunen and Laver for
getting k —(k,a)’ are in a sense necessary. This also shows that in
Theorem 1 ? cannot be an arbitrary w, preserving (or even ccc) poset.
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Note also that this shows that 2% — (2%, (w :2))’ is strictly weaker than
2%— (2%, @ + 2’ since the existence of a o--saturated «-ideal easily implies
k= (K, (o :2)).

The proof of Theorem 2 is given in Section 1. In Section 2 we show that
for certain kinds of reals (e.g., Sacks reals) Theorem 1 holds in a much
stronger form. In Section 3 we finish the proof of Theorem 1.

1. 254 (2%, w +2)

Let pe? iff p=(D,,f,) where D, is a finite subset of x and
fo: [D,]'— 2. Before defining the order on ? we need some definitions.
For « < B in D, let

Ap(a,B)={ACD,: A<a and [ATU(A ®{a, BDCf,"(1)}.

We order &,(a,B) by: A<B iff A is an initial part of B. Let
rk, (@, B): A, (a, B)— w be the (unique) rank function on 4, (a, B), i.c.,

rk, (@, B)(A) = max{rk, (a, B)(B)+1: A< B € &, (e, B)}.
Finally, the ordering on % is defined by: p < q iff
D,OD, f,Df, and rk,(e,B)Drk,(e,B) forall a <p in D,.

CLamm 1. 2 is a ccc poset.

Proof. Suppose that p and q are isomorphic conditions and that the
isomorphism is an identity on A = D, N D,. It suffices to show that p and g
are compatible. Let D, = D, U D,, and let f, be the extension of f, and f,
such that f, ({a, 8}) =0 for {a, B} & D, U [D,J. The following facts show
that r<p,q:
() If {aB}e[D,F\[D,J, then 4 (a,B)=4,(a,B), and so

rk. (a, B) = 1k, (o, B).

(i) If {a,B}e[D,F\[D,)’, then A (a,B8)=94,(a,B), and so
rk, (@, B) = 1k, (a, B).

(i) If {a,B}€[AF, then (e, B)=d,(a,B)U A, (a,B) and
rk, (o, B) =1k, (a, B) Uk, (o, B).
The facts (i) and (ii) follow immediately from the way f; is defined. The
same is true for the first conclusion of (iii). The second conclusion of (iii)
follows easily from the first using the fact that rk, (e, B)(A) = rk, (e, B)(A)
for A € o, (e, B) N A, (a, B) which follows from the isomorphism condi-
tion of p and gq.
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CLAM 2. Fok A (K, 0 +2).

Proor. The fact that the generic partition has no 1-homogeneous w +2
follows directly from the existence of the generic ranking function on
As(a, B). To show that the generic partition has no cofinal in « O-
homogeneous set it suffices to show the following: Suppose p and q are
isomorphic conditions with the isomorphism identity on 4 = D, N D,. Let
ay € D, be such that 4 < aq, let By € D, correspond to «a, in the isomor-
phism, and let ay,<B,. Let D, = D, U D, and let f, be the extension of
f, and f, such that f({as,Bo})=1 and f ({a,B})=0 for all
{a, BYE[D,F\[D,F U[D,T with {, B} #{aa, Ba}. Then r<p,q.

Again it suffices to prove the facts (i)-(iii) from the proof of Claim 2. The
fact (iii) follows as in the previous case since f, ({ao, Bo}) =1 has no effect
on &, (a, B) for {a, B} € [AT. Since (i) and (ii) are similar we shall prove
only (ii). Assume (ii) is false, and pick {a,8}€[D,F\[D,]’ and A €
A, (e, B) such that AZ o, (a, B). Pick ¢ € A\D,.

Case I: ¢# ao. Let n E{a, B} be such that n& D,. Then by the
definition of f, we have f,({£ n}) =0, a contradiction.

Case II: ¢ = ao. Hence A <ao<{a,B}, and so {a, B} N D, =H. Pick
1 € {a, B} such that n# Bo. Then by the definition of f, we have f, ({£, n}) =
0, a contradiction.

This finishes the proof of Claim 2 and also the proof of Theorem 2.

2. Sacks reals and 2" — (2%, a )

In this section a stronger form of Theorem 1 will be proved for a certain
class of reals, typical members of which are Sacks and Silver reals. For
notational convenience we shall work only with Sacks reals, but it should
not be any problem in defining a class of reals for which the same argument
works.

Let « be a fixed uncountable cardinal such that k — (k, k)*. For A, B C
and K C [«] we define

ARXB={a,B): a €EA, BEB and a# B},
A/B={a,B}: a EA, BEB and a < 8},
K(A)={B<k: AR{B}C K}

Let ¥, denote the countable-support product of # copies of the perfect-set
poset, i.e., the standard poset for adding side-by-side 8 Sacks reals. Then
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s is a (2™) -cc poset with the property that any countable set of ordinals
from the extension is contained in a countable set of ordinals from the
ground model. This fact will be used later in this section.

Let A <« and let [k]’ = U,.,K; be a given partition in V* with no
0-homogeneous set of size k. Let W be an %,-name for a member of [« ]~.
Pick A €[k]" and for each a € A, a g, € %, such that g, ka € W and
such that the g.’s form a A-system. Define H: [Af— A by

i if i is the minimal j such p F{a, B}E K,
H({a, B}) = for some p < q., qs, if such a j exists,
0 otherwise.

By our assumption on the partition and by k — (k );, we may assume that
for some 1<i<A, H[A]) ={i}. Let {p.s: {a, B} E[A]) be a fixed se-
quence of conditions such that p.s < qu.,gs and p.s F{a, B} € K..

Now for @ <B <y in A we define Ho({a, B, v}) to be a pair (c, d) where
¢ codes p.s and p., as structures as well as all relations between the
ordinals of dom p.; and dom p.,, and where d does the same thing for p.,
and p,. Since there are only 2" such pairs and since k — (x);., holds there
exist BE[A]" and (c, d) such that H{[B]’ ={(c, d)}. It is now easily seen
that for each a € B, (p.s: B € B\(a + 1)) forms a A-system with root p%
(< q.) and that for each y €B, (ps, : 8 € BN y) forms a A-system with
root p! (< g,). Moreover, p.’s and p}’s form A-systems with roots p° and
p', respectively. We shall call (p.s: {a, B} € B/B) a double A-system with
root p°Up'.

A more economical way of getting such B would be by using the
canonical partition relations of ERDOs-RADO [2]. Namely, one first defines
a natural set of N, functions from [A ] into V (e.g., f{a, B} = tpdom p.g,
g ({a, B}) = the £th member of dom p.gs, he({a, B}) = pus (8 {a, B}))), and
then refine a set which is canonical with respect to each of those functions
to obtain a B with the above properties.

Let X be the set of all « € B such that p% € Gy, and let Y be the set of
all y € B such that p}, € Gy,. Then clearly

pP°UP kX, Y E[W],
and we shall show that p®U p' forces the following fact about X and Y. -

(1) For all CE[X]* and D E[Y]" there exists & <k such that
|K.(E)YND|=« for all EE[C\8]™.

Assume that p’U p’ does not force (1). Then we can find D € [Y]" and
for each y € D an E, €[X\y]" such that
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p’Up'FE, <8 and 8 K,(E,)forall y <8 in D.

Workmg in V, we can pick B, € [B]" such that for each y € B, we can find
r,<p, and F, €[B\y]" such that ryll-yED and E, CF,. We may
assume that r,’s form a 4-system with root < p”U p’, that r, < pj for all
B EF,, and that F, <8 for all y <& in By. Since (p.g: B €EB\(a +1))
forms a A-system, we may also assume that

domr, Ndom(ps \ps)=0 forally<8inByand B EF,.

Pick 8 € B, such that B,N & is uncountable. Since (pgs: B € B N &)
forms a A-system with root p; and since domrs is countable, only for
countably many y € B,N & there exists 8 € F, such that dom(pgs \ps) N
domrs #9. So pick a y € BN 8 such that

dom(pgs \ps)Ndomrs =@ forall B EF,.
Define r € &, as follows:

domr=domr, Udomr U |J dom(ps \ps3),

BEF,

ridom(r,Unr)=r,Urs,
and
r(€)=pes (&) for & €dom pgs \dom(r, U r5).

Then r is a well-defined condition with the property that r <r,, 1, and 7
for all BEF,. So r forces that y <8 are members of D and that
8 € K.(E,) which is a contradiction.

A completely analogous proof shows that p° U p' forces the following
property of X and Y.

(2) For all CE[X]< and D €[Y]* there exists 8 <k such that
K(E)YNCN&#P for all EE[D\8]™.

Thus we have proved that the following combinatorial property of « is
forced by %,.

() If A<« and if [k=U,..K; is a given partition, then either
[AT C K, for some A € |«], or else for every B € [k]* there exist i =1
and C, D €[B]" such that for all C,E€[C]“ and D, € [D]" there exists
8 <k such that |Ki((E)NDo|=xk and Ki(F)NCoN&#@ for all
E€[C)\8]" and F€E [Do\8T%.

CLaM 3. (3) implies k = (k,a)’ for all a < w,.
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PrOOF. Assume [« ]’ = K, U K| is a given partition with no 0-homogeneous
k. By induction on a < w, we shall show that every B €[«]* contains a
1-homogeneous set of order type a. So let @ < w, have the property that
for all B €[«]* and B8 < a there exists C €[B]? such that [C]’ C K. Note
that this together with (3) implies that

(4) For all B € [«]" and B < a there exists C €[B]? such that [C]'C
Kl and ‘K.(C)ﬂ B ’ = K.

So we assume that « is a limit ordinal. Let {(a,: n < w) be a sequence of
smaller ordinals such that @ = Z,., @., and let B € [«]* be fixed. An easy
induction on n < using (4) shows that we can construct sequences
(Ci:n<w)and (B,: n < w) such that B,=B and

() C.CB., B, €[B,]* and C,<B...
(b) tpC.=a, and [C.JU(C.QB.)CK..

Let C=U,.,C.. Then CCB, tp C = a and [C] C K,. This finishes the
proof.

In [1], BAUMGARTNER shows how to generalize notions of Sacks and
Silver reals to uncountable regular cardinals o (see also [5]). Using the
above arguments one can prove an analogue of (3) for such generalizations.
In particular, if one adds « Sacks subsets of w, then in the extension 2" = «
and (3)s, holds. Moreover, the extension satisfies A™ <k for all A <«.
Using the methods of the proof of Claim 3 one easily proves

CLAaM 4. Assume 2" =k and A" <« for all X <«. Then (3), implies
2> @2%, a) for all a < w..

Let us conclude this section with the remark that some weak versions of
(3) hold in the extension by ¥, assuming, for example, only that k = (2)".

3. Cohen reals and 2% — (2", a)’

In this section we shall finish the proof of Theorem 1. Since the
statement (3) from Section 2 is not true in all forcing-real extensions, we
shall need to carry here a more delicate argument in constructing long
1-homogeneous sets. But the following weak form of (3) is still true in any
forcing-real extension and will be useful in our proof of x — (k, a)’.
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5) If [«] = Ko U K, is given, then either [A} C K, for some A € [«]",
or else for every B €[«k]* there exist C, D €[B]" such that:
(i) For all G,E€|C]* and D,E|D]* there exists § <« such that
|K\((E)N Do| = « for all finite E C G\ 8.
(ii) For all G E[C]* and D,E[D] there exists 8§ <« such that
K(E)N C,N 8#0 for all finite E C D,\8.

Actually, we shall have to improve (5) slightly, and in order to do this let
us, for notational convenience, assume that we are working with the
standard poset %, for adding 8 Cohen reals. We shall prove that €, forces
the following.

(6) If [«])’ = Ko U K, is given, then either [A] C K, for some A €[],
or else for each a < w; there is a sequence (C;: £ < a) of subsets of k of
size k such that if £<a and if D, = U,-,-.C,, then the pair (C;, D;)
satisfies (5)(i) and (ii).

CLaM 4. (6) implies k — (k, &)’ for all a < w,.

Proor. Let [k] = K, U K, be given and let us assume that there are no
0-homogeneous sets of size . Let w < a < w, and let (C;: £ < a) satisfy
(6). Let {N;:é<a) be a strictly increasing continuous sequence of
elementary submodels of H,+ of size <« such that K, K,
(Ce: éE<a)ENjand k(£)=N, Nk Ex forall E<a. Let (£,: n<w)bea
1-1 enumeration of &. By induction on n < w we shall construct a sequence
{a,: n < w) of ordinals from « such that:

(@) an € G, N(k(& +1)\k(&)),

(®) [{ai: i <n}FCK,,

() f ICnandif ¢<a is > & for all i €I, then

|K|({a,~: iemn C£|=K.

Clearly, this will finish the proof of Claim 4 since {a,: n<w} is a
1-homogeneous set of type w. Let @ be any member of CyN
(k (& + 1)\« (&)) with the property (c). Such an a, exists since (C, Dg)
satisfies (5)(i) and since N,., is an elementary submodel of H,+. Assume
o, . - -, @ have been defined so that (a)-(c) hold. Let I ={i<n: & < &)
and let J=n\L Let

C=C, NK{a: i €I}
Then by the inductive hypothesis, C €[k]* N N,,. Let
C'={y€eC:forall¢> ¢, |Ki{ai :i € JU{yD N C| = «}.
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Then by the property (5)(i) of (C.,D.), |C\C’|<«. Since clearly
C'€ N, .1, and since (C.,D, ) satisfies (5)(ii), there exists a, € C°N
(k(& + 1D\ k(&) such that a, € K,({a; : j € J}). It remains to show that
ay, .. ., a, still satisfies (a)-(c). Only (c) is nontrivial and follows easily from
the fact that (G, : £ < a) satisfies (6) and by the fact that a;’s are separated
by the elementary submodels N,’s. This finishes the proof of Claim 4.

So we are left with the proof of k¢, (6). First we need some definitions.
Let [« = KoU K, be a fixed partition in V with no 0-homogeneous k.
Recall that a sequence p =(p.s: {a, B} € A/B), where A,B €[] is a
double A-system with root p° U p' iff

(d) For each a € A, (p.s: B € B\(a +1)) is a A-system with root p..

(e) For each B E B, {p.s: « € AN PB) is a A-system with root pp.

() (pa: « € A) and (py: B € B) are A-systems with roots p° and p',
respectively.

(2) For each {a, B} € A/B, p.s F{a, B} EK..

Let

X, ={a €EA: p.€EGs} and Y,={BEB:p;E G}
Two double A-systems
P =(pus: {a,B}YE A/B) and g =(qu:{a,B}€ C/D)

are consistent ifl p’Up' and q° U q' are compatible and for {a, B} € A/B
and {y, 8} € C/D with {a,v}<{B,8)} and B# 8, we have that

dom(p.g \ p) N dom(g,s \ g5) = 0.

Clearly, the methods of Section 2 show that if p and q are consistent then
(P"Up")Aa(q°Uq") forces that (X, N X,, Y, U Y,) satisfies (5)(i) and (ii).
So in order to prove that %, forces (6) it suffices to show, in V%, that for
every @ < w, there exists a sequence (C; : ¢ < &) of elements of [x]“ such
that:

(h) For each ¢ <% < & there is (in V) a double A-system p(£, 1) such
that Cé c Xp(é,n) and Cn - Yp(é.n)-

(i) For each & <n,7n', p(¢,n) and p(£ n') are consistent.

We say that B is a club subset of A € [«]* iff B =i4iC for some closed
and unbounded C C «, where i.: k — A is the increasing enumeration of
A. Let a <w, and suppose that for each B <a and for each finite
sequence

q(0) = (4as (0): {, B} € Ao/Bo), .., q(k) = (qes (k): {e, B} € Ax/Bx)
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of double A-systems with roots in G, and for every
X< N X
I=<k
of cardinality k there is a sequence (C, : £ < B) which satisfies (h) and (i)
and club sets B, C B, for I < k such that:

(j) For all £<p, GCcX

(k) Forall ¢<n<Band I <k, p(&n)and(q.s(!): {a, B} E A//B,) are
consistent.

Assume first that @ = B + 1. Using the methods of Section 2 we can
easily select a double A-system r =(r,:{a,B}E E/F) such that
X,, Y, €E[X]". Let C be the set of all limits o <« with the following
property: For all [ <k, all @ € E and y € A, such that iz (a), i (y)<o
and for all BEF and 8 € B, with the property dom(r.,\ro)N
dom(q,s (1)\q5(1)) # @, we have that ir(8) < o iff i5,(§) < 0. Clearly C is a
club in «. Let C' be the set of all limit points of C and let

F'=iyC\C' and B|=iC" forl<k

By the induction hypothesis there exists a sequence (C;: £ <B) of ele-
ments of [X,]* and clubsets F C F’ and B, C B/ such that forall £ < 5 < 8,
p(& m) is consistent with each of the systems s = (r.s :{o, 8} € E/F) and
(gas (1): {a, B} E A//B,) for I < k. Then (C; : £ < B)"(Y,) satisfies (j) and
(k).

Assume now that & is limit. Pick an increasing sequence (@, :n < o)
which converge to a.

Pick a double A-system r(0) = (r.s (0): {a, B} € Eo/ F,) such that for some
club sets BiC By, I <k, r(0) is consistent with each of (q..(!): {a, B} E
A;/B?) and such that X,,, Y. €[X]". By the induction hypothesis there
exist (G, : ¢ < d,) in X, and club sets F,C F, and B{C B, | <k such
that for each ¢ <n <do, p(£m) is consistent with each of s(0)=
(rap (0):{a, BYE Eo/Fy) and (qus(!):{a, B}E A//B?), 1<k Now pick a
double A-system r(1) and club sets B C B}, I <k such that r(1) is
consistent with each of (q.s (/):{a, B} € A;/B"), | < k and such that X,,,
Y., E[Y.]" Using the induction hypothesis pick (C, : do< £ < &,)in X, q)
and clubs B! C B, I <k and F,CF, such that for each @, < £ n<a,
p(§m) is consistent with each of s(1)=(r,s(1):{a,B}E E,/F) and
(qas (1):{a, B} E Ai/B1), 1<k, and so on. Proceeding in this way we
construct for each n <w, (C;: a,, < £ <a,) and club sets B/ C B, for
I <k (a-=0)so that if we let B.=MN,.,B} for I <k then (C,: ¢£ < @)
and B, | < k satisfy (j) and (k). This finishes the induction step lim(@), and
so the proof of k¢, (6) is completed.
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The above proof can be gencralized to higher levels of cardinal
exponentiation without much difficulty. So, for example, if ? is the
standard poset for adding « Cohen subsets of w;, then

Iy 2" — (2" a) for all a < w,.

The only nontrivial point in such generalization is to show that & forces the
N:-analogue of the statement (6). So, in the construction of long sequences
(C; : € < @) with properties (h) and (i), we have to be able to deal with
induction stages lim(a) where & is not necessarily of cofinality w. The
crucial point in this is to provide that the sequence r(0), r(1),... from the
above proof does not vanish after some countable number of steps. This
can be done by using a k-complete ultrafilter over ?(x) N M where M is a
substructure of some large enough H, which has size k and which is closed
under < k sequences.
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ASPECTS OF DETERMINACY

HUGH WOODIN

Dept. of Mathematics, Caltech, Pasadena, CA 91125, U.S.A.

Introduction

The purpose of this paper is essentially of an expository nature though
some new results will be presented. The goal is to review some recent
developments that indicate an unexpected relationship between descriptive
set theory within the context of determinacy and conventional combinato-
rial set theory.

Before reviewing the basic concepts we are compelled to point out that
one of the fundamental and more subtle relationships will be ignored,
specifically that of determinacy and large cardinals.

At a simple level the difference between set theory and descriptive set
theory is that between the class of (arbitrary) sets and the class of definable
sets. For our purposes we shall be concerned only with sets of real
numbers, thus this distinction can be made a little more precise. The set
theorist is concerned with arbitrary sets of reals, here, for example, the
continuum hypothesis is of natural interest. The descriptive set theorist is
intrigued by definable sets of reals, i.e. borel sets, projective sets and sets of
reals in natural hierarchies beyond the projective hierarchy. The con-
tinuum problem has several manifestations to the descriptive set theorist,
whether uncountable (definable) sets of reals contain perfect subsets and
computing the lengths of (definable) prewellorderings of the reals.

For the study of descriptive set theory it is convenient to view real
numbers as infinite sequences of natural numbers so that the space of real
numbers is regarded as N which from a logical point of view is denoted by
w*“. The precise relationship between * and the Euclidean space, R, is
clarified from a topological perspective, i.e. considering @ as a discrete
space endows @ with the natural product topology. With this topology w*
is homeomorphic to the space of irrationals, R\@.

171
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The space w® accommodates more naturally the notion of a game.
Suppose A C w” is a set of reals. Associated to the set A is a game Ga
involving two players:

I 11

Ry my Player I wins iff x*y € A
n m X *y ={(no, Mg,...)

X y

The players alternate selecting natural numbers with player I selecting
first. After infinitely many moves they have collaborated in constructing an
element of w®,

X * y= <n(), Moy, i, M,... )

Player T wins provided x *y belongs to A.

The game G. is determined (in this case it is customary to say that A is
determined) if there is a winning strategy for one of the players. More
precisely, a strategy (for player I) is simply an algorithm by which to play,
formally it is a function that assigns to finite sequences of natural numbers
(of even length), natural numbers. The function is interpreted as providing
a natural number to play given the sequence of plays so far. A strategy is a
winning strategy for player I if in following the strategy player I wins
regardless of the play by player II.

The axiom of determinacy (abbreviated AD) asserts that for every set of
reals, A, the corresponding game, G., is determined. An unfortunate
consequence of the axiom of choice is that there is a set of reals which is not
determined. However the axiom of choice seems essential in constructing a
nondetermined set, there is no known proof of the existence of such a set
assuming only ZF, further such sets cannot be borel as Martin has proved
that all borel sets are determined.

Hence to assume AD requires banishment to a world without choice.
There are several metamathematical solutions to this. The prevalent one
presently is to assume that AD holds in some fragment of the universe,
typically L(R) the smallest inner model of V satisfying ZF containing all
the reals and all the ordinals. A gratifying consequence of this point of view
is the development of a complete structure theory for L (R). Of course the
assumption of V = L also provides a comprehensive theory for L(R). The
point is that AD provides a rich structure theory while allowing for
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desirable regularity results such as every set of reals (in L(R)) is Lebesque
measurable.

The concept of determinacy illuminates a key difference between the
descriptive set theorist and the set theorist, in that the descriptive set
theorist is free to assume (additional) axioms inconsistent for the set
theorist. Specifically to aid in the study of the definable sets of reals the
descriptive set theorist will often want to assume the axiom of (definable)
determinacy, i.e. that all definable sets of reals are determined. It is our
convention that a definable set of reals is a set of reals that is first-order
definable in V, the universe of sets, allowing ordinal and real parameters.
Hence there is an inner model of V, HODkg, satisfying ZF + DC whose sets
of reals are precisely the definable sets of reals. Thus, working in ZFC
under the assumption of definable determinacy leads naturally to working
in ZF+DC + AD. This position is strengthened (or weakened, depending
on one’s bias) by the equiconsistency of “ZFC + definable determinacy”
and “ZF+ DC+ AD”.

The concept of a tree and the related notion of a Souslin set of reals has
been the focal point for developing the structure theory of L (R) within the
context of AD. These concepts will be the focus of this paper.

1. Trees

Suppose D is a set. A D-tree is simply a set of finite sequences with
members from D, that is closed under initial segments. Let D~ denote the
set of all finite sequences from D, hence D~ is a D-tree and any D-tree is
a subtree of D~*. '

Suppose T is a D-tree. Then let [T] denote the set of (infinite)
“branches’ through T, i.e.

[T]={f€D“’|f[n€TforallnEw}.

The tree, T, is well founded if and only if [ T] = @. Typically D will be of
the form w X « for some cardinal «. In this situation it is convenient to view
elements of a D-tree as pairs of finite sequences of the same length. Thus,
if T is an w X k-tree then,

TC{(s1)|(s, 1) E 0™ x k= and I(s) = I(1)}.

We adopt a similar convention for the set of branches through T,

[T1={(f,g)|fEw", g Ew® and (fI n,g I n) E T forall n € w}.
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Suppose T is an w X k-tree. For s €Ew™ let
T(s)={tEx™" ' (s, VET}.

Similarly for x € w” let T(x)={tEx™" ’(x In,t)ET for some n, i.e.
n = I(t)}. Hence for s € w™*, T(s)C «'® and for x € v“, T(x)is a k-tree.
Finally, let

p[T]={x €Ew” |(x,g) E[T]for some g € x“}.
Note
p[T]={x € w” |[T(x)] #Bi.c. T(x)is not well founded}.

A set of reals B C w® is Souslin if for some cardinal, «, there is an
w X k-tree, T, with B = p[T]. In this case we say that B is «-Souslin.

We recall the definition of projective sets of reals. The projective sets are
generated by closing the borel sets under continuous images and comple-
ments. Thus the projective sets form naturally a hierarchy, 3| denotes
those that are continuous images of borel sets (i.e. analytic sets), a set is IT,
(i.e. coanalytic) if it is the complement of a ¥ set, a set is ¥} if it is the
continuous image of a IT; set, etc.

Of course the projective sets are precisely those sets of reals that are
first-order definable with parameters over the structure of the reals viewed
as a model of second-order number theory. This view has the distinct
advantage in that it allows for a “lightface” (i.e. parameter-free) version of
the projective hierarchy.

Assuming the axiom of choice it is easily seen that every set of reals is
Souslin. The problem facing the descriptive set theorist is that of which
definable sets are definably Souslin (i.e. if B C w*® is definable, is there a
definable tree, T, with B = p[T]?). This is analogous to the problem of
finding Souslin representations of sets of reals without appealing to the
axiom of choice. Without the axiom of choice the problem can become
nontrivial. For instance, the property of being Souslin can be related to
other natural properties of the set. The following theorem is implicit in
SoLovay [12].

THEOREM 1 (Solovay), (ZF). Assume there is no uncountable sequence of
distinct reals. Then every Souslin set is Lebesque measurable and has the
property of Baire.

Here begins a pattern we shall follow. The version of Theorem 1 of
interest to a descriptive set theorist is
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THEOREM 2 (ZFC). Assume there is no definable uncountable sequence of
distinct reals. Then every set of reals that is definably Souslin is Lebesque
measurable and has the property of Baire.

For the sake of exposition we are translating considerations of interest to
the descriptive set theorist to a context of ZF without (assuming) the axiom
of choice. At a naive level this is simply a change in perspective. One can
work in V' (i.e. ZFC) and study the definable sets or equivalently one can
work in the inner model, HODg, and thus study arbitrary sets, though in
the restrictive context of ZF+ DC.

Though there is a parallel between the efforts of a descriptive set theorist
and those of a set theorist attempting to work in ZF without AC, the
deeper aspects of descriptive set theory are lost in the translation, for
example that ZF proves X} sets are Souslin ignores the more subtle
aspects, that 33 sets admit 3 scales (for the relevant definitions see
MoscHovakis [9)).

A great deal of research in descriptive set theory has been devoted to the
question of which sets of reals are definably Souslin. Classical results offer
hope of nontrivial answers, consider the following theorem of SHOENFIELD
[10].

THEOREM (Shoenfield) (ZF). X sets are Souslin.

2. Homogeneous and weakly homogeneous trees

Our intent is to identify a property for sets of reals which within ZFC will
play a role analogous to the property of being Souslin in ZF, in particular
we seek a version of Theorem 1 within the context of the axiom of choice.

Suppose D is a set. A measure on D is a countably complete ultrafilter
on (the boolean algebra) P(D). If u is a measure and B is a set we write
w[B] =1 to indicate that the set B belongs to the ultrafiter y, i.e. that B
has u-measure 1.

Suppose D is a set and that (u,: 0 < i < ) is a sequence of measures on
D~ with the ith measure concentrating on sequences of length i, i.e. for
each i, u,[D'] = 1. The sequence of measures (u:: 0<i < ) defines a
tower, more precisely the measures cohere, if for i <j and B C D' with
wi|B]=1, w;[B*] =1 for B*={s € D’ 's ] i € B}. In this case (assuming
coherence) w;[B] =1 if and only if u;[B*]=1 so that in fact w; is the
(appropriate) projection of ;.
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The tower of measures (u;: 0 <i < w) is countably complete if for any
sequence (B;: 0 <i < w) of subsets of D~“ with the property that w; [B;] =
1 for all i, there is an infinite sequence g € D*, such that for every index i,
gli €B; (which is to say the suitable tree determined by U B; has a
branch). The main point here is that the tower of measures {u;: 0 <i < )
naturally defines through an inverse limit a filter of subsets of D“. The
tower is countably complete just in case this filter is countably complete, in
the sense that any countable intersection of sets in the filter is nonempty.

We now define the notion of a homogeneous tree, the original idea is
implicit in work of KUNEN [4] and MARTIN [6], see KecHRIs [2]. We adopt
for the duration of this paper the convention of considering only those
w X k-trees, T, for which T(s)#@ for all s € w™*.

DerFINITION 3. Suppose T is an @ X x-tree. The tree, T, is homogeneous if
there is a function, v, defined on @~ such that:

(1) For s € o™, with s# @, v(s) is a measure on k= with v(s)[T(s)] =
1.

(2) For x € w”, the sequence of measures (v(x [ i): 0 < i < w) defines a
tower which is countably complete if x € p[T].

It actually follows from condition (1) that if x € »* and if the tower of
measures (v(x [ i): 0 < i < w) is countably complete then x € p[T}, simply
consider the sequence of measure 1 sets (T(x[i):0<i<w). Thus
x Ep[T] if and only if the tower of measures (v(x[i):0<i<w) is
countably complete.

The homogeneity of an w X k-tree, T, has rather pleasant consequences
for its projection, p[T]. In fact the concept of an homogeneous tree
originated in part with the following theorem in mind.

THeEOREM (Kunen, Martin), (ZF + DC). Suppose T is an o X k -tree that is
homogeneous. Then the set of reals, A = p[T], is determined.

Current proofs of determinacy from large cardinal hypotheses tend to
work through homogeneous trees. For example Martin’s proof of the
determinacy of IT; sets from the existence of a measurable cardinal is easily
reformulated as

THEOREM (Martin), (ZFC). Assume there is a measurable cardinal. Suppose
A Cow“ is ITi. Then there is an homogeneous tree T with A = p|T].
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Similarly Martin’s proof of the determinacy of IT; sets from the existence
of the appropriately large cardinal (now referred to as a Martin cardinal)
succeeds via the construction of an homogeneous tree with projection the
desired IT; set. For further details see MARTIN [7].

The concept of homogeneity is rather a strong condition on a tree as it is
_evident that many trees are not homogeneous. We now recall the less
restrictive condition of weak homogeneity. Again KecHris [2] is a good
reference. In the following definition we continue to regard (w X @)™ as
the set consisting of pairs of finite sequences of natural numbers, of the
same length.

DEFINITION 4. Suppose T is an w X k-tree. The tree, T, is weakly
homogeneous if there is a function, v, defined on (w X @)™ such that:
(1) For (s,t) E(w X @)™, with s#@, v(s,t) is a measure on k= with
v(s,)[T(s)}=1.
(2) For x Ew” and y € w” the sequence of measures (v(x [ i,y [i): 0<
i < w) defines a tower and if x € p[T] then for some y € w® the tower,
(v[xTiyli):0<i<w), is countably complete.

As in the case of homogeneity it follows from condition (1) that the latter
part of condition (2) is an equivalence more precisely, x € p[T] if and only
if for some y € w* the tower of measures given by (v(x | iy |i): I<i<w)
is countably complete.

The generalizations of homogeneity and weak homogeneity to trees on
w* X k are immediate given the desire (for homogeneity » has domain
(@*)" and for weak homogeneity » has domain (w* X w)™*).

Suppose B is a subset of the plane, i.e. BC 0 X w”. We denote by 3°B
the set of reals defined by the projection of B in the first coordinate,
FB={x Ew"” |(x, y)E B for some y € w“}.

It is an immediate consequence of the definition that if T is an
w X k-tree and T is weakly homogeneous then there is an w® X k-tree, T*,
such that T* is homogeneous and p[T]= 3"p[T*]. The converse is also
easily verified.

An easy classical result regarding ¥; sets of reals is that they are
projections of IT| subsets of the plane. Hence:

THeEOREM (ZFC). Assume there is a measurable cardinal. Suppose A C w*®
is 3> then there is a weakly homogeneous tree, T, with A = p[T].

The following theorem is in some sense a generalization of the principal
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result in SoLovAy [12] that if there is a measurable cardinal then X sets of
reals are Lebesque measurable and have the property of Baire.

THEOREM 5 (ZFC). Assume B is a set of reals such that B = p[T] for some
weakly homogeneous tree, T. Then B is Lebesque measurable and has the
property of Baire.

This theorem is similar to Theorem 1. We contend that weakly
homogeneous trees provide the structural representations for sets of reals,
in the context of ZFC, that approximate Souslin representations in ZF (e.g.
the remarks at the beginning of this section),

Of course one could observe that Theorem 5 is also true for homogene-
ous trees. However weak homogeneity is a far less restrictive condition on
trees in fact, in some sense, almost any tree is weakly homogeneous as the
following theorems indicate. We betray a bias by scarcely noting that for
nontrivial weakly homogeneous trees to exist at all, there must be a
measurable cardinal.

Suppose A is a cardinal. Let P, denote the Lévy conditions for collapsing
A to w, i.e. P, ~ A ~“, the order given by extension. Let @, denote the Lévy
conditions for collapsing all smaller cardinals to w, i.e. @, ~ I1,..Ps, the
product computed with finite support.

Suppose « is strongly inaccessible and that G C Q. is generic. In the
generic extension, V|[G], one can define the Solovay model, more pre-
cisely the inner model of V[G] consisting of those sets hereditarily
definable in parameters from V UR. This of course is simply the con-
structible extension of V determined by the set of new reals, hence we
denote the Solovay model by V(R). For more information on Solovay’s
construction see SoLovay [11].

We take for granted the definition of a supercompact cardinal (see
Kanamor1 and MAGIDOR [1]).

THEOREM 6 (ZFC). Suppose « is supercompact and that T is an w X A -tree
for some A. Then there is a cardinal & < k such that if G CP; is generic,
VIG]E T is weakly homogeneous.

Thus in the presence of a supercompact cardinal any tree, modulo some
small forcing, is weakly homogeneous. This is the best that one can hope
for, assuming the axiom of choice (e.g. Theorem 7).

The proof of Theorem 6 actually reveals a slightly stronger result in that
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the measures witnessing weak homogeneity can be chosen to be k-
complete. Hence as a corollary to Theorem 6 one can show the following.

THEOREM 7 (ZFC). Suppose « is supercompact and that G C Q. is generic.
Let V(R)C V[G] be the Solovay model obtained, V(R)E Every w X A-tree
is weakly homogeneous, for any A.

In particular Theorem 7 shows that granting the consistency of the
existence of a supercompact cardinal, ZF+ DC is consistent with the
proposition that every @ X A-tree is weakly homogeneous. Theorem 6 and
its corollary, Theorem 7, were inspired by the result of MARTIN [8] that
assuming ADg (the axiom of determinacy for real games) every tree is
weakly homogeneous.

Working only in ZF + DC it follows from the results of KUNEN [4] and
MARTIN [6] that if a set of reals is the projection of a weakly homogeneous
tree then its complement is Souslin. Hence given that every o X A-tree is
weakly homogeneous it follows that Souslin sets are closed under comple-
ments. This coupled with the obvious fact that the Souslin sets are closed
under 3% yields that assuming every tree is weakly homogeneous, every
projective set is the projection of a weakly homogeneous tree.

THEOREM 8 (ZFC). Assume « is supercompact. There is a cardinal § < k
such that if G CP; is generic then V[G]E Every projective set of reals is the
projection of a weakly homogeneous tree.

3. Some applications

Let HC denote the collection of sets with countable transitive closure,
i.e. HC is the set of hereditarily countable sets. We need to fix a coding of
elements of HC by reals that is reasonably effective. Suppose b € HC and
let TC(b) denote the transitive closure of B. The set b is easily coded by
coding the countable structure (TC(b), b, €). Thus natural codes for the
set b are structures {(w, B, E) (where B C 0, E C w X w) that are isomor-
phic to (TC(b),b, €). These codes of b are in essence elements of
P(w) X P(w X @) which via a recursive map can be viewed as reals.

This defines a partial map, 7: »* — HC, that is A, definable over the
structure (HC, €). The domain of = is easily computed to be a IT; set of
reals. These features, abstractly, are what we require, fix such a coding
map, .
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Suppose S C w,. Let $* denote the set of reals coding initial segments of
S, S*={x €Ew* |7r(x)=S Na for some a < w}.

The following theorem of Kechris [3] demonstrates that if one
strengthens the failure of the axiom of choice in the hypothesis of Theorem
1 to the assumption that w, is measurable then Souslin sets of reals have
even nicer properties.

A set S C w, is constructible from a real if for some x € 0, S € L[x]. It
is a well-known theorem of Solovay that assuming AD, every subset of w,
is constructible from a real.

THEOREM 9 (Kechris), (ZF + DC). Assume w, is measurable. Then S C w, is
constructible from a real if and only if S* is a Souslin set of reals.

Observe that if S C w, and S € Lx] for some real, x, for which x* exists
then S* is IT, and hence Souslin.

There is of course a ZFC version of Theorem 9 and it is also due to
Kechris. The ideas involved in proving these theorems are very similar.

THEOREM 10 (Kechris) (ZFC). Assume there is a measurable cardinal. Then
S C o, is constructible from a real if and only if S* is the projection of a
weakly homogeneous tree.

We now turn toward an application of these ideas. The problem we shall
consider is that of the possible saturation of the nonstationary ideal on .
For a discussion of this problem and the related problems of saturated
ideals in general see [1].

Let NS denote the ideal of nonstationary subsets of w,. The problem is
simply, within ZFC can P(w)/NS satisfy the w; chain condition (contain no
antichains of size w,)?

The first related consistency result was the following theorem of STEEL
and VAN WEsep [13]. R-AC indicates the axiom of choice for families
indexed by the reals.

THEOREM (Steel, Van Wesep). Assume “ZF+ AD +R-AC” is consistent.
Then so is “ZFC + the nonstationary ideal on w, is w, saturated” .

In WoopiN [14] the hypothesis is refined to the consistency of ZF + AD.
However using the ideas implicit in the proofs of Theorem 9 and Theorem
10, and the techniques of WoopIN [14] one can prove the following
theorems.
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THEOREM 11. Assume “ZF + DC + w, is measurable + every set of reals in
L(R) is Souslin” is consistent. Then so is “ZFC + the nonstationary ideal on
w, is w> saturated’.

THEOREM 12 (ZFC). Assume every set of reals in L (R) is the projection of a
weakly homogeneous tree. Then “ZFC + the nonstationary ideal on v, is w2
saturated’’ is consistent.

In both theorems the relevant set of reals is just the complete 37(L (R))
set. The reason for consistency in Theorem 12 as opposed to relative
consistency in Theorem 11 is simply that assuming the axiom of choice if
there is a measurable cardinal then L(R)” exists.

As in Woodin [14] one actually obtains the consistency of a combinator-
ial condition apparently stronger than that of the saturation of the non-
stationary ideal, the principle * (see WoopIN [14] for details).

For more details of the proofs of the theorems stated in this paper see
the forthcoming Woobin [15].
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THE SITUATION IN LOGIC —1

JON BARWISE

Dept. of Philosophy, Stanford Univ., Stanford, CA 94305, U.S.A.

This paper argues for a broader conception of what logic is all about than
prevails among logicians. In particular, it claims that ordinary usage of the
words logic, inference, information, and meaning defines a natural subject
matter that is broader than logic as presently studied. More specifically, I
argue that logic should seek to understand meaning and inference within a
general theory of information, one that takes us outside the realm of
sentences and relations between sentences of any language, natural or
formal. I also want to suggest that the theory of situations and situation
types developed with John Perry provides a tool with which one can begin
to study some of the neglected aspects of logic.

1. The commonsense view of logic

1.1. Logic versus first-order logic

Logic, we tell our students, has to do with arguments, good and bad,
sound and unsound, valid and invalid, verbal and written, but with
arguments in some language. This motivates us to consider the relation of
one sentence as a “logical consequence” of other sentences. This relation is
given a semantic explication in terms of truth in models, a syntactic
explication in terms of proof, or both kinds of analyses connected by a
completeness theorem. Somewhere along the way, in an attempt to
account for the logical structure of certain kinds of arguments, certain
linguistic items are singled out as “logical constants,” with the rest
relegated to the nonlogical. In its most extreme form, this leads to what I
have elsewhere called the first-order thesis, that is, the claim that logic is the
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study of the properties of and, or, not, implies, every, some, and identity'
and that anything that cannot be defined in terms of these is outside the
domain of logic.

The reasons for the widespread, often uncritical, acceptance of the
first-order thesis are numerous. Partly, it grew out of interest in and hopes
for Hilbert’s Program in the foundations of mathematics. Partly, it was
spawned by the great success in the formalization of parts of mathematics
in first-order theories like Zermelo-Fraenkel set theory. And, partly, it
grew out of a pervasive philosophical nominalism in the mid-20th century,
led by Quine, among others. As late as 1953, QUINE wrote in his book From
a Logical Point of View:

The bulk of logical reasoning takes place on a level which does not presuppose abstract
entities. Such reasoning proceeds mostly by quantification theory, the laws of which can be
represented through schemata involving no quantification over class variables. Much of what
is commonly formulated in terms of classes, relations, and even number, can easily be
reformulated schematically within quantification theory plus perhaps identity theory. (p. 116)

By now we know that this is false, that there is a wealth of notions used in
mathematics, science, and everyday life that take us outside the realm of
first-order logic. As logicians, we do our subject a disservice by convincing
others that logic is first-order logic and then convincing them that almost
none of the concepts of modern mathematics or everyday life can be
captured in first-order logic.

For the person in the street, the term logic connotes much more than can
be captured in first-order logic or, indeed, in any other theory that restricts
itself to the study of relations between sentences of some language. Logic
has to do with valid forms of reasoning, from the most mundane uses in our
day-to-day lives to the most sophisticated uses in science and mathematics.
If you and I are discussing some topic, like fixing the roof, a law of genetics,
or the solution to some partial differential equation, and I say, ‘“The logic
of that escapes me,” what I mean is that I do not see how the conclusion
you have come to follows from our shared assumptions and concepts,
including the conception of the task at hand. How does it follow from the
properties of this roof we are on, or the laws of genetics that we both
accept, or the concepts involved in differential equations, and the problem
before us? Similarly, when we say that a certain process or activity like
perception, conversation, golf, or winning a marathon has its own logic, we

' Among past and present adherents to this view there is a difference of opinion as to
whether identity counts as a logical constant.
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use the word logic in a perfectly ordinary way. However, this use of the
word is not one that can be reduced to the notion of logic that we, we
logicians, have explicated.

In the commonsense view of logic, all the concepts we use to cope with
and organize our world have their own logic. As logicians, we are perfectly
entitled to delve into their logic. Within metamathematics, this view has led
to the study of so-called strong logics, that is, formal languages that attempt
to capture the logic of various mathematical notions that lie outside the
domain of first-order logic. Within philosophy, it has led to the study of
formal languages that attempt to capture the logic of knowledge, belief,
time, and various modal notions. And within computer science, it has led to
the study of formal languages about the logic of programs.

1.2. Logic and language

This is all well and good, but what I want to suggest is that an
understanding of logic and the related notions of meaning and inference
requires us to look beyond language. Inference, for example, is an activity
that attempts to use facts about the world to extract additional information,
information implicit in the facts. A sound inference, I will argue, is one that
has the logical structure necessary to serve as a link in an informational
chain but that need not use language at all. For example, I may correctly
infer roughly how cold it is going to feel when I go outside by looking at the
people walking past my office, and this inference supports the logic of my
leaving my hat and gloves behind. Even when language is used, the
connection between sound argument and sound inference is less than
straightforward. A sound argument leads to a sound inference on some-
one’s part only if the argument is also successful. On the other hand,
unsound arguments often lead to sound inferences. For example, even if
the logic of my paper is faulty and its argument is unsound, you will
successfully and soundly infer many facts about me and my views from it.
To explicate the commonsense view of logic, we must develop accounts of
information and inference that do not presuppose language and so limit us
to inferences based on language.

1.3. Overview of this paper

The rest of this paper is divided into three parts. In the next and longest
section, I take up a question of strategy, the strategy that has rested behind
traditional approaches in logic to the study of semantics, or meaning. I
want to question the “divide and conquer” approach to meaning that
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prevails today and that has virtually defined logic’s subject matter over the
past 50 years. I will argue that even if what you want is a mathematical
theory of linguistic meaning, this theory must be set within a more general
theory of meaning, inference, and information if it is to succeed. We need a
theory that can do all the usual things we expect of model theory,” but one
that can also underwrite a theory of information flow of the kind discussed
in DRETSKE’s book Knowledge and the Flow of Information (1981).

In the third section, I turn from strategy to tactics. Having argued for the
need for a more general theory, I will outline one attempt to provide this
kind of theory, the approach that John Perry and I call situation semantics.
In attempting to work out situation semantics as a theory of linguistic
meaning, we found that we were forced to develop a more general theory.
It now seems that this was inevitable but that this fact can be separated
from the details of our own theory. Not only can they be separated, but [
think they must be if comparison of competing theories is not going to get
hopelessly confused. We need to distinguish between what I would call “in
house” criticisms, that is, those that accept the basic strategy but find fault
with our tactics, from criticisms of the basic strategy. In the final subsec-
tion, I return to examine briefly what the study of logic and inference might
look like within situation semantics.’

2. Meaning and logic

In this section, I take one of the words that fall under the purview of
logic, the word meaning, and argue that it must be understood within a
general theory of information. I could equally well have taken logic or
inference to make the point. First, however, comes a little reassurance.

* A minor terminological point. I will use “model theory” for mathematical approaches to
linguistic meaning of the traditonal sort, especially as they have been developed for natural
languages, that is, theories that view the subject as a question of the relation of language to
the world. By contrast, I will refer to the more general theories of the kind I claim we need as
“theories of meaning and information.” Briefly put, the claim of Section 2 is that a successful
model theory has to be set within a more general theory of meaning and information.

* Much of this paper was taken from a larger paper I wrote, called “Loss of Meaning,” to
be read at the University of Wisconsin and at Princeton University, and the discussions after
these presentations were quite helpful. This is the first in a projected series of papers on logic
and situation semantics. A draft of this paper was prepared for a symposium held in Salzburg.
When circumstances prevented my attending the symposium, Hans Kamp graciously agreed
to read the paper for me. He also provided me with very helpful comments on that draft.
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2.1. The inventor’s paradox

There is a phenomenon in mathematics that often strikes the uninitiated
as paradoxical. It sometimes happens that you want to prove some theorem
T but are unable to do so. However, it turns out that it is possible (even
easy) to prove some stronger theorem T'. For example, on noticing that
1+3+5=9and 1+3+5+7+9=25, you might conjecture that the sum
of consecutive odd numbers 1+3+---+(2k +1) is always a perfect
square. If you attempt to prove this, the proof breaks down because the
induction hypothesis does not contain enough information to get the
required conclusion. However, if you try to prove something stronger, that
the sum of the first k consecutive odd numbers is exactly k* (and hence a
perfect square), the proof is easy. You prove it by induction, and you have
just the right information needed at the inductive step to keep the proof
going. This phenomenon is pedagogically so important that Polya has
called it the inventor’s paradox. To prove what you want, you may have to
prove more than you want, simply to get the flow of information to work
out properly.

What I want to suggest, in this first part, is that we logicians have suffered
from the inventor’s paradox. That is, in investigating the semantics of
ordinary language, we have been trying to do too little and so have not
been able to do even that. We have been concerned solely with the truth
conditions of sentences, the conditions under which a sentence can be truly
asserted. We have not been concerned with the more general problem of
accounting for how sentences can be used to convey information and, as a
result, have not been able to get even the truth conditions right.

There have been more than enough critics of model-theoretic semantics
to point out our failings. Frequently, however, they give the impression
that model theory is trying to do the impossible. What I want to suggest is
that, just as in the case of the sum of odd numbers, we have been trying to
do too little. It is not attention to truth conditions that I want to call into
question but the attempt to develop a theory of truth conditions or some
other model-theoretic analysis of logic, inference, and linguistic meaning
isolated from the flow of information.

What is it that has prompted us to partition meaning the way we do into
various kinds of meaning? I suppose it is the feeling, which I had for years,
that the word meaning conflates many different things. For example, the
meaning of life is often taken to be its purpose.’ The meaning of a name is

* The meaning of life is often taken to be its purpose, but this is a confusion. Many things
have meaning that do not have purpose. Smoke means fire but that is not its purpose. In fact,
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often taken to be the individual it names. The meaning of a declarative
sentence is often taken to be its sense or its truth conditions. The meanings
of mental states and events are often taken to be the role they play in
psychology. Even physical events and states of affairs are said to have
meaning, as when we say that the smoke in the distance means fire or that
the position of the hands on my watch means that it is 4 p.m.

At first glance, these do seem like vastly different sorts of things that are
deemed meaningful: lives, names, sentences, mental states and events, and
physical states and events. So, too, the meanings that they are full of
appear to be quite different sorts of things: purposes, people, senses or
truth conditions, psychological roles, and other external events. This
apparent hodgepodge of meaningful items and meanings attributed to
them gives the impression that the word meaning conflates things that
must be kept distinct, and some distinctions as to different kinds of
meanings have emerged.

2.2. Situation-type meaning and situation meaning

You can always sell a philosopher a distinction, so let me try to sell you
one, a distinction between two ways that the word means is used in
ordinary English. If I say, ‘““That hair in the butter means that the cat has
been on the table,” I am talking about the meaning of a particular
situation. However, if I say, “Cat hair’s being in the butter always means
that a cat has been on the table,” I am not talking about the meaning of a
particular situation but about the meaning of a certain type of situation.
Similarly, if I say that John’s saying “I'll meet your at the airport” meant
that he would meet me at the airport, I am referring to the meaning of a
particular utterance. By contrast, the meaning of the disembodied English
sentence

I’ll meet you at the airport. (€))]

whatever your theory says it is — be it sense, truth conditions, or whatever
— is not that John would meet me at the airport.

This same dichotomy appears across the board. If I point to my watch
and say, ‘““That means it’s 4 p.m.” | am using meaning in the first sense. If I

as far as one can tell, smoke has no purpose. It is the wrong kind of thing to have a purpose.
And even if something has both meaning and purpose, they need not be the same. My saying
that it is 4 p.m. may mean that it is 4 p.m.; however, the purpose of my saying that is not that it
is 4 p.m. but, rather, to tell you the time. While it may be that life has both meaning and
purpose, they are probably not the same.
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say, “The big hand pointing at 12 and the little hand pointing at 4 always
means that it is 4 o’clock,” I am using means in the second sense. This
distinction is one that must be borne in mind. Perry and T use the phrase
situation meaning in the first case, as contrasted to situation-type meaning
in the second.” I will rely heavily on this distinction in what follows. When
it is particularly crucial, T use the subscripts “‘s”” for situation meaning and
“t” for situation-type meaning.

I am not claiming that meaning, and meaning, are unrelated, any more
than I would say that a token of some type is unrelated to the type. It will
be one task of a theory of meaning to spell out the relationship between the
two. For now, I simply want to point out that there are these two ways we
use the word means, so that there is a possibility for confusion when we
talk about what something means.

2.3. Natural and conventional meaning

A more familiar distinction among different kinds of meaning is Grice’s
distinction between natural meaning and nonnatural, or conventional,
meaning. This parallels Peirce’s distinction between sign and symbol.
Smoke is a sign of fire but the sentence My house is on fire is a symbol. The
former has natural meaning; the latter, conventional meaning. It means
what it does because of the conventions that make up the English language.

I think this is a sound distinction, one that should find its place in any
theory of meaning. The fact that conventions can be violated gives
conventional carriers of meaning an importantly different property from
natural carriers of meaning. Some utterances of the sentence

My house is on fire. )

do not really mean that the speaker’s house is on fire, not with the same
reliability that smoke pouring from his windows does. The speaker can be
wrong in a way that smoke cannot. Any theory of meaning has to have
room for this dichotomy.

* This name, of course, slightly prejudices the case, since it points to our analysis of the
distinction, but I will stick with it here. Actually, it is what we called “event meaning” and
“event-type meaning” in our book Situations and Attitudes (BARWISE and PERRY, 1983). The
phrase situation type picked up a certain technical meaning in the early days of situation
semantics. It was the name we chose for certain abstract objects that we use to represent
uniformities across states of affairs, that is, static situations. Later, we realized we needed a
more powerful way to represent uniformities. In our book, we called these “event types,”
since “situation types” was used up. Here, I am using situation type for the more powerful
notion, since it accords more closely with the informal notion of type of situation.
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This distinction is one of species within a single genus, however, and
there are infinitely subtle variations from one to the other. Consider the
most straightforward of exchanges. You ask for the time. I glance at my
watch and say, “It’s 4 p.m.” Your infer that you are late for a seminar.and
so dash off. What is it that makes my utterance of “It’s 4 p.m.” mean that it
is 4 p.m.? This, I take it, is a question we must answer if our theory of
linguistic meaning is to account for the significance of language.

I am asking here about the meaning, of my utterance, that is, what about
that particular utterance made it mean what it did and what let you draw
the inferences you did from it. Part of what is involved is the meaning, of
the English sentence used — but only part. I want to argue that in order to
account for what that utterance meant we must look well beyond conven-
tional meaning and, hence, well beyond the linguistic meaning of

It's4p.m. 3)

Here is a schematic diagram of the flow of information illustrated in this
simple example:

Fig. 1

When we ask about the meaning, of my utterance, that is, what made it
mean that it was 4 p.m., we are focusing on the third situation in the
informational chain above.

Recalling that the issue for the time being is the viability of using the
distinction between natural and conventional to define a subject matter, let
us imagine for a while that we are obsessed not with the logic of utterances
but with the logic of telling time. Thus, instead of focusing on linguistic
meaning, let us focus on chronometric meaning, the meaning of clocks and
watches and what they say to us when we look at them. That is, let us think
about the first situation in the informational chain.
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Is chronometric meaning natural meaning or conventional meaning?
Are watches part of the natural order or the conventional order? It seems
clear that they are not part of either one alone but of both. For a theory of

_chronometric meaning, the state of the watch does not fall cleanly into
either category of sign or symbol. Natural laws about quartz, for example,
are exploited in the design of the watch and are responsible for its pointing
to 4 p.m. at 4 p.m. and not at noon. On the other hand, the system of time
measurement that the watch is measuring is conventional. Every time we
go onto or off of daylight saving time or fly from one time zone to another
we are changing the conventions and so have to change the clocks to keep
them from telling the wrong time. Timepieces, like people, can tell the
wrong time, if they do not fit the conventions within which they are placed.

The theory of chronometric meaning would also have to have more
room in it for error than just change of convention. Normally, if my clock
points to 4 p.m., that means it is 4 p.m. If we are near the end of April or
October, or have just taken a trip, there is some room for doubt because of
shifting conventions, but otherwise we do not have to worry about that,
Still, things can go wrong. The battery in my watch may run down, or I
might attempt to use it under conditions for which it was not designed, say,
under water. It is only under the proper, normal conditions that the watch
means what it says. In other circumstances, it loses its meaning. My
grandparents’ old, broken clock always points to 4 o’clock, but that fact
never means that it is 4 o’clock. It no longer means that it is 4 p.m. even
when it is 4 p.m.

Besides the fact that our theory of chronometric meaning will not lie
squarely within a theory of natural meaning or of conventional meaning,
there are a couple of secondary points here. First, the “truth conditions”
on watches are that they point to ¢ only at time t. However, a watch may
point to 4 o’clock without that meaning that it really is 4 o’clock, for a
variety of reasons, even if it is, in fact, 4 p.m. Second, and a consequence of
the first point, we see that the meaning; of the watch ““utterance” does not
depend solely on the internal state of the watch but also on how and where
the watch sits in the wider world. Finally, the state of my watch on my arm
does not have a single meaning but many. For example, besides meaning
that it is 4 p.m., it means that someone made it and that I remembered to
put it on this morning.

The points made here have ramifications for the theory of linguistic
meaning in general and for what it is that makes my assertion “It’s 4 p.m.”
mean that it is 4 p.m. First, just as the theory of chronometric meaning
does not lie neatly and solely in either the natural or the conventional
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order, neither does linguistic meaning. What made my telling you what
time it was mean that it was 4 p.m. was not just the conventions of English,
even augmented with the facts that we both speak English and are in the
same time zone. Also involved are things like natural laws about quartz,
my knowing how to tell time, and the fact that the speed of sound is great
enough that we can ignore the time it takes for you to hear my utterance. If
we are to account for the meaning, of particular utterances, that is, for the
information they carry, we have to set them within a general theory of
meaning that accounts for the flow of information.

The secondary points have their analogues, too. First, a point about truth
conditions. The truth conditions on sentence (3) are that a statement made
with it is true if and only if it is 4 p.m. at the time and place of utterance.
However, my statement of ““It is 4 p.m.” does not necessarily mean that it is
4 p.m., even if it is true. I might go around saying that all the time, just like
my grandparents’ old clock. Second, my mental state alone does not
determine the meaning, of my utterance, any more than the watch’s did. If
exactly the same state of mind had been produced by a hallucination at
midnight, my utterance would not have meant that it was 4 p.m. Or, for
another example, no matter how firmly I believe I am Bobby Fischer,
nothing can make my utterance of “I’'m Bobby Fischer and a great chess
player” mean that I am Bobby Fischer or even a moderately good chess
player. And, finally, an utterance of “It’s 4 p.m.” does not mean, just one
thing, that it is 4 p.m. It may well also mean that I know how to tell time,
that 1 speak English, and so forth. You can soundly infer any of these
things from my utterance, in the appropriate circumstances.

Let me repeat that I do not doubt that the natural versus the conven-
tional meaning is a genuine distinction. I do doubt that the meaning of very
much can be determined by looking at just natural meaning or just
conventional meaning. Rather, it will be a complex combination of various
kinds of meaning that makes almost anything have the situation meaning
(or meanings) it does.

2.4. External and internal meaning

Another distinction is often made between external and internal (or
psychological) meaning or significance: meaning “in the world” versus
meaning ‘“‘in the head.” The distinction is not universally accepted, since
there are people who doubt the very existence of one or the other form of
meaning. Let us be generous for a moment, though, and see if we can find
external and internal meaning in the episode above of time telling.
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Presumably, if the state of my watch meant, that it was 4 p.m. when I
looked at it, then one minute earlier, when it said it was 3 : 59, that must
have meant, that is was 3:59, even if no one was looking at it. Wherever
that meaning is, it must be external. It would seem, then, that the
analogous element of external meaning must have been present at 4 p.m. It
would certainly be odd if my looking at my watch could make it lose its
external significance.

On the other hand, the meaning, of my internal representation of the
time, illustrated by the second situation in the informational chain above, is
presumably psychological, if anything is. It follows that if exactly the same
mental state had involved something else, say, a faulty watch, it would have
had the same psychological significance. For example, it would have caused
me to say the same thing.

Notice that even if my state were totally spurious, caused, say, by a
hallucination, understanding the psychological significance of my state
would require an understanding of its setting in the normal course of
events, where that state is caused by my looking at my good, old, reliable
watch. That is, understanding the meaning, of a particular mental state
requires an understanding of the meaning, of that type of state, as it
normally functions in the external life of the agent. For that matter, the
only way we have of describing my mental state is with reference to the way
that type of state functions in the normal course of events. Saying
something like ““an image of a watch pointing at 4” uses talk of watches to
describe types of mental states, the type of state normally produced by a
watch pointing at 4.

Just as the natural/conventional distinction will have its place in any
overarching theory of meaning, so, too, this distinction between external
and internal will have to find its place in such a theory. More than that, no
theory of either external or internal significance can succeed in isolation.
On the one hand, as we have just seen, describing and understanding the
psychological significance of any particular mental state requires an
understanding of the meaning of that type of state under normal cir-
cumstances. On the other hand, part of wat makes the external significance
of my telling you the time what it is, is the psychological significance of my
mental state. For my state is an informational intermediary between my
watch and my utterance. It has to carry part of the burden of the
information in an information chain that goes from my watch to you.

This point is made better with a different example. 1 was born in
Missouri. That is a fact. Now consider the meaning; of that little utterance
of mine, my saying “I was born in Missouri.” At least part of its situation
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meaning is that I was born in Missouri, a piece of information about an
external event, my birth. However, my psychological state, the fact that I
know where I was born, is crucial to my utterance’s having the meaning; it
did. No account of the information contained in my utterance can escape
the fact that the information was stored in me and my psychological state.

2.5. Meaning and information

Part of what makes a particular state of affairs or event mean, what it
does, that is, have the situation meaning it does, is how it fits into the
general flow of information. This includes signs like fire and symbols like
the sentence My house is on fire. Conversely, what information a signal or
situation contains depends in part on what it means. Even if we are
interested only in chronometric meaning, linguistic meaning, or psycholog-
ical meaning, we are going to have to see it within the general flow of
information to which DReTsKE (1981) has drawn our attention.

The strategy 1 propose, then, is that in pursuing the study of logic in
general, and of developing model theory in particular, we pursue it as part
of a general theory of information flow.

Having come to this conclusion, it is unsettling to find that Dretske, in his
book, goes to some pains to disassociate information from meaning.

Although information, as ordinarily understood, may be a semantic concept, this does not
mean that we must assimilate it to the concept of meaning. For, on the face of it, there is no
reason to think that every meaningful sign must carry information or, if it does, that the
information it carries must be identical to its meaning. (p. 42)

Dretske goes on to give several examples of the difference between
meaning and information and concludes:

The information embodied in a signal (linguistic or otherwise) is only incidentally related to
the meaning (if any) of that signal. (p. 44)

If Dretske is right, we are ill advised to look toward information in
developing a mathematical theory of meaning. However, 1 think that on
this point Dretske is mistaken. In terms of the overall theme of his book, it
amounts to a quibble, but in terms of the theme of this paper, namely, the
strategy for developing a mathematical theory of meaning, it becomes a
major point. Dretske admits, in a footnote, that he uses “meaning” to
denote conventional meaning, which, of course, we have already rejected.
However, even within the realm of conventional meaning, he rejects the
identification of meaning and information.
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Dretske’s rejection of a direct correlation between meaning and infor-
mation stems from a genuine problem. As Dretske correctly (I believe)
insists, a situation or signal cannot contain the information that it is 4 p.m.
unless it is indeed 4 p.m.; by contrast, a speaker may mean what he says but
be wrong. However, I think that the correct response to this problem can
be found by carefully distinguishing between meaning, and meaning,.

Since this point is of some importance to the whole endeavor, let us look
at two of Dretske’s examples that involve conventional meaning. Dretske’s
first example contrasts the meaning of a conventional bid at bridge and the
information it conveyed. His partner bid 5 clubs using the Blackwood
convention, which meant, in that context, that she had no aces.® Dretske
argues that he is required by the rules of duplicate bridge to tell his
opponents the meaning of the bid but not to tell them what information is
conveyed to him. Another way of putting this is that he is required to tell
them the meaning, of the bid, that is, what it means in general, but not the
meaning, of the bid, that is, what the bid meant, to him. He is required to
explain the general convention, but he does not have to explain that, in
these particular circumstances, the bid meant that his partner had no aces.
What the example shows is that the information conveyed is not the
meaning, of the convention, but, it seems to me, the information conveyed
is the situation meaning, of the bid.

In another example, Dretske argues that there is no tight connection
between meaning and information in language.

If I do not have a toothache, my saying that I have a toothache fails to convey the information
that I have a toothache. The words I utter, “I have a toothache,” are meaningful. They mean
that I have a toothache. Yet ... this is not the information they convey. (pp. 43-44)

Dretske slips too easily from the meaning, of the sentence to the meaning,
of his utterance. Under the circumstances he describes, we normally would
not say that his utterance meant that he had a toothache any more than we
would that the state of my grandparents’ clock at midnight means that it is
4 p.m.

Dretske’s sentence is misleading, since in discussion it tends to raise a
spurious issue, namely, whether there is a matter of fact about aches and
pains above and beyond the convictions of the individual. A sentence like

¢ The convention works as follows. After a suit has been determined, one partner bids “4
No-trump.” The other partner bids 5 clubs if he has 0 or 4 aces, 5 diamonds if he has one ace, 5
hearts if he has 2 aces, and 5 spades if he has 3 aces. Since Dretske had some aces in his hand,
he could tell that the bid of 5 clubs meant that his partner had no aces.
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It is 4 p.m. avoids this issue. No amount of sincere conviction alone can
conceivably make it 4 p.m. at 4:30, much as we would all like it to be
otherwise when we are late.

Let us suppose that, as a result of looking at his faulty watch, Ed
becomes convinced that it is 4 p.m. and so says, “It is 4 p.m.” at 4:30.
While we can truly report that

Ed means what he says.
we can also truly report that
Ed’s statement does not mean that it is 4 p.m.

The reason for this nearly, but not quite, paradoxical state of affairs, it
seems to me, is that different uses are being made of the verb means. In the
first case, the use is clearly related to means,: Ed’s mental state is a type of
state that usually has the external significance of its being 4 p.m. —
normally, that is, but not in this instance. That is why Ed used a sentence
that means, what it does. On the other hand, the second use of means is
clearly means.. Statements can mean, this or that, but they cannnot mean, .
Sentences do that.

What all of Dretske’s examples show is that the information in a
particular situation cannot be identified with the meaning, of some
meaningful type of signal or situation. The examples do not show that
meaning, is not intimately connected with the flow of information. So they
do not preclude the existence of a theory of meaning that, among other
things, underwrites the flow of information. It is just that such a theory will
have more to do with the ordinary use of the word meaning than with the
use that identifies meaning with linguistic or conventional meaning.

It might seem from all this that I want to identify situation meaning with
information. It might also seem that we have lost sight of logic and
inference. To explain why these impressions are not right, T turn to
situation semantics.

3. Situation semantics

So much for general strategy. I have discussed elsewhere the assump-
tions built into standard approaches to model theory that make it inap-
propriate for the kind of theory we need.” I will restrict myself here to a
discussion of the situation semantics approach.

7 See my commentary on Dretske’s book in BARWISE (1983, p. 65).
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Above and beyond the general strategy, the driving force behind
situation semantics is a commitment to a form of realism, to be specific, to
the claim that meaning does not reside in the head or in some mysterious
realm but in the interaction of real, living things and their actual environ-
ment. This is not an original idea. What is new is the attempt to use it as a
basis for a formal theory of meaning and information.

3.1. Logic and constraints on types of situations

As Perry and I develop this idea, it becomes the claim that meaning, be it
natural or conventional, linguistic or cultural, resides in systematic rela-
tions of a special sort between different types of situations — relations to
which agents are attuned. Systematic constraints between types of situa-
tions are what allows one situation to contain information about another
situation. An agent’s attunement to such constraints is what allows the
agent to infer soundly from the one’s being the case to the other’s being the
case. Said in different words, meaning, is what allows an event of a
particular type to have meaning,. Attunement to meaning, is what allows
an agent with information about the first to soundly infer what it means,.

Let me give a few examples.

ExampLE 1. There is a systematic relation between types of situations
where a watch points at 4 and those states of affairs where it is 4 p.m. It is
not a simple relation, but it is systematic, and it is what allows my watch’s
pointing at 4 to mean that it is 4 p.m. Anyone who is attuned to the relation
can use the watch’s state to infer the time. Under the appropriate
circumstances, this inference will be sound.

ExampLE 2. That I have an image of a watch pointing at 4 is a certain state
of affairs, or situation. The image is a complex situation, probably
physiological. There is a systematic relation between types of images, those
that are of watches pointing at 4, and other situations, actual watches
pointing at 4. This relation is a consequence of the laws embodied in the
logic of perception and accounts for why a particular image can mean that
my watch is pointing at 4.

ExampLE 3. There is also a systematic relation between utterances of a
certain type, those in which someone uses the sentence

I’s4p.m. 3)
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and the state of affairs of its being 4 p.m. That is why you can infer that it is
4 p.m. from my telling you. This relation is just what we try to capture in
discussing the truth conditions of sentence (3).

There are many other constraints on the use of the sentence (3). For
example, there is a conventional constraint that one should believe what
one says. There is a certain type S of belief that is associated with sincere
utterances of (3), and having a belief of type S is, in turn, systematically
(but not unconditionally) related to its being 4 p.m. It is not part of the
truth conditions of the sentence, but it is one of the constraints English puts
on the use of the sentence, that one have a belief of type S when one
asserts (3). So, from a psychological point of view, this relation between
utterances of the sentence and certain mental states is also part of the
meaning of the sentence.

In all these cases, we see that the reason a particular state of affairs s has
a particular meaning, is that it is of some type S, and that type of situation
involves there being a situation s’ of a second type S'. There are many ways
one type S can involve a second type S'. One can cause the other or be
characteristically caused by the other, for example. On the other hand, it
can be a conventional relation, as when s is an utterance describing s’.
What is common, though, is that actual situations of type S involve there
being actual situations of type S’. We describe this state of affairs, that is,
this relation between types of situations, by writing

S > 8.

So, what we are claiming is that a situation s has the situation meaning that
there is a situation of type S§' if there is an actual constraint § = S’ such
that s is of type S.

When we search for the ““logic” of some activity, what we are after is the
collection of constraints § = S’ that govern this activity. For example, the
logic of perception consists of the set of constraints that govern perception.

Among the various states of affairs and events in the world are mental
(or brain) states of affairs and events, and these types of situations are also
systematically linked to other situations, external and internal. The type of
image of a clock pointing at 4 normally involves there being a clock
pointing at 4. Let us use #S, #S', etc., to vary over situation types of
mental situations. Fix a given agent a. In order that a be able to
discriminate situations of type S, there must be a type #S of mental state
that, under normal conditions, means that there is a situation of type S.
That is, if a is in a mental state of type #S, then, under normal
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circumstances, there is a situation of type S. In symbols, what is required is
that #S = S. Under other conditions, usually more stringent, one also has
the converse, § = #8S.

We can now say roughly what it is for an agent a to be attuned to a
constraint C, say, S = S’. What we need is for the agent to be able to
discriminate these types of situations and for the types of mental situations
involved in the discrimination to be suitably linked:

S§=> 8

v oy *
#S > #S'

For example, a’s being in a visual state of type #S involves there being
an actual scene s of type S, with such a scene involving there being a
situation s’ of type S’. Going around the other way, a’s being in a visual
state of type #S causes a to go into a belief state of type #S’. And that is
systematically linked to states of type S’. That the agent a is attuned to the
constraint C amounts to the constraint #C: #S = #S' being actual. The
second constraint is what accounts for the agent’s being able to make the
inferences that keep his mental state “in synch” with reality.

We can now see, in a very general way, what the study of commonsense
logic should give us. External states, processes, and events have their logic;
mental states, processes, and events have their own logic. The latter
processes are, in general, “inferences” about the former. Sound inferences
are those that meet the conditions necessary to ensure that the resulting
mental states contain information concerning the external situations they
are about. The problem for our subject, then, is to get clear about these
conditions necessary to preserve information. It is not an easy matter.

3.2. The multiplicity of things a situation can mean

If situation meaning is a consequence of situation-type meaning, why
(some have asked) make all the fuss about the distinction between the
situation meaning and situation-type meaning in the previous section?
First, of course, the distinction was needed simply to sort out how we use
the word means, to motivate the kind of theory I am proposing. But, more
important, it is crucial if we are to understand how it is that one state of
affairs or event can mean so many things. A given situation, be it ever so
simple, is going to be of more than one type. And each of these types can
play a role in one or more constraints. Suppose, for example, that s is of
both types S1 and S2. And let us suppose that there are constraints CI and
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C1’ involving situations of type S1 and C2 and C2’ involving situations of
type S2. A given agent could extract information from s if it were attuned
to any nonempty subset of these four constraints, so we have a total of 15
possible sets of constraints. Any such set will generate a situation meaning
from s. When we speak of the meaning, of any given situation, we are
speaking relative to some set of constraints.

Nowhere is this more important to remember than in the study of
linguistic meaning. A given utterance of “‘It’s 4 p.m.”” can mean all kinds of
things, besides just that it is 4 p., since the utterance is of many different
types. In our book, Perry and I concentrate on what the utterance means
about the described situation, because we are primarily interested in the
straightforward use of language to convey information. Thus, we identify
the linguistic meaning of declarative sentences with the specific constraints
that holds between utterances of the sentence and situations described by
such utterances. By picking out one constraint, the one that holds between
the types of utterances of sentence (3) and the types of situations it
describes, and calling that the linguistic meaning of (3), we are betraying
the fact that our primary concern is for the subject matter of the sentence,
for finding out what it is talking about and what it is saying about that
subject matter. This does not preclude our accounting for the fact that such
utterances also mean other things, that the sentence has psychological
meaning or even meaning as to the state of our vocal chords, in virtue of
utterances being of many different types at once, types that can play a role
in other constraints to which people can be attuned. My utterance of (3)
meant that it was 4 p.m. relative to certain constraints. But to an onlooker
with different concerns and abilities, someone who is an expert at placing
people by their accents, it might mean that I am from the American
Midwest. So, too, in the case of the bid of 5 clubs in bridge. To Dretske,
holding some aces, it meant that his partner had no aces. To his opponents,
it may have meant that his partner had 0 or 4 aces.

This only scratches the surface of the complexity involved. Consider an
utterance of

My watch says that it’s 4 p.m. but it is slow. 5

Such an utterance would not, under normal conditions, mean that it is 4
p-m. If anything, it would mean that it is after 4 p.m. Yet it contains a
subutterance of sentence (3).

The conventional constraints of English relate the meaning, of (3) with
that of (5). More generally, the rules of English relate the meaning, of
complex expressions to those of its constituent expressions. That is what
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allows us to generate expressions that have never before been uttered and
use them to convey information. It also allows us, however, to generate
utterances that do not mean what they say. Consider:

The earth is flat. 6)

The sentence has a meaning, as projected by the rules of English, but no
utterance of it can ever mean, that the world is flat. It can, of course,
relative to certain other constraints, mean;, that the speaker believes that
the world is flat.

So, to repeat, in our theory, meaning is a product of constraints that hold
between types of situations, constraints to which an agent is attuned. To
work out a theory based on this picture requires us to develop (a) a theory
of situations, (b) a theory of situation types, and (c) a theory of constraints
that hold between types of situations. The logic of any particular natural
activity will be the set of constraints that govern that activity. To
understand inference, which has its own logic, we need to recognize that
there are, in general, two parallel sets of constraints, one on some activity
A and the other on cognitive activity about A, and we need to understand
the relations that enable cognitive activity to adequately “‘track™ the
activity it is about.

Perry and I have tried to initiate this development in our book, but we
have said next to nothing about inference or logic. We start with real
situations. For life to be possible, there must be similarities or uniformities
across various distinct situations. Among these are individuals, properties,
relations, and spatiotemporal locations. We then represent situations in
terms of individuals having properties and standing in relations at various
spatiotemporal locations. We next develop a theory of situation types
(actually, we called them event types in the book), so that we can say what
it means for a situation to be of a given type. We use situation types and
schemata (sets of situation types) to spell out a theory of constraints as
relations between types of situations (and schemata). The relation is that of
one type S of situation involving another type (or schema) S’ of situation.
Within this theory of constraints we can make the distinction between
various kinds of constraints, including that between natural and conven-
tional constraints, as well as account for both external and psychological
significance.

We can now spell out the difference between situation meaning and
information. Both have the same general form: A situation s contains the
information that it is 4 p.m., say, if there is an actual constraint $ = S’ so
that s is of type S and every situation of type S’ is one in which it is 4 p.m.
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What else is required for s to mean that it is 4 p.m.? It seems that we do not
talk -about meaning unless there are agents that are attuned to the
constraint S = S. The situations we perceive presumably contain much
more information than they do meaning, because no living creatures are
attuned to the appropriate constraints. In this sense, science is a search for
meaning.

3.3. Inference

Central to the commonsense notion of logic are the interlocking
concepts of meaning, inference, and information. Resting behind these is
the idea of a law, pattern, or constraint, as we have come to call them.
Inference is an activity that attempts to use facts about the world to extract
additional information, information implicit in the facts. As we saw above,
a sound inference is one that has the logical structure necessary to serve as
a link in an informational chain.

This definition of sound inference, placing it within the context of the
flow of information, does not exclude the traditional one, in terms of
truth-preserving rules in a language; rather, it expands on it. One sen-
tence’s being a logical consequence of others is but one way that we extract
information out of our environment by making sound inferences.

Looked at within the theory of information flow, however, an important
shortcoming of the tradition within the semantics of natural language
emerges; it has no notion of subject matter, of what in particular an
assertion or argument is about. The emphasis on situations in situation
semantics can be seen as an attempt to work out a notion of the particular
subject matter of a statement. Statements are about situations; informative
statements contain information about the situations they are about.

Statements, like arguments and inferences, are particular kinds of
situations themselves, events in which someone says something. The
meaning of a sentence is a conventional constraint between those types of
situations where the sentence could be informatively asserted and those it
would thereby describe. Traditional approaches to inference through the
notion of logical consequence examine one very narrow sort of conven-
tional constraint, those involving the meanings of the so-called logical
constants. A genuine explication of the commonsense notion of logic must
examine these constraints in the context of all the other constraints that
enable cognitive agents to pick up information from their environment and
to serve as links in informational chains, transmitting information from one
to another. Turning this view into a genuine mathematical theory is an
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exciting but enormous challenge. In a sequel to this paper, I hope to use the
technical machinery sketched in Perry’s and my book to develop the view
of logic set out here in more formal detail.
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A LINGUISTIC TURN: NEW DIRECTIONS IN LOGIC

JOHAN VAN BENTHEM

Centrale Interfaculteit, Rijksuniversiteit Groningen, The Netherlands

1. Formal semantics

Modern logic has derived its main inspiration from the science of
mathematics, with important and well-known results. The time has come
now to reconsider a more traditional source of inspiration, emanating from
natural language. Some new directions in logical research on the common
border with modern linguistics will be presented here.

Over the past decade, there has been a vigorous development of logical
semantics of natural language — in the spirit, if not always according to the
letter of Richard Montague’s pioneering approach (cf. MONTAGUE 1974).
Thus, theories arise aiming at a combination of a linguistically faithful
grammar with a logically precise model-theoretic interpretation. As in all
healthy disciplines, two main types of question are generated in this way.
One is more empirical, concerning the ‘how’ of particular linguistic
phenomena, another is more theoretical, explaining the ‘why’ of the
matter. Especially in the latter direction, there lies a lot of logic.

General developments in the research program of Montague semantics
show various phases. Originally, there was the concern with a general and
systematic ‘fit’ between grammatical constructions of natural language and
their denotational counterparts in semantic models. That this was at all
possible is a major insight from this early phase. Nevertheless, this very
global concern as such has not inspired much original logical research. Two
exceptions are JANsSEN 1983, containing a universal algebraic investigation
of the Montague framework, and vaNn BENTHEM 1984c, studying a
‘semantic hierarchy’ arising by imposing various constraints on the compo-
nents of the Montague format. Thus, one might arrive at a discipline of
mathematical semantics, comparable in aims and generality to the existing
field of mathematical linguistics.

205
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In a second phase, however, questions of linguistic ‘fine-structure’ have
come to the fore. Many of Montague’s original proposals have been
modified, and extended. Thus, interesting formal analyses have appeared
describing the logic of various natural language constructions beyond the
usual province of logic. Montague’s own analysis of tense and modality is a
case in point, though still derived from traditional philosophical logic. Less
traditional examples of clear logical interest may be found in the logic of
tense and aspect (cf. Kamp 1979), the study of conditionals (cf. KRATZER
1981), or the analysis of comparatives provided in KLEIN 1982, vaN
BENTHEM 1982.

But also, in between global questions of categorial fit and detailed
description of single lexical items, there lies an intermediate level of logical
interest. Given a certain category of expression in natural language and its
corresponding semantic type, there is a multitude of possible denotations,
only a fragment of which is realized by actual expressions. Thus, there
arises a systematic study of plausible constraints, bearing some re-
semblance to Montague’s ‘meaning postulates’, in order to focus upon the
essential denotations. For the case of noun phrases and determiner
expressions, this type of study was initiated in BARwIsE and CoorER 1981,
KEENAN and Stavi 1982, which have sparked off many subsequent publica-
tions. It is this theme which will be elaborated in this paper. We shall give a
survey of the theory at its present stage, while adding several new results to
the existing literature.

But already a fourth phase of development may be discerned. The
Montagovian mode of semantic description is concerned with already
established interpretative ties between linguistic items and their denota-
tions, rather than with the dynamics of an utterance in context acquiring its
meaning. One richer perspective is found in the discourse representation
theory of Kamp 1981, which adds a level of mental constructs ‘mediating’
between language and model. Evidently, there are fundamental logical
questions at issue here, since truth now becomes a more complex relation
between sentences, models and discourse representations. Moreover, a
study of inference would now seem to presuppose processing of such
representations.

Another notable development belonging to this fourth, more dynamical
phase is the situation semantics of BARWISE and PERRY 1983. Within the
present scheme, its contribution may be described as a systematic charting
of all logical aspects implicit in actual situations of utterance. Again, a
significant widening of logical research is being proposed here, not only as
regards varieties of inference, but even as to the very mechanism of
concept formation. At the moment, the logical research lines inspired by
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this fourth phase of semantic theory still represent promises rather than
achievements. For this reason, the present exposition will be confined to
the third phase, where at least a body of results can be shown to justify
further expectations. Eventually, however, the same logical themes can be
pursued in a fourth phase setting too.

Finally, despite the above linguistic motivation, this is a paper on logic,
not primarily on linguistics. We shall be concerned with general patterns,
rather than with all concrete empirical details of actual usage. Beyond a
certain borderline, the latter will hamper, rather than stimulate logical
research. But our linguistic turn does show that this border lies much closer
to the realities of natural language than modern logical orthodoxy has
suggested for too long a time.

2. Generalized quantifiers

The basic pattern of natural language sentences is encapsuled in the
following two grammatical rules:

sentence = noun phrase + verb phrase,
noun phrase => determiner + noun.

It is the determiner expressions which provide the logical ‘glue’, relating
the subject term with the predicate term; as in the basic pattern of
traditional logic:

(DX)Y.

Examples are the usual quantifiers all, some, three, but also, e.g., most,
many, enough, all but two, and even expressions such as too few, some but
not all, Mary’s. Here is where much of the logical action occurs, and
accordingly, we shall study the linguistic category of determiners.

One very convenient approach to these matters employs the notion of a
‘generalized quantifier’, implicit in Montague’s work, whose linguistic
significance was brought out explicitly in BARwISE and Cooper 1981. (In
mathematical logic, the idea dates back to Mostowsk1 1957.) Disregarding
intensional phenomena, any noun phrase may be regarded as denoting a
set of sets of individuals, viz. the denotations of those verb phrases to
which it applies. Thus, e.g., for any given universe E,

lall X]={B C E |[X]C B},
[some X]={B C E [[X]N B##},
[most X]={B C E ||[X]N B|>IX]- BI}.
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These denotations exhibit various mathematical structures which can be
used in classifying linguistic items and formulating hypotheses about their
behaviour.

For our purposes, it is profitable to ‘flatten’ the above analysis, viewing
determiners as denoting relations between predicate extensions:

[all] AB if ACB,
[some] AB if ANB#(,
[most] AB iff |[ANB|>|A-Bj|.

For a convenient visualization of this view, Venn diagrams may be used, as
in Fig. 1.

In certain cases, the determiner denotation may depend on the universe
E; as with (relatively) many, meaning that the proportion of B in A
exceeds that of B in the universe E. Hence, in general, a generalized
quantifier Q now becomes a functor assigning, to each universe E, some
binary relation Qr between subsets of E.

Evidently, there are many more possible generalized quantifiers than are
realized in actual determiner expressions of natural language. Thus, one
major query becomes the search for plausible constraints. Some interesting
results in this direction have been obtained in KEENAN and Stavi 1982,
WESTERSTAHL 1982, 1984 and vAN BENTHEM 1983a, 1984b. We shall mention
a few of them in due course, while adding various new notions and
theorems.

One conspicuous constraint must be mentioned at the outset, as it makes
the whole topic rather different from earlier logical investigations of
generalized quantifiers, as found in abstract model theory. Attention will
be restricted to finite universes E. These are the proper sphere for a
linguistically oriented semantics, where our intuitions feel at home — with
the extrapolation to the infinite realm occurring only afterwards, if at all.

Fig. 1.
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The only thing lost in this way seem to be some esoteric set-theoretic
questions, while the gains are considerable.

After these preliminaries, we may now turn to our first concrete theme
of logical investigation.

3. Logical quantifiers

Usually, the existence of a limited set of logical constants is taken as an
ultimate fact. But, why are there just these? Such metaphysical questions
seem to be beyond the realm of logic itself. As it turns out, however, exact
answers may be obtained here by formulating plausible intuitive con-
straints on logicality of generalized quantifiers.

General constraints

A first general condition ensures the priority of the first argument in a
generalized quantifier relation, setting the scene as it were:

CONS For all E, A,BCE,
O:=AB iff Q:A(BNA).

This requirement is called Conservativity; and it has been defended for
determiners in general in KEeNaN and Stavi 1982. Further motivation for
this and the following conditions may be found also in VAN BENTHEM
1984b.

More specific for logical quantifiers is their ‘topic-neutrality’: no indi-
vidual plays a distinguished role. Equivalently, it is only the numbers of
objects in the four slots of the earlier Venn diagram which determine the
truth of the statement that QzAB:

QUANT For all E, A,BCE, and all bijections 7r defined on E,
Q:AB ift Qﬁ[E]’TT[A]’TT[B].

In particular, this condition of Quantity requires that Q be invariant under
permutations of the universe E. As soon as distinguished individuals do
play a role, this invariance may disappear, as in the case of the determiner
expression Mary’s. (Cf. van BENTHEM 1983a.) And indeed, eventually, our
study can be generalized so as to do without Quantity (cf. Section 6).

Moreover, logical quantifiers are ‘context-neutral’ (unlike the earlier
mentioned sense of many):

EXT Forall E AL BCECE'
Q:AB iff QerAB.
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This postulate of Extension will enable us to drop the subscript ‘E’ where
convenient.

With these three conditions, logical quantifiers may be represented as
subsets of the free of numbers (a,b) (a =|A — B|, b =| A N B), depicted
in Fig. 2. The quantifier Q is given as the set of couples at which it holds.
Further conditions on quantifiers will now translate into geometrical
constraints on such sets. (Notice that the adequacy of this tree representa-
tion, conversely, implies the earlier three postulates.)

Finally, if the relation Qg is really to depend on its second argument;
alternatively, if the relevant logical constant is to do some work for us, it
ought to exhibit some Variety of behaviour:

VAR For all ## A CE, there exist B, B'C E such that
Q:AB, not Qz:AB'.

This requirement, though not essential, will facilitate the exposition
considerably. Its geometrical effect in the tree is this: every horizontal row
must contain both + and — cases of the quantifier. (Notice that this rules
out quantifiers such as at least two, at most three. But then, Variety may be
dropped later on — be it at a combinatorial price.)

Against the background of these general constraints, various classes of
actual logical quantifiers may now be analyzed in terms of special proper-
ties.

Special conditions: monotonicity

One of the most common notions in this area is stability of the relation
under increases or decreases of its arguments. This phenomenon of
Monotonicity comes in various kinds, indicated by the following notation:

Q is MON 1t if QzAB, BCB' implies QgAB’,

|A|: 0
1
2
3

Fig. 2.
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Q is MON| if Q.AB,B'CB implies QzAB’,
Qis 1MON if QzAB,ACA’' implies QzA'B,
Qis |MON if Q:AB,A'CA implies Q:A'B.

For instance, all is { MON 1, some is 1 MON 1, while most is merely
MON 1. Various uses of these notions are found in BARwIsE and COOPER
1981, who call the right-hand form ‘monotonicity’ and the left-hand form
‘persistence’.

The latter property turns out to be the defining characteristic of the four
quantifiers in the classical Square of Opposition: all, some, no, not all.

3.1. THEOREM. The Square of Opposition consists of precisely the persistent
logical quantifiers.

Proor. That all these quantifiers are persistent follows by inspection of
their monotonicity types. (In addition to the above observations, no has
IMON | and not all 1 MON| )

Conversely, consider any persistent logical quantifier in the tree. There
are only four possible top triangles in the tree (by VAR, the second row
must already have + — or — +). Each of these determines one quantifier in
the tree, through the following observation on the geometric effect of
persistence:

— 1 MON means that the whole downward subtree generated by a point
in the quantifier belongs to that quantifier,

— | MON expresses the upward mirror image property of 1 MON.
Now, e.g., a top triangle ., already violates 1 MON; whence the corres-
ponding quantifier must be | MON. This again implies that + can only
occur on the left edge of the tree (otherwise, the indicated — would have to
be +); where indeed it must occur by VAR. Thus, this case determines the
quantifier no. The remaining three cases are similar. [J

Even without Quantity, this characterization obtains, but now involving
both sides of monotonicity.

3.2. THEOREM. Without Quantity, the Square of Opposition consists of
precisely the doubly monotone quantifiers.

Proor. Here is a sample argument. Suppose that Q is doubly monotone,
of type | MON | . It will now be shown that Q must be the quantifier no.
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(1) Suppose that A N B =@. Choose ## A' D A. For some X, QA'X
(VAR), and hence QA@ (| MON | ). It follows that QAB (CONS).

(2) Suppose that QAB. Then Q(A N B)B (| MON), and so (A N
B)(A N B) (CONS). By MON |, XA NB)X for all X, and hence
ANB=§ (VAR). O

Without right-monotonicity, however, there exist non-quantitative per-
sistent quantifiers outside of the Square of Opposition.

ExameLE. Fix any object a. Set QAB if
{A NB={a}, a€A,

ANB=§, af A.

This quantifier satisfies all general postulates, except Quantity. Moreover,
it is downward persistent (though not monotone either way).

Special conditions: continuity

Monotonicity rules out such ordinary quantifiers as one or all but one,
whose tree patterns fail to obey the relevant geometric constraints. But,
these are still definable as Boolean combinations of monotone ones. For
instance, one is equivalent to some and at most one (where the latter
quantifier has monotonicity type | MON | ).

Another, less restrictive condition with a similar flavour is Continuity.
Logical constants should be ‘continuous’ in the sense that, given any
situation QgAB, increasing or decreasing the relevant sets can change the
truth value only once. In more formal terms,

CONT () If B_C B C B, and QzAB,, QzAB,, then Q:zAB;
and likewise for — Qg,
(2, 3) Similar principles for varying the sets A — B (with fixed
A NB)and A N B (with fixed A — B).

In terms of the tree of numbers, looking in the three main directions <, ./,
N reveals at most one change of truth value. For instance, in any
horizontal row, this amounts to a choice between MON 1 or MON | .
Again, there is a simple geometric meaning to this condition. At every
row, a continuous quantifier consists of a + segment and a — segment.
Across the rows, corresponding segments lie on the same side. Moreover,
the ‘transition point’ in the + segment can only shift one position towards
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the left or right at a time, when moving down to the next row. Thus, the
continuous quantifiers are given by the patterns of Fig. 3. (The exact
combinatorial argument is omitted here.) It follows that there are already
2" of them, in contrast to Theorem 3.1.

There exists a natural connection between this notion and a speculation
in BARwISE and Cooper 1981 concerning the complexity of establishing the
quantifier relation.

ExaMPLE. On a universe with n elements, it takes at least one inspection to
falsify a universally quantified statement, and at least n to verify it. But,
€.g., exactly one is of a higher count complexity, requiring at least two
inspections for falsification and n for verification (n =2).

The idea would be that natural language has a preference for basic
lexical determiners of ‘minimal complexity’. To make this precise, VAN
BENTHEM 1984c defines the logical quantifiers of minimal count complexity
to be those Q for which, on each universe with n elements, there exists a
minimal refutation pair (i,j) (i +j=<n) and a confirmation pair (k,1I)
(k +1 =< n)such that every pair (r, s) with r + s = n is determined by them:

(rs)EQ ifk=<randl!lss,
(rs)2Q ifi<r andjs<s.

It is easily seen that, in this case, i +j+k+[=n +1. Le., all (and indeed
all quantifiers in the Square of Opposition) are of minimal count complex-
ity; but so are most, least and many others.

In the tree of numbers, minimal count complexity means that each row
consists of two adjacent + and — parts forming the base of complete +
and — triangles. By a geometrical argument, we now have a surprising
connection.

Fig. 3.
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3.3. THEOREM. The continuous quantifiers are precisely those of minimal
count complexity.

Proor. It suffices to note that the two mentioned geometrical descriptions
are equivalent. []

Special conditions: uniformity

The general framework of our postulates is also an excellent laboratory
for testing out more volatile intuitions. For instance, there is a strong
intuitive conviction that logical constants should behave ‘uniformly’ across
various situations. In its strongest form, this becomes

UNIF Equal truth values in the tree generate equal (downward)
tree patterns.

The effect of this Uniformity condition is recorded in the next result.

3.4. THEOREM. The uniform logical quantifiers are precisely the following:
no, an even number of, all, all but an even number of, some, an odd number
of, not all, all but an odd number of.

ProoF. By Variety, there are only four possible top triangles. Each of
these splits up into two possibilities for the third row, after which the
patterns have become fixed. [

An obvious weakening of this condition would allow a finite variety of
tree patterns for each truth value: UNIF*. This lets in quite a few
additional quantifiers, many of them of a well-known kind.

3.5. THEOREM. Assuming Continuity, the UNIF* logical quantifiers are
precisely those which are first-order definable in a monadic first-order
language (with vocabulary X, Y, =).

PRooF. By Fraissé’s characterization of first-order definability in terms of
insensitivity for back-and-forth connections of suitably high complexity,
the hallmark of first-order definability for Q is this:

There exists a number n such that, whenever ANB=,A'NB’,
A-B=,A"-B’, then OAB ifft QA'B’;
where U=,V if |U|=|V|<nor|U|,|V|=n.

In particular, for such quantifiers, there exists a row a + b =2n in the
tree whose truth values ‘propagate’, as in Fig. 4. (Notice the ‘characteristic
triangle’ below (n, n).)
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A2 NN

Fig. 4.

Evidently, quantifiers with such a pattern satisfy UNIF*: at some finite
stage, they calm down. But also conversely, continuous quantifiers satisfy-
ing UNIF* must reach such a stage. For instance, suppose the tree pattern
is as in Fig. 3, with + values on the right-hand side. If no point on the right
edge of the tree generates a downward triangle which is completely +,
then, by UNIF*, no arbitrarily large south-east + sequences can emanate
from this edge, and hence there is some upper limit to these sequences.
Thus, the tree either contains some downward triangle which is completely
+, or one which is completely —. Additional arguments about the
diagonals adjoining such trees in uppermost position will then establish the
existence of a ‘stable row’ as described above, and hence of first-order de-
finability. [

The preceding results illustrate two important types of question:

— definability: how do quantifiers in the above classes relate to those
definable in the standard logical languages?

— hierarchy: how can these conditions be used to classify quantifiers in
a natural way?

Perhaps the best example of a hierarchy arises with a slightly different
perspective upon uniformity. Continuous quantifiers had the property that
their true/false boundary can only shift one step at a time in going down the
tree. This leads to a natural classification by degrees of uniformity,
counting from the top position:

one-step shift pattern repeats itself: all, no, some, not all,

two-step shift pattern repeats itself: add most, least, not most, not least,

etcetera.

Thus, one sifts out the better-behaved higher-order quantifiers stage by
stage.

To conclude, the enterprise of this section has been to explore the nature
of logicality, searching for ‘natural kinds’ of quantifier. Nevertheless, our
results do not indicate why natural language, or the human mind, should
care to entertain these: deeper explanations are always possible. We have
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made it intelligible, however, why, on reasonable assumptions, a small
number of patterns must recur — rather in the spirit of the catalogue of
forms occurring in René Thom’s account of morphogenesis. Even a logical
treatment of this kind of question already constitutes a significant widening
of the traditional subject matter of logic.

Appendix: some further topics of current research

As these sections are intended to give an outline of main ideas, rather
than an exhaustive survey of ongoing research, a few further special themes
will be appended briefly.

(1) Closure conditions. One may also study classes of quantifiers from an
inductive point of view, admitting basic cases, and then closing under
certain constructions — notably Boolean operations. For the interplay of
this point of view with the present one, approaching from the outside by
accumulating restrictive conditions, cf. KEENAN and Stavi 1982, vAN
BENTHEM 1983a. (Keenan and Stavi raise several interesting questions
about definability of determiner denotations, in an algebraic setting related
to the present one. Notably, the important class of conservative determin-
ers has an inductive definition ‘locally’, though not ‘uniformly’.)

(2) Other special postulates. Various other versions of continuity and
uniformity, as well as other conditions may be found in VAN BENTHEM
1984b, 1983a.

(3) Definability results. Deeper results than Theorem 3.5 exist. Two
examples are the following:

— even without VAR, left-monotonicity implies first-order definability
(WESTERSTAHL 1984),

— even without VAR and CONS, double monotonicity implies first-
order definability (this follows from the proof of Theorem 4.2.1 in vAN
BENTHEM 1984b).

(4) Counting problems. On a universe with n elements, there are

— 2" general quantifiers,

— 2" CONS general quantifiers (KEENAN and Stavi 1982),

— 2% QUANT general quantifiers (HIGGINBOTHAM and May 1981),

— 202 CONS, QUANT general quantifiers (vAN BENTHEM 1984b).
Many more results on the numerical effects of proposed conditions are in
THUssE 1983 — where familiar mathematical notions turn out to be
relevant in this area. For instance, the Fibonacci series is needed in
counting left monotone continuous quantifiers. Perhaps the most impor-
tant open counting problem, with a mathematical history, is the following:

What is the number of CONS, MON 1 general quantifiers?
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(5) Computational complexity of denotations. The above quantifiers can
also be viewed as procedures for computing truth values. For instance, the
UNIF* ones are those representable by finite state automata. This view-
point is developed in vAN BENTHEM 1985.

4. Patterns of inference

When viewed as binary relations, quantifiers exhibit many familiar
properties: reflexivity, transitivity, symmetry, linearity, etcetera.

ExaMpLE 1. All is reflexive and transitive,
not all is irreflexive and linear,
some is symmetric and quasi-reflexive (Vxy(Rxy — Rxx)),
no is symmetric and quasi-universal (Vxy(Rxx — Rxy)).

These properties were used in formulating semantic universals in
ZwarTts 1983, 1985. For instance, studying actual lists of natural lan-
guage expressions, he noted systematic gaps such as the following: “no
human language has asymmetric determiner expressions’”.

One motive in starting the earlier general study of quantifiers has been
the wish to evaluate such semantic universals. For instance, in this
particular case, one can prove that the statement is true for all logical
quantifiers in the earlier sense (cf. vaN BENTHEM 1984b). A short repetition
of the relevant argument will show how one can argue about such matters.

ExampLE 2. There are no non-trivial asymmetric logical quantifiers.

Proor. Let Q be any non-trivial quantifier; i.e., QAB for some A, B.
Consider A, A N B only — and add a new individuals, to form A* as in
Fig. 5. Then we have: QAB, QA(B N A)(CONS), QA(A*N A), QAA*
(CONS) and hence QA*A (QUANT). Thus, Q cannot have been
asymmetric. []

ANB
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A further discussion of the status of this and other semantic universals,
and the role of logical and mathematical considerations in evaluating them,
is found in vAN BENTHEM 1984c.

(Evidently, not all proposed semantic universals will be a priori true, as
in this particular case.)

Sometimes also, these relational conditions characterize a particular
quantifier uniquely.

ExaMmrLE 3. Modulo Variety, all is the only reflexive, transitive quan-
tifier.

Proor. For the non-trivial direction, let Q be reflexive and transitive.
(1) If ACB, then ANB = A, and we have QAA (reflexivity), OQAB
(CONS). (2) If QAB, then also Q(A —B)A (as in (1)), and hence
Q(A — B)B (transitivity). Then also Q(A — B)# (CONS),andso A — B =
8 (VAR);ie., ACB. [

From a more general logical point of view, these relational conditions
are nothing but basic patterns of inference. In that light, the present query
amounts to reversing the usual logical investigation. Instead of giving the
logical constants, and determining their valid inferences, one is giving the
inference patterns and asking for the range of constants (if any) validating
them. This new type of ‘inverse logic’ may by explored quite systematically,
for all possible inferential theories.

For instance, for syllogisms mostly negative results are found, as in the
above: no plausible inference patterns have remained unused in the
tradition. A prominent example of a ‘failed syllogism’ is in vAN BENTHEM
1984b:

4.1. THEOREM. There are no non-trivial circular quantifiers, satisfying the
inference pattern QXY, QYZ/QZX.

But there are also pleasant characterizations, such as the following result
from the same paper:

4.2. THEOREM. The quantifiers in the Square of Opposition are each com-
pletely determined by the conditions mentioned in the first example.

It may be instructive to compare this result with existing attempts at
proof-theoretic characterization of the logical constants (cf. ZUCKER 1978).
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Without the assumption of Variety, classification results become more
complex combinatorially. Nevertheless, henceforth, Variety will be drop-
ped — and the only assumption remaining is that quantifiers are to be
non-trivial: i.e., they are neither empty nor universal. For, after all, there is
a counteracting consideration which may compensate for this.

In traditional syllogistic, several quantifiers may interact in the same
inference, unlike in the earlier pure cases. Thus, the above questions of
existence and characterization also arise with respect to several quantifiers
at once. For instance, in addition to the above properties of all, some, there
is also their combined inference

all XY, some XZ/some YZ.

Even so, there are usually whole ranges of solutions. One telling result is
the following; allowing both statements QXY and their negations in
inference patterns.

4.3. THEOREM. The complete syllogistic theory of ‘some’ and ‘all’ is
satisfied by precisely all couples {at least n X are Y ; there are at mostn —1 X
orall Xare Y), withn=12,...

Thus, in a sense, classical logic fails to enforce its intended interpretation.

Proor. The argument proceeds in two stages. First, the class of possible
solutions is narrowed down to the above list. Then, it is shown that all of
these validate the same syllogistic inference patterns.

First, the earlier relational conditions on Q, = some, Q,= all already
restrict the possibilities to the following (cf. WESTERSTAHL 1984):

— Q, must be at least m X are Y, for some m =0.

By way of illustration, notice that, wherever Q, has a + position, its
entire north-east/south-west diagonal will be contained in Q,: symmetric
quantifiers only depend on their b-values. Moreover, once such a diagonal
occurs, quasi-reflexivity will bring in the whole further right edge of the
tree — and again all its parallel diagonals.

— Q, must be there are atmostn —1 X, orall X are Y, for some n = 1.

The added effect of the above combined inference is this. If, at any row,
Q:X®, and also Q,XY, then Q8Y- and hence Q.00. By the above
observations then, Q, would comprise the whole tree. It follows that the
picture must be as in Fig. 6.

Finally, the combined inference = some XX/all XY implies that m = n.

Next, to prove that all remaining possibilities are on a par, an auxiliary
result is needed.
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a+bz=n-1

some all

Fig. 6.

LEMMA. Any set of (negated) statements (—)Qu»X\Y,...,
(M)OQu Xk Y (with Qux = Q, or Q,) is consistent in one of the above
readings if and only if it is consistent for Q, = some, Q= all.

PrOOF. Let Ay, By,..., Ax, B« be any choice of sets verifying the above
statements for Q, = some, Q.= all (i.e., the n-reading with n =1). This
choice can be turned into a verification for any n-reading (n = 2) by adding
new individuals as follows. Consider any non-empty intersection A N B,
and add n new objects d*®,...,d;"" to both A, B and all sets containing
them both. It may be checked that, for this new choice of sets
A7,Bi,..., Ak, A« (where C" may equal C, if undisturbed in the above
process), all statements in the above list retain their original truth value:

all UV: U"C V" (by construction),

not all UV: U"Z V" (by construction),

some UV: U N V' #0 (by construction),

not some UV: Suppose that U" N V" has become non-empty. Then, by
the construction, U D A,B, VD A, B, and so: UN V#Q.

A similar process works for cases A Z B. Repeating this procedure until
all intersections and non-inclusions have been treated, one obtains a
verification for the original list of statements in which every intersection
has at least n members, while cases of non-inclusion only occur for sets of
size at least n.

REMARK. This part of the proof may also be established much more simply,
by adding n new objects to each non-empty ‘state description’ (—)A; N
(=)BiN---N(—)AcN(—)Bi. The resulting structure is elementarily
equivalent to the original one in monadic predicate logic without identity
— and hence it still verifies the original list in its first reading. But, unlike
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the earlier one, this type of argument does not work in the next part of the
proof.

Conversely, suppose that the above list is verified by some n-reading.
This time, an ordinary reading is required. Instead of removing objects
from intersections, one first adds one new element in ‘some’ and ‘not all’
situations, like above. (Again, it has to be checked that no truth values are
disturbed in this way.) Then, all old individuals are omitted — and it may
be seen that the list is still verified: under the standard reading (n = 1). ]

From the Lemma, the assertion about coincidence of valid syllogistic
inference for the above family of readings follows at once — and the
theorem has been proven. [

Imposing stronger inferential conditions than those expressed by the
present syllogistic forms might still lead to a unique solution. The latter
would be a completeness theorem characterizing the usual quantifiers as
the only ones with their particular inferential behaviour. (Some partial
advances along this line are reported in WESTERSTAHL 1986.)

Another important type of query is the study of the effects of imposing
the above inferential conditions upon a prescribed range of ‘truth defini-
tions’ for general quantifiers, say those expressible in first-order logic. In
that case, e.g., a search arises for ‘preservation results’ for predicate logical
sentences satisfying the above properties.

This section has introduced a second new direction in logic, viz. the
systematic exploration of ‘realizable’ inference patterns. Of course, exam-
ples of ‘inverse logic’ have been at stake whenever some particular
syntactic ‘logic’ is being modelled. But this time, we are after the general
phenomenon.

5. Other linguistic categories

The investigation up till now has been restricted to the linguistic category
of determiners. But, the previous techniques can be brought to bear upon
arbitrary grammatical types: adjectives, connectives, adverbs, etcetera. To
be definite, a categorial grammar will be considered with basic types e
(‘entity’) and ¢ (‘truth value’), allowing formation of functional types (a, b)
(‘from a-denotations to b-denotations’).

One prime example of a condition which generalizes to all such types at
once is Quantity:
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Let 7 be any permutation of the universe E = D,. Setting 7 equal to the
identity on D,, this function may be lifted inductively to all universes D,,
by stipulating for f € D),

m(f) = {w(x), 7(yD [(x, y) E f}.

Now, an object x is quantitative if mw(x)= x for all permutations . For
determiners (type ((e, t), (e, t), t))), this amounts to the earlier formulation.
To see the power of this constraint, notice that, for individual binary
relations (type (e, (t,¢))), Quantity leaves only identity and its Boolean
compounds as logical constants — as ought to be the case.
As a further illustration of this type of enquiry, here are some more
extensive reflections on logical constants.

Connectives

In natural language, the usual Boolean connectives occur as operations
on predicates in the first place; with the sentential connections as a less
frequent case. (Eventually, one comes to see them as operations on almost
arbitrary types; cf. KEENAN and STAvi 1982.) For instance, the former view
was already prior in the formulation of Conservativity:

OXY iff OX(Y and X).

Also, Monotonicity has obvious Boolean formulations of this kind:

OXY/Q(XandZ)Y (V| MON);  QX(Yand Z)/QXY (MON 1).

The effects of earlier general conditions on denotations (Section 3) may
be gauged for such set operations. For instance, consider an arbitrary k-ary

set connective in the light of the above basic requirement (VAN BENTHEM
1983a).

5.1. TueorReM. For any choice of k arguments, Quantity leaves exactly those
values which can be described by some Boolean polynomial.

Other conditions become less plausible in this case. E.g., the comple-
ment operation is universe-dependent; whence it fails to satisfy Extension.
But then, new conditions may be forthcoming for special categories. For
instance, for many operations C, a principle of Restriction is plausible:

REST If E'CE, then, for A,,...,A«CE,
CE'(A1 ﬂE',...,Ak ﬂE')= CE(A,,...,Ak)ﬂE'.
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This condition holds for k-ary Boolean set connectives, and this is no
coincidence (VAN BENTHEM 1983a):

5.2. THEOREM. QUANT, REST characterize the Boolean operations uni-
formly.

Not only the topics of Section 3 return in this wider setting. The
inferential concerns of Section 4 still apply as well.

Query. Which triples of QUANT operations on sets satisfy the complete
set of Boolean identities in —, A, v?

Actually, the earlier phenomenon of ‘multiple solutions’ has been known
for a long time in this particular area, as ‘duality’ of A, v. By way of
illustration, here is a special case.

5.3. THEOREM. In propositional truth value semantics, the complete set of
Boolean identities has exactly two solutions:

—=,A,v and T, V,A.

Notice that identities are necessary here because of the operational
perspective upon connectives. (A sentential inference like ‘X and Y/X’
does not make sense right now.) Therefore, the earlier mentioned connec-
tion with related proof-theoretic concerns is certainly not straightforward.

ProOF. As with Theorem 4.3, the argument proceeds in two stages.

There are at most these solutions. Various valid identities will narrow
down the range of possible solutions to just these two:

— X = X: 7 can only be identity or value reversal.

XAX=X:20,0=0, r(1,1)=1.

XAY=YAX:A0,1)=1(1,0).

(XA X)AaY=X A" X: If 0 were the identity, then X A Y =X
would be valid — and a contradiction arises:

— X=0,Y=1:A0,1)=0

— X=1,Y=0: r(1,0)=1.

So, — denotes value reversal.

For disjunction, similar observations imply v(0,0)=0, v(1,1)=1,
v(0, 1) = v(1,0). Moreover, because of the mixed principle X A (Y v X) =
X: v(0,1)# A (0,1). (Otherwise,
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— if v(0,1)=4(0,1)=0, set X=1, Y=0: a(1,v(0,1))=4(1,0)=0
#1 (the X-value),

— if v(0,1)=A(0,1)=1, set X =0, Y =1: likewise.

That there are at least these two solutions follows by any one of the
familiar duality arguments. []

Connectives and quantifiers

The two main kinds of logical constant may also be combined. For
instance, consider the logic of all and and. This time, Conservativity may
be formulated as a combined inference pattern, rather than a background
postulate. Moreover, of course, there were the relational properties of
reflexivity and transitivity for all alone, while and satisfies the obvious
Boolean identities. These principles already imply several other basic facts:

MON1: all (Y and Z)(Y and Z)
all (Y and Z)(Y and (Y and Z))
CONS
all X(Yand Z) all (Y and Z2)Y
trans
all Xy
J MON: all (X and Z)X (as above) all XY
all ( Xand Z)Y
CONI: all XZ
MON
all (X and Y)Z
CONS
all XY all (X and Y)(X and Y and Z))
CONS MON
all X(X and Y) all (X and Y)(Y and Z)
trans -

all X(Y and Z)

Are there again multiple solutions (within the constraint of Quantity) to
the above mixed inferential theory? One would expect that addition of
connectives will restrict the range of possibilities for quantifiers left open
by Theorem 4.3.



A LINGUISTIC TURN: NEW DIRECTIONS IN LOGIC 225

QuEsTION. Modulo Quantity, does the logic of all, some, and, or and not
fix the interpretation of these logical constants uniquely?

Quantifiers revisited

Within a general categorial framework, quantifiers may also be regarded
differently, as reducers of argument places. Thus, e.g., the quantifier phrase
‘someone’ turns the binary relation ‘loves’ into the unary property ‘love
someone’. This point of view is the basis of predicate logic as developed in
QUINE 1966. Tts major operations on predicates are ‘permutation’, ‘identifi-
cation’ and ‘projection’; of which the latter two are relevant here:

id(R) =a{x |(x,x) ER},
proj(R) =a« {x | 3y (x, y) € R}.

This scarcity of argument drop mechanisms (alse known from linguistics)
may be understood in our framework.

Let us restrict attention to relation-reducing functions sending binary
relations to subsets of their domains. The above examples satisfy Quantity
as a general postulate. Moreover, their special distinguishing feature turns
out to be a well-known mathematical continuity condition:

UNION  For all families {R; |i € I},

5.4. THEOREM. The Quine operations id, proj are essentially the only
relation-reducing functions satisfying QUANT and UNION.

ProOOF. Let E be any universe, with a binary relation R on
E. Any function f satisfying QUANT, UNION will map R to
Ulf(d, e))) I (d,e) € R}. So, it is to be determined what can be assigned
in these singleton cases.
(1) (d,d)E R: f assigns either @ (1.1) or {d} (1.2).
By QUANT, if case (1.2) occurs for any object d, it will occur for all d' € R.
{Consider a permutation interchanging d, d’, while leaving all other objects
fixed.)
(2) (d,e)E R, d# e: f assigns either @ (2.1) or {d} (2.2).
Again by QUANT, case (2.2) either occurs for all doublets, or for none.
Summing up, there are four possible cases:

(1.1, 2.1) f(R) =,
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(1.1, 2.2) f(R) = proj(R) —id(R),
(1.2, 2.1) f(R)=id(R),
(1.2, 2.2) f(R) =proj(R). [

This second view of quantifiers will also arise in the earlier perspective of
Section 2, once determiners are considered, not in subject, but in direct
object position (‘Mary loved every lamb’). In this position, quantifiers no
longer stand for relations between sets, but for functions on sets and binary
relations, yielding sets of individuals. E.g.,

fevery]([love], [lamb]) ={e € E | [lamb] C {d | (e, d) E[love[}}.

In a relational perspective, there is a ternary relation here between an
individual, a binary relation and a property:

Q:e(e, R, A).

What we want, then, is a reduction to the earlier treatment of quantifica-
tion in Sections 2, 3. One strategy is to use a principle of Locality:

Qc(e,R,A) iff Q:(e’,R',A), whenever R, =R.;

with R, =.{d |{e, d)E R}.
Then, given suitable versions of QUANT, CONS, etcetera, for the above
ternary relations, the binary relation

{

can be treated exactly as before.

These few examples will have illustrated how the study of logical
constants can be extended, from the original heartland, to cover all types of
categorial grammar.

There is a more general significance to this move, in the light of our main
theme. After an initial predominance of transformationally enriched
phrase structure grammars, flexible categorial grammars are becoming an
attractive alternative nowadays as a model for linguistic description. But
also from a logical point of view, these grammars are of interest, being
fragments of a certain theory of types. To illustrate this development, and
its attendant logical questions, a brief introduction to a flexible version of
the above categorial grammar concludes this section (cf LamBek 1958,
ZwARTs 1985, vAN BeENTHEM 1983d).

Traditional categorial grammar, with fixed types assigned to linguistic
items, has usually been regarded as an attractive, but inadequate form of
grammatical analysis. (Notably, ‘action at a distance’ between various

(e, R, A)}
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constituents of an expression has turned out difficult to describe.) But then,
there is another, more flexible way of using this grammar, which has a
much greater descriptive potential.

Many expressions of natural language do not stay in one category, but
have a certain freedom of choice, as the linguistic context requires. Several
examples of this phenomenon have occurred already in the preceding
sections. Not can be both sentence negation (type (f,t)) and predicate
negation (type ((e, t), (e, t))); every lamb can have the NP type ((e, t), t), but
also the direct object type ((e, (e, t)), (e, t)), as we have seen. The general
rule here would seem to be this:

(1) occurrences in type (a,b) can also be in type ((c, a),(c, b)).

Another case is the Montagovian raising of proper names (type e) to the
type ((e, t),t), in order for them to fit the NP VP scheme of Section 2:

(2) occurrences in type a can also be in type ((a,b), b).

Thus, a family arises of flexible categorial grammars with systematic
rules of ‘type raising’, which can handle many more phenomena than their
rigid ancestor. Ironically, an elegant grammar of this kind had already been
proposed in LAMBEK 1958, a paper which was ignored in the development
of transformational generative grammar. The connection with logic is
particularly striking in Lambek’s grammar, of which a rough version runs
as follows.

Expressions are evaluated by operating on their associated string of basic
types, allowing all type changes of the form

a > b (a=a;...;a,)
generated by the following ‘calculus of sequents’:

function-elimination: (a,b); a > b

a;(a,b)=>b
function-introduction: a;a > b
a > (a,b)
ExAaMmrLE 1. (a,b); (¢c,a); c > (a,b);a > b

(a,b); (¢c,a) = (c, b)

(a,b) = ((c,a),(c, b))

EXAMPLE 2. a;(a,b)=>0»b
a = ((a,b),b)
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These grammars are finding ever more linguistic applications these days,
even to languages lacking the basic SVO syntax of Section 2.

Another, slightly different motivation for investigating these flexible
categorial grammars is found in van BENTHEM 1984c. Here the view is
proposed that our notions of syntactic grammaticality and semantic
interpretability are largely independent from one another; and categorial
grammar is used in providing a syntax-free account of the latter notion.
Afterwards, some examples are given of ‘completeness results’ relating the
two notions, on the scheme

INTERPRETABLE = TRANSFORMATIONS (GRAMMATICAL).

This is but one instance of a logical question generated by this newer
kind of categorial grammar. Lambek himself considered the more tradi-
tional issue whether his calculus of type change is decidable. (The answer is
positive; by the standard proof-theoretic method of Cut Elimination.)
Another obvious question, this time one of theoretical linguistics, concerns
generative power: in particular, are the languages recognized by the above
flexible grammar still context-free?

But, these grammars also introduce new types of query. For instance,
in vAN BENTHEM 1984c, the issue is studied which variety of raised
types exists for any single given type. There is no total freedom here:
certain ‘invariants’ turn out to be preserved by the above rules; but much is
possible. In particular, the obvious conjecture that an expression evaluates
to a family of types ‘generated’ from its basic type by the above rules (1),
(2) turns out to be false.

Perhaps the most important new question of all is the following. The
above rules of type raising are more or less syntactic in nature. Can a
sensible independent semantics be given for ‘admissible’ type transitions?
If so, the linguist would feel safer, having some semantic constraints on the
exuberance of the above scheme — while the logician might wish to prove
a completeness theorem matching the two concepts of type change. Such
results are indeed found in vAN BENTHEM 1983d, in terms of ‘lambda-
recipes’.

Even from this brief sketch, it will have become clear that the ‘logic of
categorial grammar’ contains various interesting questions, and may well
become a chapter of its own in our linguistic turn.

Appendix: further topics

(1) Determining logical constants in arbitrary categories. Cf.
WESTERSTAHL 1982.
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(2) Formulating conditions applicable to all categories. Cf. WESTERSTAHL
1982, vAN BENTHEM 1983a.

(3) Case studies of particular categories of logical or linguistic interest. For
instance, determiners with more than two arguments (more X than Y are
Z) have been studied in KEENAN and Moss 1985.

(4) From ordinary to flexible categorial grammar. There remains the
matter of the connection between the final part of this section and the
preceding investigation. What is the mechanism for connecting our theory
of Sections 3, 4 and the beginning of S5, as it applies to the simplest
categorization of a linguistic item, with that for its higher occurrences?

(5) The logic of categorial grammar. Various mathematical results on
Lambek grammar may be found in Buszkowsk1 1982, especially concerning
generative power (an area where many open questions remain). Buszkowki
also presents an ‘algebraic’ semantics, for which a set-theoretic possible
worlds variant is found in vaN BENTHEM 1986, chapter 7. Actually, there is a
whole spectrum of Lambek grammars, which can be studied via transcrip-
tion of their derivations into type-theoretic lambda-terms (VAN BENTHEM
1983d contains several applications of this idea).

(6) Operations across all categories. Finally, to extend the present
analysis to full type theory, an account would be needed of ‘transcategorial’
operations, such as lambda abstraction. Such a global categorical perspec-
tive is in line with recent semantic attempts at capturing broad semantic
mechanisms operative across natural language. A tentative survey of this
area is found in vaN BENTHEM 1986, chapter 3. (See also KEENAN and FaLTz
1985.)

6. Variations

Returning to the starting point of this investigation, even the basic
constraints on admissible determiner denotations can be varied as the need
arises. For instance, the realm of infinite universes may be studied after all
— nothing in the preceding actually prevents this.

The two most important variations from a linguistic point of view
concern the postulates of Extension and Quantity. Extension was our
reason in the preceding to disregard phenomena of context dependence.
But eventually, if the linguistic dynamics of context change are to be
studied, an account will have to be provided of relations between various
universes, and possible accompanying changes in denotations. (Indeed, a
study of growth in the finite realm would also be our preference over
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speculation about the infinite.} Most urgent, however, is a liberalization of
Quantity; as this principle breaks down in several cases of immediate
logical interest.

ExaMpLE 1 (genitives). The statement ‘Lucia’s curls are genuine’ need not
be preserved under arbitrary permutations of the universe: it is sensitive to

the underlying ‘possession structure’ among individuals. (Cf. vAN BENTHEM
1983b.)

ExaMpLE 2 (conditionals). Statements of the form ‘if X, then Y’ need not
be preserved under arbitrary permutations of the universe of possible
worlds in intensional semantics: the ‘similarity pattern’ matters. (Cf. VAN
BENTHEM 1984a.)

What is needed here is a transition from Quantity to Quality: invariance
only occurs with respect to some group of E-automorphisms respecting
some relevant structure among individuals in E. Actually, for any quan-
tifier Q, its associated permutation group

Go(E)={m | 7 is a permutation of E and, for all A,B C E,

may be represented (locally in E) as an automorphism group. It suffices to
select a suitable one of its invariant relations among individuals. But of
course, the point is to find interesting invariants across all universes.

A paradigmatic example of qualitative behaviour in logic is displayed by
conditionals ; treated extensively in VAN BENTHEM 1984a. A conditional
statement of the form

if XY
involves a generalized quantifier relation between the set [ X] of antece-
dent occasions and the set [ Y] of consequent occasions. And this relation is
sensitive, in general, to intensional ‘hidden structure’ among such occa-
sions: some are more ‘relevant’ than others.

Two concrete examples of conditionals will illustrate these points about

qualitative analysis, while also providing a connection with the earlier
theory.

ExaMpLE 3 (classical entailment). The logic of this conditional contains
reflexivity and transitivity, as well as Conservativity. By earlier observa-
tions (Section 3), its monotonicity type is | MON % . (Notice that QUANT
was not used in the relevant argument.) Moreover, assuming Variety, this
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conditional must be inclusion (all; cf. Theorem 3.2). Thus, classical
entailment must be quantitative after all.

ExAMPLE 4 (counterfactual implication). The basic (counterfactual) condi-
tional logic of LeEwis 1973 has a much weaker inferential theory. Semanti-
cally, its corresponding intuition is that some antecedent occasions are
more important than others — as stated above. A natural ‘hierarchical’
relation between individual occasions to consider, then, is the following:

x=<y iff if {xyHy}
It can be shown that this preference pattern indeed determines the
behaviour of the conditional.

6.1. THEOREM. A conditional generalized quantifier relation ‘if satisfies the
counterfactual base logic if and only if

(1) its induced relation < is a partial order,

(2) if XY is defined by VxEX JyEXNY x=<Yy.

Proor. ‘Only if’: all transitions in the following argument are valid in
Lewis’ semantics.

(1) Reflexivity: if {x}{x}.
Transitivity: if {x, y}{y} if {y,z}H{z}

if {x,y,z}{y, z} if {x,y,zH{x, z}

if {x,y,zH{z}

if {x,z}{z}.
Antisymmetry: if {x, y}{x} if {x, yHy}

if {x,yHx}N{y}

Now, if {x} N {y} =0, then if {x, y}d. In Lewis’ semantics, this only holds
when {x, y} is empty. It follows that, on the contrary, {x} N {y}#: ie.,
x=y.

(2) First, suppose that if XY. Let x € X. Either x EX N Y (and x < x:
we are done), or x € X — Y. In the latter case, if X(Y N X), and hence if
({x}U (Y N X)) (Y N X). Now, an auxiliary observation is needed, which is
valid in Lewis’ semantics:

Claim. If Y,NY,=0, xZ YUY, then if ({(x}UY,UY)(Y UY>)
implies if ({x}U Y)Y, or if ({x}U Y,)Y-.
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By repeated applications of this assertion, it follows that if ({x} U {y}D{y}
(i.e., x<y) for at least one yEX N Y.

Conversely, suppose that, for all x € X, x <y, for some y, EXNY.
Then, if {x, y.Hy.} (all x € X), and therefore if {x,y.}Y (all x € X; by
MON 1), and if XY follows by Disjunction of antecedents.

‘If”: This time, it is to be checked that all principles of the basic
counterfactual logic follow from the above explanation. It suffices to
inspect the principles of Lewis’ complete axiomatization. By way of
illustration, here is the case of Conjunction.

Suppose that if XY, if XZ. Let x € X. Choose some < -maximal
successor x* of x in X. (Here the fact is used that < is a partial order on a
finite universe.) For some y EXNY, x" < y: it follows that x* =y, and
x" €Y. Again, for some zEXNZ: x*'<2z and hence z =x", and
x'eZ O

The above qualitative analysis of the counterfactual conditional explains
the genesis of ‘hidden patterns’ (usually merely postulated) among possible
worlds in intensional semantics. Many further results in this vein are found
in VELTMAN 1985.

In this connection, other themes from the preceding sections are relevant
too. For instance, the earlier questions of definability now amount to
asking for a range of admissible truth definitions for a given logic.
Especially, in the realm of first-order truth definitions, the earlier condi-
tions on denotations translate into familiar model-theoretic preservation
properties. For instance, a standard argument establishes the following
characteristic result concerning ‘transmitting’ conditions (type | MON 1).

6.2. THEOREM. A first-order sentence in R®, =, X", Y satisfies CONS,
EXT, | MON 1 if and only if it is equivalent to a conjunction of the forms

Vi - - V%, (p(x,,..., X,)— 2; Bx,-) ;
ie
where p is a quantifier-free condition on R, =, and I C{1,...,n}.

Special cases are

— V*x V*y(Rxy — By) (as in modal logic),

— V4x V4y(x#y— Bx v By) (as in the classification of QUANT,
J MON 1 quantifiers given in VAN BENTHEM 1984b).

Thus, the present enquiry also leads to a systematic background study of
semantic modellings in current possible worlds semantics and related
intensional theories.
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Appendix: further topics

(1) Infinite models. The prospects of the present theory in infinite models
are explored in THusse 1983, vAN DEEMTER 1983.

(2) Genitives and other cases. The treatment of genitives in the present
perspective has been started in vaAN BENTHEM 1983b, THusse 1983. (Cf. also
PARTEE 1983.)

(3) Permutation groups G, and their invariants. A general theory of the
emergence of relations among individuals, in order to account for selective
invariance behaviour of generalized quantifiers, remains to be developed.

Several people have suggested that the above kind of analysis would be
particularly useful in the study of temporal connectives, and their influence
upon the underlying conception of the structure of Time. Indeed, the
analysis of Theorem 6.1 can be transferred quite easily to the ‘temporal
conjunction’ connective whenever XY, representing it as V¢ (Xt —>3t'=¢
Yt'), for some reflexive and transitive temporal order =. (Interestingly,
whenever does not satisfy VAR, or even CONS.)

(4) Preservation theorems in qualitative settings. Several results of this
kind are proven in vaN BENTHEM 1983c, 1984a. One typical outcome: for
normal modal logics, the truth definition scheme Llp » Vy (p(x,y)— Py)is
the only possible one.

7. Natural logic

This section is devoted to an old direction in logic. The traditional
subject matter of logic has been the systematic description of valid
inference. Now, the present more linguistic perspective throws some new
light upon this old task as well. The ideal division of labour would be one in
which the logician could borrow the linguist’s grammatical analysis in his
account of inference, instead of having to set up his own shop for producing
‘logical forms’. Some strands in the present enquiry might be useful in
creating such a ‘natural logic’, witness the following tentative discussion.

The relational perspective of Section 2 is quite congenial to the
‘two-term theory’ of classical pre-Fregean logic, which stayed close to the
surface forms of natural language. And there are more specific analogies.
For instance, downward monotonicity of arguments in a quantified state-
ment QXY (cf. Section 3) turns out to be equivalent to what was called
‘distributed’ occurrence in traditional syllogistic. Likewise, upward
monotonicity reflects a classical type of argument called the ‘Dictum de
Omni’:
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“what is true of every X is true of what is X",

In our terminology, if every X is Y, and ‘X’ occurs in upward monotone
position in some statement ...X..., then that same statement holds for
Y:...Y.... The Dictum de Omni has been regarded as the principle par
excellence governing syllogistic inference. Besides, it even extends beyond
the latter into the logic of relations. (For instance, De Morgan’s famous
non-syllogistic relational example ‘All horses are animals. Therefore, all
horse tails are animal tails’ can be subsumed under it, by considering the
true statement ‘All horse tails are horse tails’.) Thus, monotonicity, and
perhaps other conditions in the above would seem to be promising notions
for a natural logic reviving classical ideals.

Now, one classical ideal was that inference should be studied in harmony
with grammatical form. Another important idea, implicit in the formula-
tion of the Dictum de Omni, is that inference rules can be global, operating
at statement level, without presupposing any proof-theoretic fine-structure
analysis. At least in an intuitive psychological sense, this idea seems
realistic. Whether these ideals can be realized in a workable theory of
inference matching the power of Fregean predicate logic remains to be
seen — but we shall outline a program.

A possible set-up for a natural logic comes in several phases.

(1) Grammatical rules. For purposes of illustration, one may think here
of a simple phrase structure grammar, with rules such as the following:
S = NP VP (Sentence, Noun Phrase, Verb Phrase), NP = DetN (Det-
erminer Noun), NP = NP and NP, VP = V(NP) (Verb), V> V and V,
Det = all, some, no.

(2) Inferentially sensitive positions. The Dictum de Omni needs the
following concepts for its precise formulation:

— an occurrence of an expression X in an expression a(X)=--- X --
is positive if [X]<[X']implies [ -- X ---J<[--+ X"+- -] (notation: --- X+--),

— an occurrence is negative when the inverse correspondence holds
(notation: -+ X-+-).

Comments. (a) This formulation assumes the existence of a suitable
inclusion order < on all relevant denotations. E.g., for unary predicates,
< is just inclusion — for truth value expressions, it is the usual order on
{0,1}. Etcetera.

(b) When read in dynamic terms, positive occurrence of X in @ means
both:

— increasing the denotation of X will at most increase that of a,

— decreasing the denotation of X will at most decrease that of a.
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So, the main point of the distinction +/— is that of direct versus inverse
correlation.

Now, in order to exploit positive and negative occurrences in inference,
they must be syntactically recognizable. Thus, this information must have
been built in during the very process of sentence construction.

(3) Inference marking. Marking inferentially sensitive positions requires
several phases. First, the ‘logic’ of certain lexical items consists (partly) in
their +/— effects on their linguistic environment. Then, the +/— effects
of various phrase structure rules have to be taken into account. And finally,
the +/— effects of combined rules are to be established by some rule of
calculation. In this way, sentences are constructed (or understood) with
marked inferentially sensitive positions of key items.

This process may be described as an algorithm on any phrase structure
tree. But here, we shall only display a few examples.

ExampLE 1 (+/— 9ﬁects of phrase structure rules). The rule S > NP VP
gets the marking NP VP. The reason lies in the nature of NP-denotations,
as given in Section 2: enlarging these will only make the sentence ‘more
true’. There is no VP-marking, however: both increasing [VP] and
decreasing it may change a truth value from 1 to 0, depending on the NP.
The general principle is this; in ‘functional’ phrase structure rules, the
functor gets a + value. (Perhgps a tricky case: the correct rule for

VP = VNP turns out to be VNP.)

ExaMpLE 2 (+/— effects of specific lexical items). The determiners have
the double monotonigity effects described in Section 3. E.g., for (all N) VP,
the marking is as in Fig. 7a; while 7b gives the pattern for V (all N).
Connectives also have their expected behaviour. E.g., and behaves as in
Fig. 7c.

P \Y NP and
/7 \.
Det Det N

| |

all all

NN TN
\,

Fig. 7.
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ExampLE 3 (+/— effects of nestings). The rule of overall calculation is
simply algebraic multiplication:

++=+, +-=-, —+4=- - ==+,

Using these tools, concrete sentences can be inferentially marked.

ExampLE 4. “No girl loves a cat” has a structure as in Fig. 8, resulting in
the marking

No girl loves a cat.
By considering some examples, these predictions are borne out. The
sentence indeed implies: no pretty girl loves a cat, no girl loves and kisses a
cat, no girl loves a curly cat.
That there are still some surprises in store is shown by
ExaMprLE 5. “No girl loves a cat and no dog”. In this case, the two final

determiners disagree on the marking of the main verb, and hence the
overall pattern becomes just

No g;rl loves a cat and no dog.

Even in this sketchy form, the mechanism of a modest natural logic will
have become clear. Now, as it stands, the above logic only accounts for
monotonicity inferences — an important class, but by no means the only
one, even in direct practice. (For instance, monotonicity alone cannot

N

+ -
NP /VP\
De/ T tv NP*\
no girl Io\lres Det N+

Fig. 8.
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account for the characteristic inference of Conjunction. Cf. Section 5.)
Thus, additions will be necessary. Staying with the earlier general condi-
tions, a good candidate for the natural logic of a fragment like the above
would be Monotonicity, as indicated, together with Conservativity, as well
as several algebraic ‘working rules’ for the connectives.

ExampLE 6. Transitivity follows by Monotonicity:

adl XY all YZ
all XZ

{(Notice that marking the second premise will not do. Thus, there is some
basis for the traditional distinction between a ‘major’ and a ‘minor’ premise
in syllogistic inference.)

ExampLE 7. Conjunction follows by Monotonicity and Conservativity:

all XY

all X(Y and X)  all XZ

all X(Y and Z2)

What the above approach provides us with, for fragments of natural
language, is a theory of logical inference directly based upon grammatical
form. On the other hand, of course, such fragments also have a ‘Fregean
logic’, through the usual transcriptions into predicate-logical form. Thus,
the vexed controversy between ‘classical’ and ‘modern’ logic can be given
an exact content: how do the two logics compare for various fragments of
natural language? In particular, is the natural logic of the above fragment
complete with respect to its Fregean rival? In this way, a philosophical
quarrel becomes a matter of research.

Appendix: further topics

(1) Extensions of the above inferentially marked grammar. At least one
reasonably realistic fragment ought to be treated in the above manner. A
category which should be covered at least is that of relative clauses — as
these are the natural means for obtaining higher nestings of quantifiers in
language.



238 J. VAN BENTHEM

(2) Comparisons with predicate logic for specific phenomena. Although
the above theory can handle both syllogistic and relational kinds of
inference, it seems especially weak in capturing involved anaphoric rela-
tions. Therefore, it is at this point that a more detailed comparison with
Fregean logic will be useful.

(3) Connections with attempts at reviving classical logic. There exist
various attempts at rehabilitating pre-Fregean views, often condemned by
modern orthodoxy. The present analysis might change this verdict in some
cases. Notably, the very suggestive work of SoMMERs 1982 ought to be
reviewed in this light. For other types of connection with classical logic, see
VAN BENTHEM 1986, chapter 6, on the Square of Opposition.

(4) Further theoretical issues. In addition to the above-mentioned com-
pleteness questions, there are also more intrinsic questions for a natural
logic. For instance, what is the precise relation between the semantic and
syntactic accounts of positive and negative occurrence, as presented
above?

(5) Choice of an optimal grammatical paradigm. Although a phrase
structure grammar has some didactic virtues, a categorial grammar often
becomes preferable when generality and elegance are to be achieved. (Cf.
the general considerations at the end of Section 5.) ZwARTs 1985 contains a
theory of this kind, using the system of LAMBEK 1958. One important topic
then becomes the systematic interplay between the calculi of type change
and of inference.

8. Further logical prospects

Several new directions of logical research have been introduced in this
paper. Many others had to be omitted. For instance, even just quantifica-
tion in natural language has many other logical aspects not considered
here. One notable example of philosophical interest is the pervasive duality
between its discrete uses (as in this paper) and the continuous ones (no
milk, some tea, much wine). One further challenge is to develop a unified
quantifier theory covering both uses. (Cf. vAN BENTHEM 1983a for a first
attempt.) This extension, as well as other ones, is considered in the
monograph vAN BENTHEM 1986, which gives the full story behind the
present paper.

There are also aspects of our subject matter that will probably remain
beyond the resources of this framework. A case in point are the subtle
differences in universal quantification between all, every, each, any — with
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the attendant differences in plural and singular nouns. More sensitive
approaches from the ‘fourth phase’ (cf. Section 1) may be needed here.

Nevertheless, the present ‘third phase’ developments do provide a kind
of laboratory for themes to be developed in the wider semantics. For
instance, a systematic development of constraints on semantic structures
will also be useful both in discourse representation theory and situation
semantics. The enterprise of a natural logic has already become a concern
for both these theories as well. And finally, our more sensitive denotatio-
nal analyses may conceivably lead to a study of semantic complexity and
learnability.

But the new directions of this paper can also stand on their own. We
have found a whole realm of logical questions about the basics of our
subject, where many used to see mere metaphysics (if anything at all).
Moreover, interesting new insights were forthcoming by elementary
means: a rather pleasant form of economy. It is a comforting thought that,
even at an elementary level, our discipline remains full of surprises.

References

BARWISE, J. and COOPER, R., 1981, Generalized quantifiers and natural language, Linguistics
and Philosophy 4, pp. 159-219.

BARWISE, J. and PERRY, J., 1983, Situations and Attitudes (Bradford Books, Montgomery).

VAN BENTHEM, J., 1982, The Logic of Time, Synthese Library vol. 156 (Reidel, Dordrecht).

VAN BENTHEM, 1., 1983a, Determiners and Logic, Linguistics and Philosophy 6, pp. 447-478.

VAN BENTHEM, J., 1983b, Five easy pieces, in: A. ter Meulen, ed., Studies in Modeltheoretic
Semantics, GRASS series vol. 1 (Foris, Dordrecht), pp. 1-17.

VAN BENTHEM, J., 1983c, Possible Worlds Semantics: a research program that cannot fail?,
Report 83-29, Dept. of Math., Simon Fraser Univ., Burnaby. (Also in Studia Logica 43,
pp- 379-393)

VAN BENTHEM, J., 1983d, The Semantics of Variety in Categorial Grammar, Report 83-26,
Dept. of Math., Simon Fraser Univ., Burnaby. (To appear in: W. BUSZKOWSKI et al.,
eds., Categorial Grammar (Benjamin, Amsterdam).)

VAN BENTHEM, J., 1984a, Foundations of conditional logic, J. Philosophical Logic 13, pp.
303-349.

VAN BENTHEM, J., 1984b, Questions about quantifiers, J. Symbolic Logic 49, pp. 443-466.

VAN BENTHEM, J., 1984c, The logic of semantics: in F. Landman and F. Veltman, eds.,
Varieties of Formal Semantics, GRASS series vol. 3 (Foris, Dordrecht), pp. 55-80.

VAN BENTHEM, J., 1985, Semantic Automata, Report 85-27, Center for the Study of Language
and Information, Stanford. (To appear in: D. de Jongh et al., eds., Information,
Interpretation and Inference, GRASS series vol. 5 (Foris, Dordrecht).)

VAN BENTHEM, 1., 1986, Essays in Logical Semantics, Synthese Language Library (Reidel,
Dordrecht).

BuszkowsKl, W., 1982, Lambek’s Categorial Grammar, Instytut Matematyki, Uniwersytet
Im. Adama Mickiewicza, Poznan.



240 J. VAN BENTHEM

VAN DEEMTER, K., 1985, Generalized quantifiers — finite versus infinite, in: J. van Benthem
and A. ter Meulen, eds., Generalized Quantifiers in Natural Language, GRASS series
vol, 4 (Foris, Dordrecht), pp. 145-159,

HIGGINBOTHAM, J. and May, R., 1981, Questions, quantifiers and crossing, The Linguistic
Review 1, pp. 4-80.

JANsseN, T., 1983, Foundations and Applications of Montague Grammar (Mathematical
Centre, Amsterdam).

Kawmp, H., 1979, Instants, events and temporal discourse, in: R, Biuerle et al., eds., Semantics
from Different Points of View (Springer, Berlin), pp. 376-417.

Kawmp, H., 1981, A theory of truth and semantic representation, in: J. Groenendijk et al., eds.,
Formal Methods in the Study of Language (Mathematical Centre, Amsterdam). (Re-
printed in J. Groenendijk et al. eds., Truth, Interpretation and Information, GRASS
series vol. 2 (Foris, Dordrecht), pp. 1-41.)

KEeNAN, E. and FALTz, L., 1985, Boolean Semantics for Natural Language, Synthese
Language Library 23 (Reidel, Dordrecht).

KEENAN, E. and Moss, L., 1985, Generalized quantifiers and the expressive power of natural
language, in: J. van Benthem and A. ter Meulen, eds., Generalized Quantifiers in Natural
Language, GRASS series vol. 4 (Foris, Dordrecht), pp. 73-124,

KEENAN, E. and STAVL, Y., 1982, A semantic characterization of natural language determiners,
Linguistics and Philosophy, to appear.

KLEN, E., 1982, The interpretation of adjectival comparatives, J. Linguistics 18, pp. 113-136.

KRATZER, A., 1981, The notional category of modality, in: H.-J. Eikmever and H. Rieser, eds.,
Words, Worlds and Contexts (W. de Gruyter, Berlin).

LAMBEK, J., 1958, The mathematics of sentence structure, Amer. Math. Monthly 65, pp.
154-170.

Lewis, D., 1973, Counterfactuals (Blackwell, Oxford).

MONTAGUE, R., 1974, Formal Philosophy (Yale Univ. Press, New Haven, CT).

MosTtowskl, A., 1957, On a generalization of quantifiers, Fund. Math. 44, pp. 12-36.

PARTEE, B., 1984, Compositionality, in: F. Landman and F. Veltmans, eds., Varieties of
Formal Semantics, GRASS series vol. 3 (Foris, Dordrecht), pp. 281-311.

QuINE, W., 1966, Variables explained away, in: Selected Logic Papers (Random House, New
York).

SOMMERS, F., 1982, The Logic of Natural Language (Clarendon, Oxford).

THussE, E., 1983, Laws of Language, Master’s Thesis, Department of Philosophy, Rijks-
universiteit, Groningen.

VELTMAN, F., 1985, The Logic of Conditionals, Dissertation, Filosofisch Instituut, Universiteit
van Amsterdam.

WESTERSTAHL, D., 1982, Logical constants in quantifier languages, Linguistics and Philosophy,
to appear (1985).

WESTERSTAHL, D., 1984, Some results on quantifiers, Notre Dame J. Formal Logic 25, pp.
152-170.

WESTERSTAHL, D., 1986, Quantifiers, in: D. Gabbay and F. Guenthner, eds., Handbook of
Philosophical Logic, vol. 4 (Reidel, Dordrecht).

ZUCKER, J., 1978, The adequacy problem for classical logic, J. Philosophical Logic 7, pp.
517-535.

ZWARTs, F., 1983, Determiners: a relational perspective, in: A, ter Meulen, ed., Studies in
Modeltheoretic Semantics, GRASS series vol. 1 (Foris, Dordrecht), pp. 37-62,

ZWARTs, F., 1985, Modeltheoretic Semantics and Natural Language: a case study in modern
Dutch, Dissertation, Nederlands Instituut, Rijksuniversiteit, Groningen.



Barcan Marcus et al., eds., Logic, Methodology and Philosophy of Science VII
© Elsevier Science Publishers B.V. (1986) 241-253

THE RELEVANCE OF QUANTUM LOGIC
IN THE DOMAIN OF NON-CLASSICAL LOGICS

MARIA LUISA DALLA CHIARA

Istituto di Filosofia dell’ Universita di Firenze, Italy

The research for general classification criteria in the universe of logics is
a well known crucial question of the logical investigations of recent years.
This research is mainly responsible for a shift, in the contemporary studies
about the foundations of logic, from a metalogical to a metametalogical
approach, in the same way as the logical work of the Twenties and of the
Thirties was characterized by a shift from a logical to a metalogical
attitude.

I will refer to a very general notion of logic. Roughly, any logic L may be
intended as a theory for a consequence-relation =, (or more generally for a
system of consequence-relations) which may hold between sets of formulas
and formulas (or sets of formulas and sets of formulas) of a given language,
where a consequence-relation is intended to be characterized either in a
proof-theoretical or in a model-theoretical way, and is supposed to satisfy
some obvious minimal conditions (like for instance closure under substitu-
tion).

For historical reasons, adopting a kind of “ptolemaic description” of the
logics which have been studied so far, one may recognize within this
universe a singular point represented by classical logic (CL): the sublogics
of CL are usually termed weak, whereas the superlogics of CL are called
strong. Strangely enough, the weak logics are often classified in the
literature as philosophical logics, whereas many strong logics (for instance
all the strong logics which are studied in abstract model theory) are usually
recognized as mathematical logics.

Quantum logic (QL) is a weak logic. Since most of the significant
peculiarities of this logic appear already at the sentential level, for the sake
of simplicity, in this paper, I will mainly refer to sentential QL, which I will
suppose formalized in a standard language with sentential letters

241
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(p, p>, . . .) and the usual connectives (—, A, v,—). The conditional con-
nective will not appear in all cases that I will consider.

As is well known, two kinds of semantical approaches have turned out to
be particularly successful in the attempt to characterize the elements of the
subuniverse of weak logics: the algebraic and the Kripke-semantics. From
an intuitive point of view, the algebraic semantics is founded on the
following basic idea: to interpret a language consists essentially in associat-
ing a truth-value (or a truth-degree) to any sentence of the language. On
the contrary, in a Kripkian semantical approach, one assumes that to
interpret a language consists in determining the situations (or the worlds)
where any sentence of the language holds. Whereas the algebraic approach
seems to be founded on a somewhat universal method, the range of
applicability and the limits of the Kripkian semantics are still an object of
discussion.

In this paper, I will refer to a Kripkian characterization of QL [6], [9],
[2]. Generally, the notion of Kripke-realization for a sentential language
can be described as a system

¥ =(LR.,...,R,,I,p)

consisting of a set of worlds I, a sequence of world-relations R,,...,R,, a
set of propositions 11 (which contains a privileged proposition — possibly
empty — called the absurd proposition), and an interpretation-function p,
which associates to any sentence of the language a proposition in I7
(representing, intuitively, the meaning of the sentence). In the different
logics p will satisfy different sets of conditions C.

The general semantical definitions I will refer to are the usual ones:

DEerINITION 1. A world i is said to verify asentence « (i = a)iffi € p(a).
a is called frue in a realization X (Fx ) iff forany world i of X: i k= a.
a is called a consequence in ¥ of a set of sentences T (T k) iff for any
world i of X: if forany BET, il then i a

The subsystem of a realization ¥ consisting of the set of worlds, of the
world-relations and of the set of the propositions is called the frame of X;
the part of the frame containing only the set of worlds and the world-
relations will be called the semiframe of . If F is a class of similar frames
and C a set of conditions, we will indicate by Real (%) the class of all
possible realizations whose frame is in & and that satisfy C. Let L be a
logic with a corresponding consequence-relation k=, ; we will say that a
class Real(F) characterizes (strongly) the logic L iff the following
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condition holds: for any set of sentences T and any sentence «,

TE.a iff forany % €Real (¥): TExa

An interesting case is represented by the class of Kripke-frames with a
single world-relation R (which is usually called accessibility-relation). I will
speak in such cases of simple frames. It seems very natural to distinguish a
class of simple frames, where the accessibility-relation is at least reflexive
and transitive (i.e. it is a pre-order) and a class of frames where the
accessibility-relation is at least reflexive and symmetrical (i.e. it is a
similarity-relation). I will use the symbol < for pre-orders, and the symbol
A for similarity-relations. The first class gives rise, in a natural way, to a
class of logics, which for obvious reaons may be called epistemic (in-
tuitionistic logic and the so called intermediate logics belong to this class);
the second class gives rise to logics, which may be called similarity-logics.
Accordingly, I will speak in the two different cases respectively of epistemic
and similarity-frames (and semiframes).

From an intuitive point of view, one can understand pretty well the
reasons why similarity-logics may find interesting applications in the logical
analysis of physical theories. Indeed, in the case of physical theories, what
is generally interesting to describe is not the ‘‘possible evolutions of states
of knowledge with respect to a constant world”; rather “‘sets of physical
situations which may be similar with respect to which states of knowledge
must single out some invariants”.

When considering a simple semiframe, one can define in terms of the
accessibility-relation R the notion of possible proposition of the semiframe:

DermnTioN 2. Let (I, R) be a semiframe and X C I. X is called a possible
proposition (X € II°) of (I, R) iff

omi{i € X iffomj [Rij = ex k (k € X and Rkj)}}".

In other words, a possible proposition is a kind of maximal set of worlds,
which contains all and only the worlds whose accessible worlds are not
unaccessible to the whole set.

For the epistemic semiframes (but not for the similarity-frames) one can
prove:

' omi (exi) is a metalinguistic abbreviation for “for any i (“for at least one i”).
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THEOREM 1. A set of worlds X is a possible proposition of the semiframe
(I, R) iff it is R-closed (i.e. it satisfies the following condition: omi,j(i € X
and Rij > j € X)).

As a consequence, one may conclude that the notion of possible
proposition represents a good generalization for the intuitive concept of
possible meaning of a sentence, which seems to adequately behave both in
the case of epistemic and similarity-frames.

Let (I, R) be either an epistemic or a similarity-semiframe; we may
define, on the power-set of the set of worlds I, a I-ary operation @ which
we will call propositional complement:

DerFINITION 3. For any X CI, X®=[i |omj(Rij and jEX > jEJ)]
where J is the absurd proposition of (I, R).

In other words, a world i belongs to the propositional complement of X
iff any world j accessible to i, which belongs to X, belongs to the absurd
proposition.

THEOREM 2. In the epistemic and similarity-semiframes, there holds:
) XCI> X%elIr.
Q) X, YEII'"> XNXEII"

In the epistemic (but generally not in the similarity-semiframes) there holds:
@) X, YEI"S> XUYEI. :

In the following, for the sake of simplicity, I will usually consider only
scotian similarity-semiframes, where the absurd proposition J is empty.

On this basis, we can now define the two notions of epistemic and
similarity-(Kripkian) realization for a sentential language.

DEFINITION 4. An epistemic realization is a system % = (I, R, I, p) where
(1) (I, R, IT) is an epistemic frame, that means: (I, R) is an epistemic
semiframe and II is a set of possible propositions closed at least under @,
N, U and containing I
() e(p)EL
p(mB)=p(B)
p(BAY)=p(B)Np(y),
pPBVY)=p(B)Up(y).

DEFINITION 5. A similarity-realization is a system ¥ = (I, R, II, p) where
(1) (LR, II) is a similarity-frame, that means: (I, R) is a similarity-
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semiframe and I is a set of possible propositions closed at least under ©,
N and containing I.
@) p(p)EL
p(—B)=p(B)%
p(B Ary)=p(B)Np(y),
P(B Vv y)=(p(B)®Np(y)?)°.

DEFINITION 6. A realization % = (I, R, I, p) is called standard iff the set of
propositions II coincides with the set of all possible propositions I1”,

The class of all similarity-realizations characterizes a weak form of QL,
which has been called minimal quantum logic (MQL) (or also orthologic).
This logic satisfies, among others, the following principles’:

EmoLa VTl a (tertium non datur),
T aFEmoLa (strong double negation),
(@arB)vi(ary)Emora r(BvVy) (weak distributivity).
But the strong distributivity breaks down:
a A (B vV y)rmor(a A B)v(any).

A stronger form of QL may be obtained by requiring that the set of
propositions, in any realization X, satisfies the orthomodular property,
which can be defined equivalently by each of the following conditions:

(O1) For any propositions X, Y of #:

XCY iff XN(XNY)P=4.
(02) For any propositions X, Y of X:
XN[(XNXNYPPCY.

The logic characterized by the class of all orthomodular similarity-
realizations has been called orthomodular quantum logic (OQL); and just
this logic has found successful applications to the logical analysis of
quantum mechanics. An interesting feature of OQL is represented by the
fact that in this logic one can define a well-behaved conditional connective
in terms of negation and conjunction:

def

a— B ="1(a r(a A pB)).

* Given a logic L, the notation k=, a (e, B) is used as an abbreviation for Bk, o

(e}, B).
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This connective, first proposed by Mittelstaedt and Finch, and which is
often referred to as Sasaki-hook, turns out to be a well-behaved condi-
tional, in the sense that it satisfies the following conditions, which have
been often proposed in the literature as minimal conditions to be required
for a binary connective in order to be accepted as a “good’ conditional:

D Fa—a (identity-principle),
(Imn ar(a—>B)EB (Modus Ponens principle).

Our second formulation of the orthomodular property (02) shows im-
mediately that the Sasaki-hook will not generally satisfy the Modus Ponens
principle in a non orthomodular realization; hence it cannot represent a
‘*‘good” conditional for MQL.

An important theorem, which has been proved by Goldblatt, states that:
orthomodularity is not generally describable as an elementary property of
the accessibility-relation. On this basis Goldblatt concludes that: “this is
further evidence of the intractability of OQL. Since it is perhaps the first
example of a natural and significant logic that leaves the usual methods
defeated” [10].

Both MQL and OQL admit of a number of different axiomatizations and
soundness and completeness proofs with respect to the Kripke-semantics.
Significantly enough, the canonical model which is constructed in the
completeness proof for OQL turns out to be a nonstandard realization (in
the sense of Definition 6) [4].

Quantum logics give rise to some characteristic metalogical anomalies,
which lead to conjecture that the distinction between epistemic and
similarity-logics represents a highly significant dividing line within the
universe of weak logics. Let L be any logic characterized by a Kripkian
semantics; for the sake of simplicity, I will refer here to scotian logics, but
the restriction is not essential. One may define the following pairs of
semantical concepts (where a, B represent any sentences):

DEFINITION 7. (1) e is called realizable (Real a) iff & has a quasi-model
(i.e. a realization, where at least one world verifies a).

(2) « is called verifiable (Vera) iff a has a model (i.e. a realization,
where any world verifies a).

DEFINITION 8. (1) B is a weak consequence of a (a |= B) iff any model of «
is a model of B.
(2) B isa consequence of a (a k= B)iff for any realization % (a Fx B).
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These definitions may be naturally extended also to sets of sentences.
Now, in the case of most familiar epistemic logics, one can prove that the
two members of both pairs collapse into the same concept. Namely:

Vera iff Reala,
akpg iff al=8.
On the contrary, in the case of similarity-logics, generally there holds only:

Veroe = Reala,
aFB > al=B

All this recalls an analogous situation which arises for open formulas in
classical first-order logic, where — as is well known — one may properly
distinguish between verifiability and realizability, and between strong and
weak logical consequence. On this ground, one may conclude that,
strangely enough, sentences in similarity-logics turn out to share some
characteristic properties that in classical logic (and also in most familiar
epistemic logics) hold only for open formulas.

A significant example of a sentence, which is realizable but not verifiable
in QL [3] is the following a (which asserts a particular negation of the
distributive law in terms of negation, conjunction and disjunction):

a="1{[Br(yvOIr[(BAry)v(BArd)A
—{[BAa(yvEAT(BAry)v(B A

Since, using the soundness and the completeness theorem of QL (with
respect to a given axiomatization) one can prove that:

Reala iff a FoBAr— B foranyg;

one may conclude that in QL there are non contradictory sentences that do
not admit any model.

As an interesting consequence, one obtains a violation of the
Lindenbaum-property and of a strong variant of the Robinson-property.
The Lindenbaum-property is violated, because there are non-contradictory
sentences (for instance the just constructed ) which cannot be extended to
any non contradictory and complete set of sentences T (such that for any
sentence B, either B E T or —1 B € T). Indeed, one can easily show that
any non contradictory and complete set of sentences has trivially a model;
and we already know that our sentence a cannot have any model. Further,
a strong variant of the Robinson-property is violated, for the following
equivalence breaks down:
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CirT;UT, iff for atleast one sentence a:
T1 ta and T2 Fa.

Indeed, one can easily show that in QL the Robinson-property (in this
formulation) implies the Lindenbaum-property, and — as we already know
— the Lindenbaum-property breaks down.

An interesting question is the following: can we characterize by means of
a Kripke-semantics any significant “very weak” logic, which shares at the
same time some characteristic aspects of both epistemic and similarity-
logics? From an intuitive point of view, a somewhat natural approach to
this question might be the following: it is well known that MQL admits of a
modal interpretation in the (classical) modal system B [9], [2]. L.et us now
take, instead of classical B, an intuitionistic version (IB) of B and let us
consider the same linguistic translation 7 which works in the case of MQL
and classical B (the language of IB is supposed to contain the intuitionistic
connectives ~, -, V and the modal operators L, M):

7(p) = LMp for any atomic sentence p,
7(T1B)=L ~(B),

T(BAY)=1(B) 7(7),
T(BVy)=LM(7(B) ¥ 7(7)).

Now, if we next interpret intuitionistic logic in the classical modal system
- 8, (according to the well known Godel’s translation) we will obtain an
overall-tranlation 7* of the language of QL into a bimodal classical logic
(whose language contains the classical connectives —, &, v, the B-
operators L, M and the S;-operators [, <):

7*(p)=LM]p for any atomic sentence p,
(—18)=L0O~-7*(B),
THBAY)=THB)&TH(Y),

THBV ¥) = LM(r*(B) v 7*(y)).

I will use this bimodal translation of the language of QL only as a
heuristic guide, which suggests a Kripkian characterization of a weak logic,
which I will call epistemic quantum logic (EQL)’.

* EQL is deeply close to a weak logic that in an other context Mittelstaedt and Stachow
have called effective quantum logic.
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EQL is characterized by the the class of all epistemic-similarity realiza-
tions, where the notion of epistemic-similarity realization is defined as
follows:

DEFINITION 9. An epistemic-similarity realization is a system ¥ = (I, £,
<, II, p) where

(1) (I £, <) is an epistemic-similarity semiframe, consisting of a set of
worlds I, and two world-relations: a similarity-relation £ and a pre-order
relation <. correlated by the following conditions:

Ci<jandjLk > itLk;

CiLjand jsk > exh (hLk and h <i).

(2) II contains all (and only) the possible propositions of J, that means
all the subsets of I which are at the same time possible propositions with
respect to £ and < (in the sense of Definition 2).*

B) p(p)ell

p(mB)=lilomjLiomk=] (k& p(B)),
pP(BAy)=p(B)Np(y)
pBvy)=lilomjLiexk £j (k€p(B)or k €p(y))

The definition is correct, since one can prove that for any a, p(a) € I1.
EQL turns out to satisfy, among others, the following principles:

aFeor VT a (weak double negation),
T a el T (Brouwer),
a ATakFeo B (Duns Scoto),

(@naB)v(aay)Feora A(BVYy) (weak distributivity).

But the tertium non datur, the strong double negation and the strong
distributivity break down:

Feora v a,
—1 T a FeoLa,
a A(BVy)FeoL(anB)v(any)

EQL admits of a class of interesting physical models. In order to
understand them, it will be expedient first to recall the form of certain

* For the sake of simplicity, we have required here that X be standard; however, this
restriction may be omitted, by supposing convenient closure-conditions on IL
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privileged physical models of OQL. In such models, the set of worlds
consists of all pure states of a quantum physical system (where any pure
state is identified with a particular vector in a Hilbert space); hence the
somewhat metaphysical notion of possible world acquires here a very
concrete physical meaning. The accessibility-relation is the non-
orthogonality relation between vectors, the set of propositions is identified
with the set of all closed subspaces of the Hilbert space. Using a
fundamental axiom of quantum mechanics (von Neumann’s projection
postulate) one can prove that: two pure states i and j are accessible iff i can
be transformed into j after the performance of a measurement (concerning
a physical quantity) in the physical system represented by i. It turns out also
that in this case the accessibility-relation represents a kind of weak physical
indiscernibility relation, in the sense that: i and j are accessible iff there is
no proposition X such that i satisfies X and j satisfies the propositional
complement X As a consequence one obtains, for instance, that the
quantum-logical negation acquires the following physical meaning: a
physical state i verifies the negation of 8 iff i cannot be transformed (after
the performance of a measurement) into a state which verifies 8 [5].
Let us now try and characterize similarly a class of natural physical
models of EQL. For such models, we will take as a set of worlds, instead of
the set of all pure states, the set of all statistical operators associated to a
quantum physical system. As is well known, according to the orthodox
interpretation of quantum mechanics, whereas pure states represent intrin-
sic uncertainties of physical systems, statistical operators, on the contrary,
represent also our ignorance about the systems. Any statistical operator i
is naturally associated to a subspace X': intuitively, X' represents the
smallest subspace containing all the pure states in which the physical
system represented by the statistical operator i might be with probability
different from 0. As to the world-relations, the similarity-relation [/ is
identified (analogously to the previous case) with the non-orthogonality
relation between the corresponding subspaces (i £ iff X' is not or-
thogonal to X'); the (epistemic) pre-order < is identified with the inverse
of the inclusion-relation between the corresponding subspaces (i < j iff
X'2X'"). From an intuitive point of view, our epistemic pre-order
corresponds to an increasing of information. Indeed, a statistical operator j
gives more information than a statistical operator i iff the subspace
associated to j is a subset of the subspace associated to i. Pure states
(associated to unidimensional subspaces) represent a maximum of
information ; hence, in case of pure states, we will have that the epistemic
pre-order relation collapses into identity. Finally, the set of propositions II
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is identified with the set of all principal quasi-ideals in the algebra of the
subspaces (where a set of subspaces S is called a principal quasi-ideal ift
there exists a subspace Z, such that S contains all and only the non-null
subspaces of Z).

In these particular physical models, the connective not will acquire an
interesting epistemic meaning. It turns out that a physical state verifies — 8
iff any other physical state which is physically indiscernible with respect to
our original state cannot be extended to a more informational state which
verifies S.

As a conclusion, let me now try and sum up the most significant aspects
(in my opinion) of the relevance of QL within the universe of weak logics.
First of all, as we have seen, quantum logics transfer to sentences
characteristic properties that in other logics hold only for open formulas.
However, whereas from an intuitive point of view, the origin of the
semantical ambiguity of open formulas is clearly intelligible, what might be
the cause of a similar semantical ambiguity of sentences in quantum logics?

At the same time, quantum logics transfer to very deep semantical levels
characteristic properties which in other logics hold only at syntactical
levels. The failure of the Lindenbaum-property represents a significant
event which may lead to the following general observation: one can
distinguish at least three different degrees of validity of the tertium-non
datur property in the different logics. At the first degree, the tertium non
datur holds at the semantical level (for the concept of truth) but generally
not at the syntactical level (for the concept of theorem). To this degree
belong obviously classical logic and most strong logics. As is well known,
by restricting through convenient effectivity-conditions the concept of
theorem, one obtains that some “very important™ scientific theories are
intrinsically incompatible with a syntactical tertium-non datur property. At
the second degree, the tertium non datur generally breaks down simultane-
ously at the syntactical and at the semantical level. This happens, for
instance, to most epistemic logics. However, the validity of the
Lindenbaum-property still warrants that any non contradictory theory has
at least one model with respect to which every problem expressed in the
language of the theory is semantically decided. Metaphorically, we may
say: every problem can be semantically decided, at least in mente Dei.
Finally, at the third level, where even the Lindenbaum-property breaks
down, we get a situation of very strong semantical undecidability: there are
theories, which are intrinsically incompatible with the semantical tertium-
non datur. Going on with our metaphor, we might say: God cannot avoid
playing dice (theoretically)!
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A similar situation arises in connection with the general concept of
logical individual. As is well known, in any logic theories are not generally
required to be syntactically rich (in the sense that an existential sentence
Ix a is a theorem iff there is an individual (closed) term ¢ such that a(t)is a
theorem). In spite of this, at the semantical level, the notion of truth is
usually constructed in such a way that a semantical richness property holds:
3xa is true iff there exists at least one individual of the domain which
satisfies a. However, this property breaks down in first-order QL, where it
may even happen that: 3!x a (there exists exactly one x which is ) is true,
while there is no precise individual in the domain that satisfies the property
expressed by a! This situation renders, of course, very problematic the
possibility of a reasonable description-theory in QL. But, in spite of its
apparent logical disagreeability, such a behaviour of the concept of
individual seems to fit very well with characteristic features of particular
objects in microphyscis (for instance, the particles that are governed by the
Bose-Einstein statistics).

On this basis, we may conclude that similarity-logics seem to bring about
deep changes concerning some very basic and ancient questions of the
foundations of logic, like for instance: what is a logical object? What is a
name? What is a property? What is the meaning of identity and of truth?
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THEORIES, APPROXIMATIONS, AND IDEALIZATIONS

ILKKA NIINILUOTO

Dept. of Philosophy, Univ. bf Helsinki, Finland

1. Introduction

Approximation and idealization are two important aspects of scientific
knowledge formation. Many scientific laws, and the empirical evidence
which supports them, are stated in an approximate form. Most of the
philosophically interesting relations into which scientific theories enter —
the relations that theories have to the world, to empirical data, to
experimental laws, and to other theories (see Fig. 1) — have more or less
approximate character. The method of idealization helps to create exact
laws and theories, but — instead of describing the actual world directly —
they tell how physical and social systems would behave under idealized
counterfactual conditions. Therefore, the applications of such laws to
concrete actual situations have to be based upon approximations.

A logical reconstruction of the structure of scientific theories should help
us to understand the role of approximation and idealization within
scientific theorizing. The so-called Received View of theories (cf. SUPPE,
1974) did not pay very much attention to these problems, however. The
notions of truth, confirmation, explanation, and reduction, as developed by
Tarski, Carnap, Hempel, and Nagel from the 1930’s to the 50’s, are
primarily intended for non-approximate cases involving non-idealized
theories.' Still, some of the limitations of this approach were at least
recognized. For example, ScrIVeN (1961) argued that the ‘‘key property” of
physical laws is their “inaccuracy”’. Duhem had already in 1906 pointed out
that Kepler’s laws and Newton’s theory in fact strictly speaking contradict

! For brief discussions about idealization, see HEMPEL (1965), pp. 160-171, RUDNER (1966),
BARR (1974), and SCHWARTZ (1978). See also SUPPES (1962), BUNGE (1970), and SuppE (1974),
pp. 42-45.
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each other, so that the standard types of inductive and deductive relations
cannot hold between them (DuHeMm, 1954, pp. 193-195). This observation
was repeated by FEYERABEND (1962), HEMPEL (1965), p. 344, and PoPPER
(1972), pp. 198-202, and it served as a stimulus for new attempts to outline
philosophical accounts of approximate truth’, approximate explanation®,
and approximate reduction®. Other relevant developments include the
theory of measurement’ in the 60’s and the semantics of vague, inexact, or
fuzzy concepts’ in the 70’s.

Within the latest ten years, approximation and idealization have been
widely recognized as belonging to the most central problems of the
contemporary philosophy of science. The nature of idealization, and its
role within the natural and social sciences, has been the focus of the Poznan
school in Poland’. The concept of truthlikeness, and the possibility of its

* Popper proposed his theory of verisimilitude (truthlikeness) in 1960 (cf. PoppER, 1972;
NINILUOTO, 1978). See also SCRIVEN (1961), Woicicki (1976), and KrAaEwsk! (1977).

* See HEMPEL (1965), p. 344, ScHEIBE (1973), BARR (1974), ScHwARTz (1978), and
TuoMELA (1979).

* See SCHAFFNER (1967), Post (1971), NIcKLES (1973), STEGMULLER (1979), MOULINES
(1980). For the related views of Sellars, see PITT (1981).

* See Suppes and ZINNEs (1963). Cf. also KunN (1961) and SNEED (1979).

® See the special issues of Synthese, Vol. 30, Nos. 3/4 (1975), and Vol. 33, Nos. 2/3/4 (1976).

7 See Nowak (1972, 1980) and works by Nowak, Nowakova, Patryas, and others, published
in 1975-79 in the Poznan Studies in the Philosophy of the Sciences and the Humanities. While
the earlier work of the Poznan school was associated with radical conventionalism
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definition, has become a hot issue among logicians.” Most recently, the
collaborators of the Ludwig-approach and the structuralist Suppes-Sneed-
Stegmiiller-approach to scientific theories have analyzed approximations
within science by means of the Bourbaki-notion of uniformity,” while
Rantala and Pearce have used the tools of non-standard analysis for the
same purpose."’

In spite of the impressive work done recently in this field, there is at this
moment no unified treatment of approximations and idealizations in
science. For example, while the treatment of the Poznan school is primarily
syntactical, the structuralist school defines approximate reduction essen-
tially as a relation between classes of structures. The diversity of these
approaches — which have many obvious connections as well — is at least
partly due to the existence of different accounts of the structure of scientific
theories. The traditional logistic approach, which views theories as deduc-
tively closed sets of sentences in some language, has by now several
alternatives: Beth’s and vaN FraasseN’s (1970, 1980) state space concep-
tion, LubwiG’s (1978) and ScheiBe’s (1979) Bourbaki-style species-of-
structures approach, SNEeD’s (1979) and STEGMULLER’s (1979) ‘structuralist’
or ‘non-statement’ view, and PEARCE’s and RANTALA’s (1983) sophisticated
treatment in terms of abstract logic."

In this paper, I try to show how one can apply to idealized scientific laws
and theories such notions as approximate truth, approximate validity,
approximate counterpart, approximate deduction, approximate applica-
tion, approximate explanation, and approximate prediction. I am primarily
interested in quantitative theories which can be formulated by equations
between quantities. The relevant notion of a scientific theory is thus closely
associated with the state space conception which, I argue, turns out to be a
quantitative variant of an emended Carnapian statement view for qualita-
tive theories. My notion of approximation is the standard metric concept

(Ajdukiewicz) and the history of instrumentalism (Giedymin), L. Nowak has combined the
method of idealization with scientific realism. Nowak has primarily discussed this method of
idealization in connection with Marx’s economical and social theories. KRAJEWSKI (1977)
develops the theme of idealization in the natural sciences.

% See NuntLuoTo (1978, 1982a, 1982b, 1982¢, 1983a), OpbIE (1981), KuipPERS (1982). See
also PrRzeLECKI (1976), ADAMs (1982) and Laymon (1980, 1982).

° See Lubpwic (1978, 1981), MouLINES (1976, 1980), MAYR (1981a,b), MAJER (1981).

" See RANTALA (1979), PEARCE and RANTALA (1983b,c).

" For arguments against the tenability or desirability of a sharp distinction between a
‘statement view’ and a ‘non-statement view’ of scientific theories, see NIINILUOTO (1981),
PEARCE (1982), PEARCE and RANTALA (1983a).
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from the mathematical theory of approximation (cf. RICE, 1964, 1969). But
before going to technical details (Sections 4-6), I have to outline briefly
some the philosophical issues which are related to-the problems of
approximation and idealization (Sections 2 and 3).

2. Theories and truth

Contemporary philosophers of science can be divided in several groups
by reference to issues regarding the notion of truth and its role within
science. First, the semantic realists support some version of the correspon-
dence theory of truth, while the semantic anti-realists replace the realist
notion of truth by some epistemic surrogate (e.g., warranted assertability,
limit of inquiry). Secondly, the semantic realists can be divided in scientific
realists who think that all scientific statements (including laws and theories)
have a truth value and scientific instrumentalists who assign a truth value at
most to empirical scientific statements but not to theoretical ones. Scientific
realists in turn include methodological realists who take truth (usually
together with information or systematic power) to be an important aim of
scientific inquiry and methodological non-realists who replace truth as an
aim of science by some methodological surrogate (e.g., successful predic-
tion, empirical adequacy, problem-solving ability). Finally, methodological
realism may be naive (truths are easily obtained and accumulated) or
critical (science makes gradual progress towards the truth by finding new
theories which have a better correspondence with larger fragments of
reality than the old theories).

In terms of these distinctions (see Fig. 2), Dummett and PutnaM (1981)
are typical semantic anti-realists, Duhem a scientific instrumentalist, Kuhn
and Laudan methodological non-realists, while Peirce, Engels, Popper, and
Sellars are critical realists. Sneed’s and Stegmiiller’s position has a strongly
instrumentalist flavour: theories do not have truth values, but they can be
used to make ‘empirical claims’. However, it has been suggested that the
structuralist view — and LAUDAN’s (1977) related treatment of the
problem-solving ability of theories — can be reconstrued in the fashion of
critical realism.”” van Fraassen’s ‘constructive empiricism’ seems to be a
variant of methodological non-realism: a theory is capable of having a truth
value, but this is irrelevant, since its acceptance involves only the belief that

"2 See NinNiLuoTo (1981). For Sneed’s own recent evaluation of his position, see SNEED
(1983).
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it is ‘empirically adequate’, i.e., what it says about the observable
phenomena is true."

A common assumption shared by the methodological realists and most
semantic anti-realists is that truth (as they define it) is the central aim of
science; this distinguishes them from the scientific instrumentalists and the
methodological non-realists. On the other hand, there is a common
motivation for the redefinition of truth by the semantic anti-realists and for
the reformulation of the aim of science by the methodological non-realists,
viz. the fear that truth in the realist sense would be a utopian goal for
science and the conviction that the search for unreachable goals is
irrational (cf. PUTNAM, 1981; LAUDAN, 1981). Already St. Augustine argued
contra academicos that a man cannot be happy if he only seeks for the
truth without ever reaching it.

VAN FraAssen (1980), p. 8, defines scientific realism as the doctrine that
science aims at “a literally true story of what the world is like” and that the
acceptance of a scientific theory “involves the belief that it is true’’. I think

P See VAN FRAASSEN (1980, 1981), and comments by Boyp (1983).
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that this is far too strict formulation of realism, since many of our best
theories are known to be false. This falsity is not an argument against the
realist interpretation of theories, however, if there are convincing grounds
for thinking that our best theories are approximately true. Therefore, to
defend his or her position, a critical-methodological-scientific-semantic
realist has to show that increasing truthlikeness is a rational aim of
scientific theorizing: it has to be meaningful to say that a theory T is more
truthlike than its rival T, and it should be possible to tentatively appraise
on some evidence comparative judgments of truthlikeness. In a number of
earlier papers, I have tried to defend critical realism precisely in this way.™
Further, as Nowak (1980) and KraJewski (1977) attempt to do, this kind of
realism should be combined with an account of the idealizational character
of scientific theories.

3. Quantities and reality

The founders of modern natural science accepted the thesis of
mathematical realism which takes quantities — or ‘primary qualities’, as
they were also called — to be ontologically prior to qualities. Galileo made
the Platonist assumption that the Book of Nature is written in the language
of geometry. For Newton, the physical world is composed of bodies with
real quantitative properties — such as (instantial) position, velocity,
acceleration, and mass — and forces between such bodies.

Radical empiricists deny the real existence of quantities: the reality is
primarily a world of observable qualities. Berkeley made against Newton’s
mathematical conception of space the objection that the points of the real
line do not exist, since they cannot be observed. For Berkeley, esse est
percipi. Similarly, later positivists and operationalists have argued that
physical quantities do not have exact values, since they cannot be measured
with arbitrarily great accuracy: to be is to be the result of an observation or
the value of a measurement. For example, LupwiG (1981) says that
imprecision of physical measurement has an unknown finite limit, but
belief in “infinitely high precision” is false. BALzER (1981) rejects the
existence of a ‘sharp’ and ‘true’ object about which we can obtain
information by repeated measurements: ‘‘every measurement reveals a
slightly different object which is measured”.

" See NINILUOTO (1978, 1980, 1982a, 1982b, 1982c, 1983a, 1983b, 1984).
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DuHeM’s (1954) instrumentalism starts from the empiricist position, but
— unlike Berkeley — Duhem accepts quantities as fictions which are useful
for the purposes of prediction. Only imprecisely stated empirical laws are
true or false for Duhem: laws involving sharply defined values of
quantities are idealizations which are neither true nor false.” For example,
the common sense generalization “The sun rises from the east and sets in
the west” is true, but a law which gives the exact position of the sun in the
sky as a function of time is an idealization without a truth value. Such exact
laws are too sharp to fit with the imprecise reality. The same position is
defended by Lupwic (1981): the mathematical theory of the three-
dimensional space is “precise in itself, but not a precise picture of reality”.
(Cf. MaJER’s (1981) criticism.) Husserl’s phenomenology is likewise di-
rected against Galileo’s mathematical realism: modern physics describes an
idealized construction which should not be mistaken with the true reality,
i.e., with the ‘life world’ of common sense observation (cf. GURWITSCH,
1967).

A critical scientific realist typically thinks that — to use Sellars’ terms —
the ‘scientific image’ of the world is ontologically (but not epistemically)
prior to the ‘manifest image’ of everyday experience (cf. Prrr, 1981).
Therefore, it is only natural that most quantitative laws and theories in
science are idealized with respect to our experience: they contain statements
which are more exact or precise than our current methods of measurement.
However, it does not follow that such laws and theories are likewise
idealized with respect to reality: a mathematical realist may assume that
increasingly precise measurements give values which converge towards the
true value of a quantity (just as we may indefinitely approximate the true
value of 7 without ever reaching it), and that there may exist a true
functional relationship between the values of such exact quantities.

On the other hand, a critical realist need not be a mathematical realist as
well (at least with respect to all quantities used in science). Indeed, there is
a position which in a sense is intermediate between the two ‘metaphysical’
doctrines — mathematical realism and empiricist instrumentalism. First, it
has to be acknowledged that actual measurements never yield values which
are exactly determined (i.e., with the accuracy of a real number). Hence,
empirical data are always imprecise to some extent. Secondly, the modern
theory of measurement is able to tell under which conditions certain

'* Duhem says that such laws are “approximate” — which may be misleading, since their
form is exact. For an evaluation of Duhem and Poincare in the light of ‘conjectural realism’,
see WORRALL (1982).
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qualitative relations can be metricized, i.e., represented (uniquely or up to
some class of transformations) by real numbers. For example, conditions
guaranteeing the existence of subjective probability distributions and
utility functions have been given in various representation theorems. Such
conditions are idealizations — they are exactly satisfied only by ideally
rational agents. Nevertheless, such conditions may be approximately true of
agents in real life.

In such situations, quantitative descriptions of reality are ‘fuzzy’ in the
sense that the actual world corresponds to a class of structures for the
quantitative language, not to a single structure (cf. PRZELECKI, 1976, 1978).
However, at the same time the concept of approximate truth should allow
us to say the following: even if quantitative subjective probabilities do not
‘really’ exist in the actual world, there are ideal worlds arbitrarily close to the
actual world where such quantities do exist. A similar situation may hold
for physical quantities. In such cases, the use of quantities in our theories
may be justified by the cognitive aim of science: not in instrumentalist
terms concerning empirical adequacy and predictive power, but realisti-
cally in terms of information about the world and explanatory power. In
other words, in the case of Fig. 3, the most efficient way of making progress
towards the ultimate best theory about the qualitative actual world may
proceed through ideal worlds which contain quantities.

4. Quantitative laws and theories
Carnap’s later work in inductive logic'® was based upon monadic

conceptual systems, i.e., monadic first-order languages where the non-
logical one-place predicates are collected into families

'0171 ={M!|1- .. 1M1k1}1
g,. = {M,.],. . -1Mnk,.}-

'* See CARNAP (1971, 1980) and NuniLuoTO (1978).
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The predicates within each family are assumed to be mutually exclusive
and jointly exhaustive:

I—\k/iI\/I.-,(x) (i=1,...,n)

i=1

Fe (M (x) & Mim(x))  (m#E)(i=1,...,n).

The n families %, i =1,...,n, generate an n-dimensional conceptual
space Q, where the basic elements are the Q-predicates defined by
conjunctions

My (x) & Mo (x) & --- & M, (x), (1)

where 1<ji<k,,...,1<j. <k,
The Q-predicates constitute a classification system with ¢q =
ki-k;---- -k, cells: each individual belongs to one and only one cell.

Further, Carnap assumed that the distance between the predicates within
each family %, is defined by a function d;, and that the distance between
two Q-predicates can be defined by the Euclidean measure

dMy(x) & --- & M, (x), Min(x) & - - & M, (x))

= V3, 4, M. @

If follows that d is a metric on the space Q of Q-predicates, i.e., the pair
{Q, d) is a metric space.

Carnap allowed for the possibility that a single family of predicates may
be obtained from a countable partition of the value space of a quantity. For
example, if we are interested in classifying objects with respect to their
length, we might use the family % defiried by

M, (x) = the length of x is between j —1 and j cm.

Carnap wished to avoid uncountable partitions, because that would
generate an uncountable number of Q-predicates as well. However, if we
replace each % simply by the real axis, so that the elements of a family
correspond to real numbers, then the Q-predicates correspond to n-tuples
of real numbers and the pair (Q, d) is the n-dimensional Euclidean space
R". In this case, Q is called the state space. For some applications, Q may
also be a finite subspace of R", an infinite-dimensional Hilbert space, or
some other normed linear space.

Let L be a first-order language with predicates Q; (j =1,..., q) desig-
nating the cells in Q. Then sentences of the form
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A ()0 () ®

where () is replaced by the negation sign ~ or by nothing, are called
constituents. Another way of writing the constituent (3) is to denote by
CT C Q those Q-predicates that it claims to be instantiated:

A @000 E®] v o). @
o;ecT Q;ecT
Constituents are the strongest generalizations in L: each quantificational
sentence in L can be expressed as a disjunction of some constituents.
While a constituent tells which kinds of individuals there exists in the
world, a nomic constituent'” tells what kinds of individuals possibly exist in
the world. If © is the operator for physical (nomic) possibility and [] for
physical necessity, then a nomic constituent has the form

A @00 & W | v 0], ®
Q;eCT Q;eCT
Thus, remembering the definition (1) of Q-predicates, a nomic constituent
of the form (5) tells which combinations of properties are physically possible
and which are not. They are the strongest laws of coexistence expressible in
language L(0) (i.e., L enriched with the operators & and (). Probabilistic
laws of coexistence are obtained by replacing the operator & with a
probability measure P which expresses degrees of physical possibility.
To express laws of succession relative to the conceptual space Q, we
have to relativize statements of the form Q,(x) to time ¢, i.e., we write
Qj(x), and then replace the Q-predicates Q;(x) in constituent (4) by
conjunctions of the form Qj(x) & Q. '(x) (cf. Ucun, 1977). If for Q}(x)
only Q. '(x) is physically possible as the next state, then we have
deterministic transitions of the form

[(Qx'(x) given Qj(x)). (6)

Probabilistic laws of succession are obtained from (6) by replacing the
operator [ with a probability measure P which defines transition prob-
abilities of the form P(Q.'/Q}))=p. (where p,+---+p, =1).

If the families & are defined by real-valued quantities b (i =1,..., n),
so that Q is the n-dimensional Euclidean state space, nomic constituents
(5) correspond to quantitative statements which specify the regions of

7 Cf. UcHil’s (1977) notion of ‘a basic causal law’. See also NIINILUOTO (1983a).
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physically possible states. Typical examples are those laws of coexistence
which can be expressed by equations in the space Q:

f(h(x),...,h.(x))=0. )]

Here f is a real-valued function f: R"— R of n arguments which
expresses the connection between the physically possible values of the
quantities h,,..., h,. For example, Boyle’s law has the form

VG 7(x) =0, ®)

where p(x) is the pressure of x, V(x) the volume of x, T(x) the absolute
temperature of x, and R is a constant. If the equation (7) can be solved with
respect to h(x), i.e., there is a function g which gives the value of h\(x) in
terms of the values hy(x),..., h,(x), then the equation

hi(x)=g(hA(x),..., h.(x))

entails the following: it is physically necessary that hi(a)=g(r,...,1.)
given hx(a)=r, ..., h. (@)= 1.

If discrete time is replaced by the continuous time variable t in
transformations (6), deterministic laws of succession (6) will correspond to
dynamical equations which express the state of the system x at time ¢ as a
function of time ¢t and some initial state at time t:

(hi(x,1),..., b (x,8)) = F(t, hi(x, to), . . . , b (%, t0)). 9

Equations of the form (9) are usually obtained as solutions of systems of
equations which involve the state variables h; and their derivatives dh; /dt
with respect to time ¢ Function F in (9) is a transformation function
F: R xQ— Q which describes all physically possible trajectories relative to
space Q.

For example, if a ball with mass m is thrown at time 0 and at point (0, 0)
with the velocity v, to the direction which forms the angle @ with the
x-axis, if the gravitation of the earth gives to the ball a constant
acceleration g downward the y-axis, and if no other forces are operative,
then its position (s, (), s, (¢)) at time ¢ is given by the ballistic equations

s (1) =tvocos a (10)
s, (1) = tvgsin a — gt*/2.

By choosing @ = — 7/2 and v, =0, equation (10) gives as a special case
Galileo’s law of free fall
s,(1)= —gt’/2. 1
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Probabilistic laws of coexistence and laws of succession relative to the
state space Q can be defined by specifying the physical probabilities of
states or the probabilities of trajectories.

What we have achieved so far is a straightforward derivation of van
Fraassen’s state space conception of physical theories™ as a generalization
of nomic constituents (5) and transformations (6) relative to discrete
conceptual spaces. To outline a semantics for this notion of a theory, let us
first write the law (7) in a more complete form

(X)(Cx > f(hi(x),. .., h.(x))=0), (12)

where Cx says that x is a (physical or social) object or system of a certain
kind, and = is an intensional if-then-connective. (Sentence ‘p = ¢’ is
read: if it were the case that p, then it would be the case that ¢.) Then (12)
may express a true counterfactual about worlds which do not contain any
individuals satisfying the condition C. Thus, (12) has models without
individuals of type C. On the other hand, law (12) directly asserts that its
consequent holds in those possible worlds which satisfy its antecedent.
Hence, the intended models of (12) are structures of the form

/) =(D,(h1(x))xeo,--- , (A (x))xeD), (13)

where D is a non-empty domain of actual or possible objects, Cx is true for
all x in D and, for each x € D, the values hi(x),..., h,(x) satisfy the
equation (7). In particular, a model of (12) may have only one individual a
in its domain:

Us ={a}, hi(a),. .., hi(a)).” (14)

To obtain the structuralist conception of a theory, let M, be the class of
all structures of the type (13), let M C M, be the class of models for the
equation (7), and let J C M, be the class of those structures to which the
scientific community intends to apply the equation (7). Then K =(M,, M)
is the core of a Sneedian theory-element (K, J), and J is its set of intended

'* See vAN FRAASSEN (1970, 1972, 1980), Suppk (1974, 1976), and DALLA CHIARA (1983).
This conception of a theory has been applied to many physical theories, such as classical
mechanics, quantum mechanics, and thermodynamics. It is also applicable to many theories
from the social sciences. For a formulation of quantum statistical mechanics in a ‘fuzzy phase
space’, see PRUGOVECKI (1979).

'* Note that we have restricted the discussion here to monadic quantities which attribute
quantitative properties to one individual. If the state space Q involves dyadic quantities (such
as the distance between x and y or the force by which x attracts y), then the intended models
of a theory relative to Q typically should contain at least two individuals.
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applications.® The empirical claim of (K,J) is the statement that all
intended applications are models:

JCM (15)

It is further assumed that J is defined through paradigmatic exemplars: J
includes all elements of a set J, and other ‘sufficiently similar’ structures. If
J can be defined by the condition

x)(U €EJ)=Cx), (16)

then the claim (15) is equivalent to the statement (12).

We have not yet in this section paid any attention to the idealizational
nature of quantitative laws and theories. As the state space formulation of
theories turns out to be very convenient for the study of approximations,
we shall take up this topic first and postpone the treatment of idealization
to Section 6.

5. Approximation

Let Q be a state space generated by the real-valued quantities h,, .. ., hn,
and let d be a metric on Q. Let Q(a) (or Q(a, t)) be a statement to the
effect that the properties of individual a (at time t) satisfy the point Q in Q.
Then the distance between the statements Qi(a) and Qz(a) is simply
d(Q,, Q,). Further, Qi(a) is closer to Q:(a) than to Qs(a) if and only if
d(Q,, Q) <d(Q, Qs). (See Fig: 4.) Statements Q,(a) and Qx(a) are

* This sketch of the structuralist conception is simplified, since it does not take into
account the distinction between theoretical and non-theoretical functions (cf. SNEED, 1979;
BALzER and MOULINES, 1980) or Sneed’s notion of constraint. While Sneed and Stegmiiller
take the intended applications of a theory to be non-theoretical structures, I argued in
NINILUOTO (1981) that the intended application in J could be taken to be structures with
theoretical functions. BLAZER (1982, 1983) has recently suggested that J could include any
structures U which are substructures of a theoretical structure %' in the sense that
dom(%)C dom(% ') and U contains some of the functions of U’. As U’ itself is a substructure
of U’ in this sense, Balzer’s proposal includes my formulation as a special case: J may consist
of theoretical structures. Balzer also mentions another, extremely empiricist requirement: the
intended applications in J consist only of individuals and functions which have been “actually
observed, identified and measured”. In this reconstruction of the structuralist programme,
theories would not be applied to reality but to finite bodies of empirical data. (For such a
tendency in Ludwig’s conception of a physical theory, see KAMLAH, 1981.)

*' For a theory of approximation in a qualitative conceptual system Q, see NINILUOTO
(1978, 1983a). The latter paper contains my answer to what KulPeRs (1982) calls the problem
of ‘theoretical verisimilitude’.
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Fig. 5.

8-close if and only if d(Q;, Q,) < & (where 6 > (0 is a constant). Statements
0Q.(a) and Qx(a) are approximate counterparts to each other if and only if
they are 8-close for sufficiently small é.

These definitions can be immediately generalized to arbitrary singular
sentences about one individual a. Such sentences have the form H(a) (or
H(a, t)), where H is a region in space Q. The distance between two
singular sentences Hi(a) and H:(a) can be defined by extending the metric
d to the subsets of Q. One way of doing this is to use the weighted
symmetric difference between H, and H.:

1 . nal : )
d(H,H)=3 5 min d(Q.Q)+5 3 min d(Q.0).  (17)
(See Fig. 5.) Hence, in particular,

d(H,{QN=3 3 d(Q,Q)+; pip (0,0, (18)

* Definition (17) is based on the proposal for the distance between theories in NIINILUOTO
(1978). It is not the only possibility for defining d (H,, H,). For the special case where H, is an
interval of real numbers and H, is a real number, see NINILUOTO (1982b).
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d({Q:.},{Q:H=4d(Qy, Q). (19)

These notions allow us to define a number of methodologically interest-
ing concepts. For example, sentence H(a) is approximately deducible from
premises % if and only if an approximate counterpart of H(a) is deducible
from 3. A theory 3 approximately explains H(a) if and only if 3 explains
an approximate counterpart of H(a). A sequence of sentences
H(a), Hy(a), ... is convergent if and only if for all £ >0 there is a no>0
such that d(H.(a),H.(a))<e for all m=n, n=n, Sequence
Hi(a),Hx(a),... converges to H(a) if and only if d(H,(a), H(a))—0,
when n — o,

Assume that the truth about the location of individual a in space Q is
expressed by sentence Q , (a). Then the degree of truthlikeness of sentence
H(a) is defined by 1/(1 + d(H,{Q,})) (cf. formula (18)). Sentence H(a) is
approximately true if and only if d(H,{Q.,}) is sufficiently small.”* Sentence
Hi(a)is closer to the truth than sentence H(a) if and only if d(H,,{Q,}) <
d(H,,{Q,}). A sequence of sentences Hi(a), Hx(a),... converges to the
truth if it converges to Q,(a).

If some of the quantities hy, ..., h, defining Q are semantically indeter-
minate, so that the truth about individual a has to be represented by the
sentence H,(a), where H, is a region in Q (cf. Section 3), then the degree
of truthlikeness of H(a)is defined by 1/(1 + d(H, H ,)) (cf. formula (17)).

Two quantitative laws are approximate counterparts to each other if
their distance is sufficiently small. Thus, all the concepts defined above can
be generalized to laws as soon as we have introduced a way of measuring
the distance between laws.

Let us consider first laws of coexistence of the form (7), where the
equation f(hi(x),..., h.(x)) =0 can be solved with respect to the first
argument:

hi(x) = g(ha(x), - . ., B (x)). (20)

Equation (20) defines a surface in space Q if the function g: R""'—> R is
continuous. (If n =2, this surface reduces to a curve in R”.) Let g, and g
be two such continuous functions which define surfaces in Q. Then the
distance between the corresponding laws can be measured by the L,-

# This notion — which in the fashion of Popper’s verisimilitude combines the ideas of truth
and information — should be distinguished from the notion of being ‘false but almost true’.
Sentence H(a) may be said to be almost true if mingc, d(Q,{Q }) is sufficiently small (but
greater than 0). For example, if it is true that 6 = 2.5, then the claim 8 = 2.6 is almost true, but
its degree of truthlikeness is not very high.
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metrics for function spaces:

Lgve=([ . la@-a@ld) @

As special cases of these Minkowski metrics, we obtain the city-block
metric (p = 1), the Euclidean metric (p =2), and the Tchebycheff metric

(0 ==)
Ll(gth)sz"_, |gi1(z)— g(z)|dz (22)

Lign )= [ @)~ g2 ez

L8 8)= sup |gz)~&(2)].

According to L, two laws are close to each other if the volume between
the corresponding surfaces is small. On the other hand, L. requires that the
maximum distance between these surfaces must be small.** (See Figs. 6 and
7)

Deterministic laws of succession correspond to functions of the form
F: R xQ—Q (cf. (9)). The distance between two such laws can be defined
by applying the L,-metrics and the metric d on Q:

. 1/p
L,,(FI,FZ)=( fR L d(FI(t,Q),Fz(t,Q))”dtdQ) : 23)
A
g.l(x)
L1(g1,92)
gz(x)
Fig. 6. X

* Note that L, and L, give finite values only if the functions g, and g, are restricted to a
finite subspace of R"~' — or some suitable normalization is used. L, has the advantage that
such qualifications are unnecessary.
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94(x)
Leolgy 95!

gz(x)

Fig. 7.

For probabilistic laws, we have to define the distance between two
probability measures. This can be done, e.g., by using Jeffreys’ notion of
divergence.”

We can now apply these ideas in the following definitions. A theory T
approximately explains a law if and only if T explains an approximate
counterpart of the law. A law of coexistence of the form (20) is approxi-
mately true if the L,-distance of g from the true g, is sufficiently small.** A
law of succession of the form (9) is approximately true if the L,-distance of
F from the true F is sufficiently small. Similarly, the notions closer to the
truth and convergence to the truth can be defined for sequences of
guantitative laws.

To see how the approximate truth of a law is reflected on the level of its
intended models, assume that U =(D,(hi(x)).ep,. .., (H(X)):ep) is a
model of the true law hi(x)= g, (hx),..., h.(x)). If the law hi(x)=
g(hy(x),...,h,(x)) is approximately true, then it has a model ¥'=
(D, (g(h«Ax), ..., h,(x))cen, (hX))sep; . . . , (B (X))eep) which is ‘close’ to
. For example, if ({a},1/5,5) is a model of

hi(x) = 1/hy(x),
then ({a}, 10/51,5) is a model of
hi(x) = 1/(hx(x)+ 1/10).

Thus, to any model % of the true law there is a model %' of the
approximately true law such that % and %’ are close to each other. The

» Cf. ROSENKRANTZ (1980) and NuniLuoto (1982b).
% For the case where such connection does not exist in Q, see Section 6.
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distance between two structures of the form

U= <D, (ul(x)),ep, ey (u,. (X))xeD>,
U'=(D, (0:(x)):ep, - . -, (U (X))zen)

can be measured here by

4@, W)= 3 L, (w,0), 24)

where
L,(w,v)= (x;D | u(x)—uv (x)‘p> /p-

If % and %' have different but intersecting domains D and D', respec-
tively, then we may take the sum in the definition of L, (1, v:) over
xeDbnND'.

If J and J' are two classes of structures, let us write J ~ J' if for each
U € J there is U’ € J' such that d(U, U’) is small and for each %' € J’
there is % € J such that d(U, U’) is small. (Cf. MoULINES, 1976.) Then we
have the result:

If Mod(T) and Mod(T") are the classes of models of two laws
T and T, respectively, then Mod(T) ~ Mod(T") if and only if
T and T' are approximate counterparts. (25)

A law T applies approximately to a structure U’ if and only if T is true in a
structure U which is close to %’'. By (25), this is equivalent to saying that
there is an approximate counterpart T’ of T such that T’ is true in U’ (see
Fig. 8).

These results can be compared to the alternative ways of ‘blurring’ the
empirical claims of Sneedian theory-elements in MoULINES (1976). Three
ways of replacing the claim J C M (cf. (15)) by an ‘approximate’ claim are
the following:

I ~J &I CM), (26)
T —_— T
I close l
Mod(T) ~ Mod(T")
u -_ u’
close
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IMM~M' &JCM), @7)
IMUI~T &EM~M &J CM). (28)

For example, if law (20) is expressed as the empirical claim of a Sneedian
theory-element (K, J), where the set of the intended applications J has the
form

J={{a}, hi(a),..., h.(a)}| a € D},
then (26)-(28) correspond to the statements:
Vxe€D3r---An(n=hx)& - &r.~h(x)&rn=g(r...,rn) 29
Vx €D (hi(x) = g(hi(x),..., h,(x)) 30)
VxeD3r---3Ar.(n=h(x)& - &r.~h.(x)&ri=g(r,...,n)). (31)

Here (29) says that law (20) applies approximately to the cases J, (30) says
some approximate counterpart of (20) applies exactly to the cases J, and
(31) says that some approximate counterpart of (20) applies approximately
to the cases D.

Thus, (26) and (27) correspond to the Fig. 8 with 9 replaced by the set J
and 9’ replaced by the set J'. Hence, (26) and (27) are equivalent, and both
entail (28).”

As further methodological notions for quantitative laws, we define
approximate validity and approximate prediction. For simplicity, only laws
of coexistence will be discussed, but everything we say can be immediately
generalized to laws of succession.

Let H, ={(hi(a),...,h, (a.-))l i=1,...,k} be a finite set of points in
space Q. We may think that the elements of H, represent the results of k
ideal observations or measurements of individuals a,, ..., ax (or averages
within classes of such measurements). Then the distance of the law (20)
(with function g) from set H, is defined as a specialization of (21):

L H) = (3 80@), .. @)= hi@)l) (2

The choice p =2 in (32) gives the traditional formula for the least square
difference. The case p = « has been discussed by PATRYAs (1977). (Cf. also
KRrAJEWSKI, 1977.) Then law (20) is said to be approximately valid relative
to data H, if and only if L,(g, Hi) is sufficiently small.

Let G be a class of functions g: R"™'— R which has been chosen on the

¥ This conclusion differs from Moulines’s claim about the logical relations of (26)-(28). Cf.
also BaLzrr (1981).
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basis of simplicity considerations. For example, G may consist of linear
functions or quadratic functions. Then we may formulate a rule of
acceptance:

Accept law g € G on the basis of H, if and only if g
minimizes the distance L, (g, H,) among the elements of G. (33)

Rule (33) says that, among the ‘simple’ hypotheses in G, the one with the
highest degree of aproximate validity should be accepted.” Instead of
aiming at the ‘‘simplest useful approximation” (ScRIVEN, 1961, p. 100), it
recommends us to find the closest approximation within the class of simple
laws.

From the exact law (20) one can make exact predictions only if the
precise values hx(a)=r,, ..., h,(a) =r, are known for some individual a.
From these initial conditions and law (20), we can strictly deduce the
prediction h,(a)= g(r»,...,r.) and approximately deduce statements
hi(a)=r where r=~g(r,...,r.) (i.e., the difference |r—g(rs;...,1.)| is
small). Moreover, we have the following general result (cf. NiNILUOTO,
1982b):

Assume that the initial conditions h(a)=r are true
(i=1,...,n). If the law hi(x)= g(hx(x),...,h.(x)) is ap-
proximately true in the sense of the L.-norm, then the
prediction h,(a)=g(rs,...,1,) is close to the truth. (34)

In contrast, predictions from true initial conditions based on an approxi-
mately true law in the sense of L;- and L,-norms are close to the truth in
the average. On the other hand, if the initial conditions are not known
precisely, the predictions deducible from (20) are likewise imprecise. Thus,
the approximate predictions of law (20) can be based on the following
consequence of (20):

If ho(x) E[r, 2], - . ., Ba (X) € [Fao, Tai), then hy(x) € [r10, 111], where

ro= min g(hs(x),..., h,(x)),

hay(x )E_[rm,rn]

B ()€l ot 1)

rn= max g(h«(x),...,h, (x)). 35)

ha(x)Elr20,r21]

b () oot 1]

™ The mathematical theory of approximation gives solutions precisely to such minimatiza-
tion problems for L, -metrics (see RICE, 1964, 1969).
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However, small changes in the values of hx(x),.. ., h,(x) may induce large
errors in the value of hi(x).” Therefore, the following principle is not
generally a valid consequence of law (20):

If ho{x)=rs, ..., h(x)=r,, then hy(x)= g(rs,..., 1) 36)

In contrast with the result (34), the predictions based on an exactly true law
and on approximately true initial conditions need not be approximately
true.”

6. Idealization and concretization

In Sections 4 and 5, we have ignored the fact that most laws in science
are idealized. For example, Boyle’s law (8) holds exactly only for ‘ideal
gases’, and Galileo’s law (11) describes exactly only the behaviour of a
perfectly spherical body which falls with constant acceleration without
disturbing forces in a vacuum near the surface of the perfectly spherical
earth. In other words, scientific laws tell what the physically possible
behaviour of objects and systems would be under certain counterfactual
assumptions.

The problem of idealization is intimately connected with the notion of
lawlikeness: laws are often distinguished from merely accidental general-
izations by their ability to support counterfactuals. Following HEMPEL
(1965), one might then suggest that idealized laws are ‘theoretical idealiza-
tions’ in the sense that they can be derived as special cases of highly lawlike
scientific theories. However, this cannot be the whole story, since — as
Nowak and Krajewski point out — the general theories (such as Newton’s
mechanics) may themselves be idealizations. It nevertheless has an impor-
tant consequence: scientific theories typically have both factual and
counterfactual intended applications.

A law of coexistence of the form

(x)(Cx = hi(x)= g(hA(x),..., h.(x)) 37

# For example, if h,(x)=1000000h,(x), then an error of the size 1 in the value of hy(x)
generates an error of the size 1000000 in the value of h,(x).

% These results answer the question raised by LAUDAN (1981) about the preservation of
approximate truth in deduction. NEwTON-SMITH’s (1981) attempt to explicate verisimilitude is
based upon a mistaken adequacy condition: “If a theory T, has greater verisimilitude than a
theory T, T, is likely to have greater observation success than T, (p. 198). This is wrong,
since a theory may have a high degree of truthlikeness even if it does not have any
observational consequences (cf. NiNiLuoTo, 1983b).
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may fail to give a realistic description of the actual world, since there is no
function g which would express the connection between the quantities
hi,..., h, in all factual intended applications. In such a case, the state space
Q based upon quantities h,, ..., h, is insufficient, and Q has to be extended
to a new state space Q* by taking into account new factors wy,..., w;.
Then we may hope to find the desired factually true law in Q*:

()(Cx > h(x) =g (haox), ..., b (x), wi(x), ..., we (x))).  (38)

Law (38) is factually true if and only if it includes all the factors which could
influence the values of the function h;(x) in the actual world and states
correctly the dependence of hi(x) of these factors. As (38) is a law, there
are then no physically possible worlds where h,(x) depends on still further
factors. But, as we have noted above, law (38) has consequences about
counterfactual cases where some of the factors wi(x),...,wi(x) do not
have any influence on h;(x).

In the Hegelian terminology, laws involving more factors are more
‘concrete’ and less ‘abstract’ than laws involving less factors. The process of
arising from laws relative to Q towards laws relative to Q“ is called
concretization by Nowak (1980) and factualization by KraJEWSKI (1977).
Nowak argues that this method of idealization and concretization is a
common element of the natural and the social sciences — and that it gives
an explication to the ‘ascent from the abstract to the concrete’ in Marx’s
Capital. He describes this method through the following steps:

(x)(Cx D hi(x) = g(hy(x),...,h, (X))) 39)
X)(Cx&wi(x)=0& - &wi(x)=0D hi(x)=g(hsx),...,h (x)))
(40)

) Cx &wi(x)#Z0 & wy(x)=0& - - & wi(x)=0D hy(x)
= gi(ha(x), ..., b (x), wi(x))) (40}

(X)(Cx & wi(x) #0 & - & we (x)£0 D hu(x)
= g (ha(x), ... B (x), wilx), .., we (%)), (40)

Here (40) modifies the original law (39) by explicity introducing the
idealized assumptions wi(x) =0,..., wi(x) = 0 which claim that the quan-
tities wy,..., w, have no influence upon the values of h,. In the step from
(40) to (40),, the first of these assumptions is removed by replacing it with
wi(x) # 0 and by introducing w,(x) as a new factor in the equation. The
same process is repeated until we finally have removed all the idealizing
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assumptions and obtained (40),." Nowak assumes further that each
g (hxx),..., h.(x), wi(x),...,w;(x)) can be expressed as a function of
gi-1(hx(x), ..., ha(x), wi(x),...,w;_(x)) and some function of w;(x), but
this requirement seems to be unnecessarily restrictive. KRAJEwsk1 (1977)
requires that the process of factualization satisfies the Principle of Corre-
spondence:

gi(hi(x),..., h,(x),2)— g(hsx),..., h.(x)), when z—0.

8 (ha(x),..., K (x), wi(x),..., wii(x),2)
- g 1(hao(x), ..., (x), wi(x),..., wiei(x)) when z —0.

Nowak assumes further that the factors w,, ..., wy are introduced in the
process of concretization in the order of their significance.” If h,,..., h,
are the most important factors in the determination of h, (principal
factors), then (40), expresses the essence of the facts about h;. Law (40),
describes the essential or “internal structure” of a fact, and the sequence
(40), . ..,(40). brings us closer to its ‘“manifest structure”. From this
perspective, idealizational laws are not insignificant side steps in the
progress of science, only practically necessary because we lack knowledge
of factual laws, but rather it is an important aim of science to discover the
internal structure of facts in their ‘pure’ form — without ‘disturbing’
factors.

If the assumptions w;(x)=0 (i =1,..., k) are counterfactual, then the
use of the material implication D in the laws (40) would give the
undesirable result that all idealizational laws — independently of their
consequents — are true. Nowak concludes that this is a compelling reason
for revising the “classical definition of truth” (Nowak, 1980, pp. 134-135),
but a more natural move is to interpret the if-then-connective as the
conditional = (cf. Section 4). Moreover, the laws (39) and (40) are written
so that they are logically independent of each other — except that (39)
entails (40), when material implications are used. For these reasons, the
process of concretization should be rewritten in the following way:

(x)(Cx = Ei(x)), (T)

*' PaTRYAS (1975) suggests that laws (39) and (40) should contain a ceteris paribus condition
as well, but I shall not deal with this issue here. Cf. CARTWRIGHT (1980).

* This concept might be defined as follows: w, is more significant than w/ for h, (relative to
h;,...,h,) if the concretized function g,(hx(x),...,h,(x), w,(x)) differs more from the
original function glhy(x),..., h,(x)) than the concretized function
g;(hZ(x)’ ] hn (x)’ W;(x))
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X)(Cx &wi(x)=0& - & wi(x) =0 > Eo(x)), (To)

()(Cx&wx(x)=0& - &wi(x)=0= E\(x)), (T

(x)(Cx = Ec(x)) (T)
where

hi(x) = go(hx(x), ..., ha (X)), (Eo(x))

hi(x) = gi(hao(x), . .., B (x), wi(x)), (Ei(x))

h(x) = g (hAx), ..., b (x), wi(x), ..., wi (x)). (Ex(x))

Moreover, we assume that the functions w, ..., w, have non-zero values in
the actual world:

X)wi(x)#0 & - - & wi (x) #0).

Then Ty,..., Tc-1, which explicitly mention counterfactual assumptions,
are idealizational laws; T and T, are factual laws. A factual law may
nevertheless be idealized in the sense that it fails to mention some of the
actually relevant factors. T is an idealized factual law in this sense, and T,
may be one as well.

If the Principle of Correspondence holds, i.e.,

Forj=1,...,k,
lim g (hax), ..., h(x), wi(x),..., wi_i(x),2)

=g _1(hax),..., h (x), wi(x),..., wi_i(x)), 41)

then each law in the list T,,..., T entails the preceding ones. Thus, T,
entails To,..., T for all j=1,...,k.* Moreover, if the function g,
depends on the argument w,(x)#0, then all the laws Ti,..., Tk are
inconsistent with the original law T.**

Let us give an example of concretization. One of the idealizations
involved in the ballistic equations (10) is the assumption that the resistance

% This is similar to KRAJEWSKI's (1977) “renewed implicative version” of correspondence,
but instead of saying that (a) T, entails T,, (b) E, (x) entails w(x)=0& - - & w, (x)=0>
Eyx), (©) E(x)&w(x)=0& --- &w,(x)=0 entails FE,(x), he claims that (d)
E(x)&w(x)=0& - &w,(x)=0entails w{(x)=0& -+ & w,(x)=0D Ex).

* We exclude here the possibility that, e.g., g,(h(x), w,(x), wy(x)) = g(h(w))+ w,{x)+
wy(x) and w,(x)= — w,(x) for all x.
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of air is zero. If we add to the derivation of (10) the condition that the force
due to the resistance of air is proportional to the velocity v of the
projectile, i.e., —Bv where B >0 is a constant, then we obtain

5. (1) = eSS e gos Z(1—emy
__mg  (m’g musina) . _sm
s, (1) 8 t+< 5 +——————B )(1 e ™). 42)

If the constant B approaches the limit 0, then the equations (42) approxi-
mate more and more closely the equations (10).%

In this example, concretization is achieved by means of a general theory:
the subsequent concretizations of, e.g., Galileo’s laws are derived from
Newton’s mechanics. If the relation of concretization is denoted by + (cf.
Nowak, 1980), then the sequence

Tas Tod T4 - 4T, 43)

does not adequately describe here the order of discovery, but should be
replaced by
(44)

where — denotes entailment and numbers indicate the order of the
inferential steps. If the theory Z in schema (44) is itself idealized, then the
last concretization T, is likewise idealized in the same respects. However,
examples of sequences of type (43) can also be found in many fields of
science.

Let us now consider the process of concretization in more detail — in
particular, how it is reflected on the level of the structures satisfying the
laws. The first thing to notice is that all the laws Ty, ..., T are expressed in
the same state space Q. But while Ti describes a surface in Q, the

* In this example, we may think that the concretization is achieved either by introducing
the constant function w,(x) = 8 >0 or the function w,(x) = the resistance of air on x. In the
latter case, we put up the separate assumption w,(x)= — Bv(x), but this function does not
occur explicitly in the equations (42) any more.
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idealizational laws T,—i,..., T, describe surfaces in more and more re-
stricted subspaces of Q. But if the relation of correspondence holds
between T and T, (j = 1,..., k), then all these small surfaces are simply
parts of the whole surface defined in Q* by Ti.. On the other hand, the
original law T describes a surface in Q, so that the step from T to
To, ..., Tk involves conceptual enrichment. Within the enlarged space Q,
law T defines a surface which coincides with the surface defined by Ti in
the subspace of Q" with wo=0,..., w, =0, but deviates from this surface
outside this subspace. As all the laws T, Ty, . .., Ti correspond to regions in
Q" the ideas and methods of Section 5 can be used to measure their
distance. For example, the distance of T from a surface in Q can be
defined either by the maximum or by the average distance from T to the
surface. These suggestions lead to the following result for j=1,..., k:

T; is closer to T, than T, is. 45)

But there does not seem to be any general result concerning the relative
distances of T and T; to T,: as T is more informative than Ty, ..., T.—, in
making a claim for all values wi(x),..., wi(x), it follows that T may in
some cases be closer to T, than Ty,..., T, for some j. This is still true if T;
is replaced by its approximate version AT, (cf. Nowak, 1980) which is less
restricted but also less precise than T;:

(Cx&win(x)sajn & - &wi(x) < o
$ hu(X)“g;(hz(x),- .. ,hn (X), Wl(x)" v wi(x)))' (46)

Secondly, as T; entails T;_;, all the models of T; are also models of T;_;:
Mod(T.) C Mod(Tk-1) C - - - T Mod(Ty).

This means that if T, is a factually true statement, then its consequences
Ti-1, ..., To are true counterfactuals,” and T is a false factual statement. If
T is approximately true, then the claims of T1,..., T, for the counterfac-
tual cases are close to the truth in the sense of (34).

To compare the laws T, Ty,. . ., T, it is most instructive to consider their
intended models (cf. Section 4): for 0<j <k, T; is then interpreted as a

* There is some unclarity about this point in Nowak. In arguing that idealizational laws T,
cannot be interpretative systems in Hempel's sense, he argues that their idealizing assump-
tions should be fulfilled in all the models of T;. (NowAK, 1980, p. 62.) However, counterfactu-
als can be true in the actual world. Krajewski’s formulation is equally misleading: “The ideal
law is fulfilled only in the ideal models”. (KRAJEWSKI, 1977, p. 23.)
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statement to the effect that the equation E;(x) holds for those structures

which satisfy the idealizing condition w;..(x)="---=wi(x)=0. Let I, be
the class of such structures for Q, i.e.,
L =Mod((x)(W;+1(x) =0 & - - - & wi(x)=0)). 47

(See Fig. 9.) Then typical structures %; € I, — I,_, which satisfy the equation
E; look as follows:

Yo = ({a}, ga(hz(a), ey h,. (a)), hz(a), ey h,. (a), 0, 0, ce ,0),
U, = {a}, gi(h(a),. .., h.(a), wi(a)), ha),..., h.(a), wi(a),0,...,0),

U = {a}, g (hA(a),. .., h(a), wi(a),..., w(a)),

hi(a),. .., ha(a), wi(a),..., wi(a)). (48)
Then all the factual structures belong to the class I, — I._;, and the
idealized structures to the classes Iy,..., L. It is important to notice,
however, that the factual law T, has as its intended models structures from
all the classes Iy, ..., I,. Similarly, law T; has intended models in all the
classes Io,..., I, but not in L.i,..., L. The situation is asymmetric in the
following sense: idealizational laws do not have factual structures as
intended models, but factual laws have idealized (and factual, of course)

structures as intended models.
A typical structure U for Q satisfying T looks as follows:

U = {a}, go(hs(a),..., h,(a)), hia),..., h.(a)). 49)

Structure (49) corresponds to an infinite class of structures for Q“ which are

Ty

S
@

Fig. 9.
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also models of T:

{{a}, gl(hAa), ..., ha(a)), ho(a),.. .,
ho(a), wi(a), ..., w(a))| wi(a)ER,...,w (a)ER}. (50)

This class (50) contains structures which have arbitrarily great distances
from the model U, of T,. The minimum distance of the elements of class
(50) from structure % depends on the absolute difference between the
values go(hs(a),...,h.(a)) and g, (h:(a),...,h.(a), wi(a),..., wk(a)).

Class I, contains the most idealized structures which are, in an obvious
sense, most ‘distant’ from the factual structures in I, — I,_,. On the other
hand, it need not always be the case that the distances between structures
U, ..., U, as defined by (24), perfectly match with these degrees of
idealization: whether the condition

d(ou(), ouk)> d(oul, ouk)> e > d("uk-l, ouk)

holds depends essentially on the size and direction of corrections to the
value of h,(a) that the new factors w,(a),..., w. (a) make. Nevertheless,
the principle of correspondence (41) guarantees the following result:

For each model %, of T;_,in I,_, — I;_, there is a sequence of
models U] of T, in L —IL., m=12,..., such that
d(Ui-1, U)— 0, when m —> 0. (829

For example, for a projectile satisfying the parabolic ballistic equations (10)
there is a sequence of cases of projectiles with smaller and smaller
resistance of air (cf. (42)) which indefinitely approximates the given
parabolic case. In this sense, it may be said that theory T;.., is approximately
reducible to theory T; if the relation of correspondence holds between T,
and 7;.” This relation of approximate reduction need not hold between the
factual theories T and Tx.

Is it the case, as Nowak and Krajeski suggest, that the process of
concretization defines sequences of theories which converge towards the
truth? The answer to this question of course depends essentially on the
theories T, ..., Tk, since concretization can be made in very mistaken
ways. If T, is completely mistaken and therefore has a low degree of
truthlikeness, it need not be the case that sequence T,..., T brings us

¥ Cf. the results of RANTALA (1979), MouULINES (1980, 1981), and MAYR (1981a,b)
concerning the approximate reduction of the classical mechanics to the relativistic mechanics
or Kepler’s laws to Newton’s theory.
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closer to the truth at all. However, if T, is factually true, then Ty, ..., T is
a sequence of more and more informative true theories — and any
reasonable theory of truthlikeness (cf. NuniLvoto, 1978, 1982c; pace
ObbiE, 1981) gives the result that the degrees of truthlikeness of Ty, ..., T,
increase (cf. also result (45)). However, it depends on the case which of the
statements T, T;, or AT, has the highest degree of truthlikeness.

Let us conclude this section with some remarks about the testability of
idealizational laws and their role in scientific explanation and prediction. If
we are dealing with a sequence of type (44), then we may test an
idealizational law T; by testing the theory Z from which it is deducible —
and the best way of doing this is to test factual laws (such as T ) derivable
from Z. The use of law T; for the purposes of explanation and prediction
can be replaced by the use of theory Z: to explain the behaviour of a
cannon ball we may use Newton’s mechanics rather than the idealized
ballistic equations. RUDNER (1966) in fact argues that this is the only role
that idealizational laws may play in explanation. If we explain a regularity
by deriving its concretization from theory Z (e.g., the explanation of
Kepler’s laws by Newton’s theory), then this explanation is not only
approximate but also corrective, since it shows the original formulation of
the regularity to be imprecise.

If we are dealing with a sequence of type (43), then the move to a higher
theory Z is not available. If an idealization law T; is used as a premise of a
deductive argument (cf. BARR, 1974, CARTWRIGHT, 1980), its conclusion H;
may approximate the given factual explanadum H, but there is no reason to
regard this approximate explanation as corrective (see Fig. 10). Therefore,
it is more appropriate to replace T; by its factual concretization T, — or, if
T is not available, by an approximation AT, of its least idealized known
concretization T,, (j <m <k) which is sufficiently broad to include the
appropriate initial conditions (see Fig. 11). (Cf. Nowak, 1980.) These
remarks apply to predictions as well.

To test an idealized law T, in this case, we may either try to calculate
what our data about the given case a would have been if the idealizing
assumptions w;.(a)=0,...,w:(a) =0 had been valid (Suppes, 1962) or to

H, -H H

Fig. 10. Fig. 11.
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imitate experimentally the idealizing conditions of T; as closely as possible
(cf. Sucn, 1978). In the latter case, we are in effect testing the approximate
version AT; of T; (cf. Nowak, 1980).*

7. Concluding remarks

The treatment of approximation and idealization that has been de-
veloped in this paper gives rise to a number of general conclusions.

(1) The notion of metric is less general than Bourbaki’s concept of
uniformity. However, uniformities can easily be defined by using metric
concepts — and, indeed, this seems typically to have been the case also in
the methodological applications of this notion. Therefore, it is not evident
that there is any real loss in generality if the nature of approximation is
analysed by metric distance functions rather than by entourages of uniform
spaces. But there is a clear gain in having explicitly defined distances which
are based upon a rich and well-developed mathematical theory.

(2) In principle, it seems possible to apply metrics in the study of
approximation in connection with any conception of scientific theories. For
example, we can use them in Ludwig’s approach and in the
Sneed-Stegmiiller approach by introducing, through a ‘micrological’ treat-
ment, a metric in the class of structures. On the other hand, the state space
conception of theories is especially suitable for the study of approximation:
by treating statements as corresponding to regions in the state space, the
metric structure of that space can be used in the definition of approxima-
tions between statements — and these in turn are reflected in approxima-
tions between the models of statements. A sophisticated statement view of
theories is able to acount for approximation and also the role of idealiza-
tions in science.

(3) A successful analysis of approximations between statements (or
between structures) gives us a systematic basis for explicating many
important methodological concepts — such as approximate explanation,
approximate prediction, approximate reduction, approximate validity, and
approximate application. If the notion of truth is well-defined, we can
include in this list also the concept of approximate truth, Thereby we
obtain an indispensable tool for developing the philosophical basis of

** LayMoON (1982) suggests that a scientific theory is confirmed if it can be shown that using
more realistic initial conditions will lead to correspondingly more accurate predictions. In our
terms, this means the following: an idealized theory T, is confirmed if we find a concretization
T;.. of T, which has greater approximate validity than T,.
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critical scientific realism. In this sort of realism, the idea of increasing
truthlikeness is not a “teleological myth”, as Stegmiiller has suspected, but
rather an exactly definable property that successful sequences of scientific
theories possess.

(4) Idealizational laws in science are counterfactuals which are deduc-
ible from more ‘concrete’ factual laws. This analysis implies that as a rule
the intended models of a scientific theory include ideal structures, i.e.,
domains of objects with counterfactual properties. This is especially clear if
the class of intended models is assumed to contain a subset of ‘exemplars’
or ‘paradigmatic’ applications in Kuhn’s sense, as the structuralist recon-
struction of ‘Kuhn-theories’ requires. This is the case, because such
exemplars typically consist of the early successful applications of the theory
which are repeated as examples and exercises in textbooks — and surely
the exemplars for Newton’s mechanics, for example, include such strange
entities as perfectly spherical projectiles moving in a vacuum or balls
rolling with a constant acceleration on a frictionless plane. Still, this
dimension of ideal models is lost, if it is thought that theories are always
applied to “chunks of empirical reality” (Sneed) or to actually observed
and measured “data”. Moreover, to accept a theory is definitely more than
just to believe that “what a theory says about what is observable is true”
(van Fraassen) — it is also to believe that what the theory says about the
unobservable, even nonexistent ideal cases is at least approximately true.

(5) The ability of scientific theories to give approximately true descrip-
tions of ideal cases gives us an argument for critical scientific realism.
Methodological non-realists have sometimes suggested that there is no
need to explain the success of current scientific theories: this is no miracle,
since “only the successful theories survive” in the “fierce competition”
(vaN FrRAASSEN, 1980, p. 40). But this is not sufficient: if theories are chosen
on the basis of their observable success, why do they continue to be
successful in similar situations? How do they successfully make predictions
about unobserved and even counterfactual ideal situations? These are
genuine puzzles which need to be answered — and for a realist the only
plausible answer is to suppose that the best current theories are in fact
close to the truth in the relevant respects.
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Introduction

We outline a method of describing the logical structure of related
empirical theories employing a concept of intertheoretical link. The global
structure of empirical science is represented as a net of linked theories. The
“content” of such a net is the class of all structured arrays of individuals
that are consistent with the theories and links in the net. This concept of
“content” is used to formulate local empirical claims of theories in a net
without formulating a global claim for the net. Characterizations of the
distinction between theoretical and non-theoretical concepts, relative to a
given theory, and the intended applications of a theory are provided. Our
approach derives from [8] and later developments in [1], [2] and [8]. The
fundamental concept of intertheoretical link is a generalization and
clarification of the concept of “bridge laws” discussed in [4], [6] and [7].

Model elements

Empirical science may be represented as a net of linked theory elements.
A theory element consists of some “concepts” K that are used to say
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something about some array of things, the intended applications for the
concepts, I. Thus a theory element is an ordered pair T = (K, I(K)). The
“conceptual apparatus” K of the theory element consists of certain
categories [S] of set-theoretic structures. In all categories || x || associated
with empirical theories it appears that the objects |y | may be given by a
“species of structures” in the sense of Bourbaki [3, p. 259]. For x, y € | x|,
x(x,y) is the set of morphisms “from x to y” and the set of x-
isomorphisms is Iy.'

The conceptual core K of a theory element consists of two categories:
“potential models” and “models”. Potential models are just the kinds of
structures that one might claim to be models for a theory. They determine
the formal properties of the theory element’s conceptual apparatus without
imposing any additional restrictions that correspond to empirical laws. We
make this distinction more precise by defining a ‘““model element”. It is an
ordered pair K ={||M,|,||M]|) in which |M| is a full sub-category of
|M,|. We also require that the laws of T be ‘“invariant under M,-
isomorphisms” in the sense that, for all x,y €|M,|, if IM.(x,y)# A,
x €|M| iff y €|M|. Thus we consider theory elements T =(K, I(K))
where K is a model element and I(K) is the range of intended applications
of K. One might take the range of intended applications of K, as I[(K)—a
sub-class of | M,| and provisionally formulate the empirical claim of T as
I(K)C|M].

Model element links

Intertheoretical links serve to carry information about the values of
relations and functions from the applications of one theory to those of
another or across different applications of the same theory. Here we shall
consider only external links. Among other things, these links provide a
kind of “empirical semantics” for a model element that make it more than
“just a piece of mathematics”. We begin by characterizing the purely
formal properties of a binary intertheoretical link between model element
cores K’ and K. First, we take a step back and consider ‘““relators” beween
categories || x || and [|||. A relator |[R || between | x || and ||| —allx |l [l ¥l
relator — is a sub-category of the category || x|/ x| #||. A relator is a
generalization of the usual category-theoretic concept of a functor and
must satisfy analogous requirements.

' Consistent with the category-theoretic notation, we shall denote the class of all sets by
“|SET[” and the set of all functions from X to Y by “SET(X, Y)”.
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A link between K' and K is a restriction of the potential models of both
theories — a sub-set of | M| X | M, |. But, a link may have associated with it
some restriction of the morphisms of both || M} | and || M,||. The morphisms
associated with the links will have to do with transformations of just those
components of the structures in | M} | and | M, | whose values are correlated
by the link. This suggests that we might regard a binary link between the
model element cores K’ and K as an || M}||, || M, relator || A || in which | A |
characterized the mutual restriction of the potential models and

A", x) (Y, yNC Mi(x', y )X M,y(x,y)

characterized the pairs of M, and M, -morphisms associated with transfor-
mations of the linked components. Links should have certain properties
that relators, in general, do not have. Generally, a || x|, |||l relator need
not contain any y X -isomorphisms at all since it is not a full sub-category
of || x| x|l&|l. We do not want all M/, x M,-isomorphisms, but only those
that are associated with the components in the potential models that are
correlated by the link. The requirement (D1-A-2-a) below will suffice. If
(x',x) and (y’,y) are A-linked, x' is M -isomorphic to y’ and x is
M,-isomorphic to y, then there is some A-linked pair of isomorphisms
“connecting” x’ with x and y’ with y. A-isomorphic pairs will typically have
many M|, X M,-isomorphisms that are not A-isomorphisms. These corre-
spond to transformations of components of the potential models other than
those that are correlated by A. It also seems clear that, whenever x’ and x
are A-linked and y' is empirically equivalent to x’, there should be some y
that is empirically equivalent to x that is A-linked with y’. That is, a link
|A]l should be isomorphism-invariant in the sense of (D1-A-2-b).

To make these ideas precise, we must specify the corresponding compo-
nents in K’ and K that are linked. We will denote them by the places they
occupy in the structures in the species of potential models using the
following notation. If | ¥ | is a class of structures with m-components and
in,...,in €{1,...,m} with ;< i,, and X C|X| then “|x:iy,...,i.[|” de-
notes the class of all sequences of components appearing in the places
ii,...,I, in some structure in the class X. We also need to be more explicit
about what the components in the objects of the category of potential
models are doing. We say K is a “‘k-I-n model element core” when the
first k-components are the “base sets” of the structures, the next I are
“auxiliary base sets” having to do with auxiliary mathematical structures
like the real numbers and the last n components are ‘“‘non-basic compo-
nents” like relations and functions over the basic sets. (See [3, Ch. IV].)
Thus when K’ and K are respectively k'-I'-n’ and k-I-n model element
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cores and (iy, ..., i), (ji,...,Js) are sequences of non-auxiliary “component
positions” in members of |[M;| and | M,| respectively, we may define a
(it i,)-K', (j1,...,js)-K link to be a K',K link [|A[| in which the
“values” of the components (ij,...,i) in the structures in |M}| are
correlated with the “values” of the components (ji, .. ., j;) in the structures
of | M,| and the values of no other components (D1-B-2). Further, for all
uncorrelated components {a,,...,a} and {b, ..., b,}, all values that these
components take in M, and M, appear in the structures that are related by
|A] (D1-B-3). We further require that the M;-morphisms linked by ||A ||
with M,-morphisms shall be only those that exist between structures in
which the uncorrelated components {a,,...,a} and {b,,..., b,} have the
same values (D1-B-4). We summarize these ideas in the following defini-
tion.

(D1) For all categories ||A|, K, K'€|SET|, k, k', , I, n,n' EN" if

H) K'=(|M}|,|M']) and K = (| M,||,||M]|) are respectively k'-I'-n’
and k-I-n model element cores,

H) iy,....L€{1,... k' k'+I'+1,.. ,k'+I'+n'}, i<inn and
Jioe ik €L, Lk k+HI+1,. . k+ T+ R0}, o < g,

H) ay,...,a€{1,.... k' k'+I'+1,...,k'+1I'"+n"}, a<an. and
bi,....b €{1,....k,k +1+1,...,k +1+n}, b, < b, so that:

{ai,...,a}N{is,....5}={by,...,bIN{j,..., i} =4,

{ai,...,a}U{i,....i}={1,.. . k", K'+U'+1,.. ,k'+1I'+n'},

{bi,....b.N{,...,i}={l,....kk+1+1,...,k +1+n},
then

(A) |A]lis a K, K link iff
(1) A1 is an IM3], M, | relator,
(@) for all (x',x), (y',y) €| M| x|M,|, 2’ €|M;|:
(@) if I[M}x M,J({(x', x),{y",y)) # A then

IIM X MJ (X", %), (y ", y ) N A (X', )y, y)) # A

(b) if (x',x)€|A|and IM;(x',z") # A then there is some z € |M,|so
that IM,(z',z)# A and (z',z)E€|A|.

(B) Forall X C|M;|,||Allisadii,...,i)-K',{j,...,J.)-K link in X iff
(1) [[A] is a K, K link,
(2) forall he{l,...,r}, g€{1,...,s},

@ [IDA)NX:h|#|M;:h|,  (b) |DAA):g|#|M;:gl,
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(3) |Di(A):ay,...,a |X|Dx(A): by, ..., b,|
=|M}:ay,...,a|X|M,:by,...,b.[,
@ for all (¢,x), (y,y)E[MIX[M,| and (u',u)E M.
My ((x', x),{y", y)), if {p', w) €A ((x', x),(y", ¥)) then

{x}:an...,al={y}:a,...,al,
[{x}:bi,....,b.|=|{y}:bi,..., b.].

Interpreting links

There are different kinds of intertheoretical links which function in
different ways. Here we shall consider only “interpreting links”. A K', K
link is an interpreting link for K when models of K’ serve as acceptable
means of measuring or determining the values of components in potential
models of K. More precisely, an interpreting (i,,...,i)-K', (ji,...,[)-K
link is a link that allows us to infer something interesting about values of
the components {ji,..., j;) in at least some potential models of K from
knowledge of the values of the components (i, ..., i) in models of K'.

The concept of an interpreting link is largely a pragmatic concept. Which
links are used as interpreting links is a fact about the practice of empirical
science, not a fact about the formal properties of links. Thus, we can not
give a purely formal characterization of interpreting links. Nevertheless,
we are able to give some formal necessary conditions for links to be used as
interpreting links. First, it is clear that for interpreting (i,,...,i)-K’,
{i,...,Js)-K links, at least some models of K' must be linked ((D2-1)
below). These models of K' are ‘‘acceptable’” measuring devices or
measuring situations for the components {ji, ..., j.). Members of D,(|A|)
outside this set correlate values of (iy,..., i) with classes of values for
(rs--.,js)» but these correlations are just ‘“‘meaningless numbers” —
readings from faulty instruments.

Consider the case of a K', K link in which the laws of K’, together with
the link, “‘entail” the laws of K. More precisely, ||A | is such that for all
(x',xyE|A|,if x'€|M’| then x €| M|. In this case, it is not plausible to
regard K' as providing an interpretation of components in K. We may not
think of models for K' providing acceptable methods of ‘“measuring”
values of components in K about which the laws of K say “something
more”. This suggests that links with this property should not count as
interpreting links (D2-3-a).

Consider next a K’, K link || A || in which the laws of K, together with the
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link, entail the laws of K’. That is for all (x’,x)E|A][, if x €|M]| then
x'€|M'|. Were ||A| to be regarded as a K-interpreting link, this would
mean that all “data” that satisfied the laws of K had been obtained from
acceptable measurements. There could be no “bad data” that just hap-
pened to satisfy the laws of K. We might attempt to formulate all empirical
theories in a way so that this is true. In fact we do not appear to do this. The
laws of isolated empirical theories are always formulated so that they entail
nothing substantive about what counts as acceptable data for them
(D2-3-b).
We summarize these ideas as follows.

(D2) For all categories ||A ||, K, K' €|SET|, k, k', I, I, n,n’ EN" so that
[A]is a K’, K link and || M}]|# [ M., |A ] is K-interpreting only if
(1) DA )N M| # A,
(2) there exist (ii,...,iYE{l,... .k, k'+1I'+1,..., k'+I'+n'}, i, <
invt, (oo ngo) €L, k+I+1, . k+1+n}, j,<je, so that
Al s a Ginso..r iK', iny. ooy j)-K link in | M),
(3) there exist {x’,x),(y’,y)E|A|, so that:
(@) x’€|[M’'| and xZ|M|, (b) y €E|M| and y' & |M’|.

Model element nets

The logical structure of the whole of empirical science at any given time
may be exhibited as a set of model elements together with the intertheoret-
ical links between them. Here we restrict our attention to nets containing
only binary links. Formally, we may think of a model element net N as an
ordered pair N =(|N/|, L) where | N| is a set of model elements and L is a
set of binary links linking members of |N|. The set L imposes a binary
relational structure on |N| in an obvious way and it is somewhat more
convenient to discuss the properties of model element nets in terms of this
relational structure. Let L(K', K)C L be the set of all K', K linksin L. We
may think of L(K’, K) as containing just one link

ALK, K]=N{A[| € LK, K)}.

Consider the binary relation L, C|N|x|N]| that contains (K’, K) just in
case L(K',K) # A. That is, L, (K', K) just when there is some link between
K’ and K. Clearly, {|N|,L,) is a binary relation structure.

We have just considered the most general properties of linked model
element nets in which the links may be of any sort, including interpreting.
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It is natural to expect that there are additional properties of nets that have
to do with specific kinds of links. Here we consider only those special
properties that have to do with interpreting links. If we think of interpret-
ing links roughly as channels or paths for the transmission of information,
then the relation between L(K’, K) and L(K, K') is an important contin-
gent fact about the logical structure of empirical science. Our conception of
a K-interpreting K', K link is that it serves to transmit information from K’
to K. This suggests that there should be a kind of asymmetry for
interpreting links. Information should be conceived as flowing in only one
direction between two adjacent linked model elements (D3-4).

We would like model element nets to do two things. First, we would like
to use them to talk about the global structure of the whole of empirical
science at any given time. Second, we would like to use them to explicitly
exhibit fragments of this global structure. Considering the first task, it
seems plausible to require that every model element in a net N represent-
ing the whole of empirical science have at least one interpreting link. There
are neither uninterpreted nor self-interpreting formal structures in empir-
ical science. Clearly, this entails either that | N| is unbounded with respect
to interpreting links or that there are closed “chains” of interpreting links.
We do not find either “horn” of this dilemma obviously unacceptable.
However, if we require that every model element have an interpreting link,
we can only exhibit completely sub-nets of N that have closed interpreting
chains. While it is not manifestly impossible that there are such chains in
the structure of empirical science, there do not appear to be ‘“small” ones.
The “sub-nets” we want to use to illustrate “local” features of the net of
empirical science will not be of this kind. In fact, if we require that every
model element have an interpreting link, they will not be sub-nets at all
because some “terminal’” model elements will appear without interpreting
links. On this point, we opt for simplicity and do not require that every
model element have an interpreting link.

One technical point needs to be mentioned. Though we do not consider
internal links here, we do want our concepts to be general enough that
these additional features of model element nets can be added without
much reformulation. Thus we define an “unconstrained model element
net” to be one which contains the “vacuous internal link” || M, || x || M, || for
all model elements in the net. “Constrained model element nets”’, which
we do not consider, will be those that contain sub-links of this vacuous
internal link. When we come to consider the “content” of model element
nets our definition will entail that degenerate unconstrained nets consisting
of only one model element will simply have | M | as their content. We would
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not get this feature unless we explicitly required the presence of vacuous
internal links.

We make these ideas more precise in the following necessary conditions
without explicitly defining our special notation for links in a net introduced
before. We give necessary conditions only since we restrict our attention to
interpreting links.

(D3) For all N €|SET|, N is an unconstrained model element net only if
there exist | N| and L €|SET]| so that;
(1) N=(|N|,L),
(2) for all K €|N|, there exist k, I, n so that K is a k-I-n model
element,
(3) for all||A | € L, there exist K', K € | N | so that||A ||isa K, K link.
@) for all K',K€|N|, if A[K',K] is a K-interpreting link then
L(K,K') = A.
(5) for all K €|N|, | M,||x||M,| € L.

Global content

The content of a model element net consists of structures that meet all
the requirements this net imposes on “the way the world is”. The model
classes tell us what potential models are empirically possible in the absence
of links. Links tell us what combinations of potential models are empiri-
cally possible. Together they tell us what combinations of models are
possible. To make these ideas precise we think of the content of a model
element net as a collection of binary relation structures consisting of
ordered pairs of models.

First consider what the links tell us about empirically possible binary
relational structures consisting of potential models. Consider the model
element net N and the binary relation structure N, associated with N. The
links in N tell us that empirically possible sets of potential models must be
linked together in the manner characterized by the binary relation struc-
ture N,. Consider a set of ordered pairs of potential models o consisting of
at least one pair (x', x?) for each pair of linked model elements (K", K*) in
L, so that all pairs corresponding to (K', K*) are in the link A[K', K’].
Each link A[K', K?] is “represented” in o; by at least one of its members
((D4-A-4-a) below). Further, we require that pairs of potential models
“representing” the same pair of linked model elements do not “overlap”.
That is, in the notation of (D4-A-4-a), if k({x',x*))=xk((y',y?) then
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x'=y'iff x*=y* This requirement is motivated by the idea that linked
potential models will, in many cases, be the “same” objects described in
the vocabulary of different theories. Similar intuitive considerations moti-
vate a stronger requirement (D4-A-4-b).

It is easy to see what the laws of each model element add to the
restrictions imposed by the links. Call the binary relation structures
C =(B(01), o) we have just considered “potential model representations”
of the net N. We may then simply add the requirement that the members
of potential model representations of N be models of the model element
they represent rather than just potential models. We will call such
representations “model representations” of N and denote them by C, =
(B(a,), a,). For model element nets N, we may define

C,IN]:={C, l C, is a model representation of N}.

Intuitively, C,[N] is a plausible candidate to be called “the content of N”’.
The sub-script “p” is used to indicate that this concept of ‘““‘content” is a
sub-class of potential models. It distinguishes this concept from the
“non-theoretical content™ considered below in Section 6. We may now see
how the net operates to “narrow down” the content of each of its
members. For K €|N|, we may take C,[N](K) to be the set of all models
of K that appear in some member of C,[N]. That is

C,[N](K):={x|x €| M| and there is a (B(,),0,) € C,[N]and x € B(a,)}.

Alternatively, C,[N](K) is the class of all members of | M | that are linked
to some model of at least one of the model elements K’ in | N| that are
linked with K.

Our discussion of the content of a net N has dealt only with features that
may be described without mentioning specific kinds of links. We now
consider what must be added content when some links are identified as
interpreting links. Consider the net:

A[K1,K2)

Suppose that A[K', K*] is an interpreting link and A [K?, K] is any kind of
link, interpreting or otherwise. Focusing on the model element K?, we may
say that K', together with A[K", K], provides the empirical interpretation
for K* and that K, together with A[K?, K*] “says something more” about
the content of K*. A link from K’ like A[K?, K?] is only “interesting” when
it links potential models that have been interpreted by interpreting links
like A[K', K?]. In contrast, an interpreting link may be interesting even
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when the potential model it interprets is not linked “forward” by any other
links. The link A[K?, K"] should be represented in the content by pairs
containing potential models of K* that also appear in pairs representing
A[K', K?], while the interpreting link A[K', K’] may be represented by
pairs containing potential models of K’ that do not appear in pairs
representing A [K?, K*]. This motivates (D4-A-4-c-i). Note that, when there
is more than one interpreting link for K°, (D4-A-4-c-i) requires that
potential models in the content linked by non-K’-interpreting links be
linked to potential models in all the model elements that interpret K*. This
appears to be plausible in the case where the domains of all the interpreting
links intersect in | M3]. This is the typical case where one theory requires
two or more other theories for its interpretation. There may be other cases
where the same mathematical apparatus appears in two “theories’ with
different empirical interpretations. We do not consider these cases here.

It is not completely clear that we should not weaken the requirement to
permit “partially interpreted” potential models of K* to be linked in the
content of N by non-K*-interpreting links. However, if we do choose to
rule out partially interpreted potential models of K* from appearing in this
way, it appears that we should also rule them out of the content altogether.
That is, when there are several interpreting links for K* — say A[K", K?]
and A[K', K’] — and (x°, x*) represents A[K", K*], we should require that
there be some {x',x°) representing A[K',K?]. A little reflection suggests
that we should actually strengthen this to allow A[K', K”] to be any kind of
link, interpreting or otherwise. Thus we require (D4-A-4-c-ii).

In general, we do not require that interpreting links “to” K* be
connected to links “from” K? in the same way. Not all interpreted
potential models need be linked “forward” by other links that may be
present. We do however rquire that all interpreted potential models that
have forward links exhibit these in o, (D4-A-4-d). We summarize these
ideas in the following definition.

(D4) For all N€|SET|, if N=(|N|,L) is an unconstrained model
element net then: for all C, €|SET|,

(A) G is a potential model representation for N iff there exist B(a) and oy
so that
(1) G =(B(a), a),
@) o C{(x',x*)|there exist K', K*€|N| and (x', x*) €|M}|x|M:|},
3) B(o)={x |there isa{y,z)Eag; and x =y or x =z},
(4) there is a k €ONSET(a, L,) so that for all K',K*,K’€|N]|,
K'#K*#K>:
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(a) for all (x',x*)€ oy, (x', x?) € A[mi(k ((x',x7))), ma(k (x', x*))]

(b) if there exist K*, K*’€|N| so that (K',K*, (K* K%, (K',K?),
(K°,K*)E L, then:

(i) forall(x',x*, (x*, x*),(y", y), (¥’ y) E o, if, for i, j €{1,2, 4, 5}

k(x5 x) =k ((y'y") = (K", K')

then x'=y'iff x>’=y’,

(i) forall{(x', x™), (x', x*,(y> ¥y (y"' y) E oy, if, for i, j €{1,2, 4, 5}

k(xS x )=y, y))=(K'K")

then x> =y’ iff x*=y*

(c) if (K',K?) and (K*>,K")E L,, and A[K', K?] is a K’-interpreting
link, then:

() for all (x*,x»E o so that «x((x’ x*))=(K* K%, there is a
(x',x*) € oy so that k((x', x?))=(K", K?),

(ii) for all (x', x*) € gy so that k({x,, x2))=(K', K?), if A\[K*, K’]|# A
then there is some (x°, x%) € oy so that k({xs, x3)) = (K>, K,

(d) if (K', K" and (K*, K*) € L, and A[K?, K’] is an interpreting link
then, for all (x',x’YE oy so that «({(x', x))=(K', K°) there is
some (x’,x" € gy so that k({x*, x))=(K? K?).

(B) G[N]:={G | C is a potential model representation for N}.

(C) For all K€|N|, G[NI(K):={x €[M,||there is a (B(c),0:)E
C/[N] and x € B(o:)}.

(D) for all G, €|SET|, C, is a model representation for N iff
(1) C,=(B(0,), o, is a potential model representation for N,
(2) for all kK € ONSET(o,, L,) satisfying (A-4), and all (x,x")E o,,
x €| M(m(x(x, x'M))| and x' € |[M(m.(x({x, x")))|.

(E) CP[N]:={CP| C, is a model representation for N}.

(F) For all K €|N|, G[N](K):={x E|M,||there is a (B(0,),0,) E
C,[N] and x € B(o,)}.

Non-theoretical structures

It is useful to distinguish those components in the potential models of K
that are “interpretable” or “non-theoretical” in the net N from those that
are “theoretical”’. The theoretical components in the potential models of K
are those components in the potential model structures that are not
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affected by any of K’s interpreting links. The non-theoretical components
are those whose values are correlated in some way, by interpreting links for
K, with values of components of potential models in other model element
cores. We may make the distinction between theoretical and non-
theoretical components in K precise in the following way.

(D5) For all N€|SET|, if N is a model element net and, for all
K =(|M,|,IM|)€E|N]|, if there exist k, I, n so that K is a k-I-n model
element core, then, for all i€{1,...,k,k+1+1,...,k+1+n}:

(A) |M,:i|is K-non-theoretical in N iff there is some K' € |N]|so that:
(1) there exist k', I’, n’ so that K' is a k’-I"-n’ model element
@ K'#K,
(3) there exist ji,....js €{1,.... k", k'+I'+1,...,k'+ 1"+ n’} so that
A[K',K]is a (j,...,j:)-K', {i)-K link in M’,
(4) A[K',K] is a K-interpreting link in N.

(B) |M,: i|is K-theoretical in N iff | M, : i | is not K-non-theoretical in N.

This definition of non-theoretical components is not quite adequate.
Components in the potential models of K do not count as non-theoretical
unless they are linked “singly” to K'. A {ji,...,j:)-K’, (i, i-)-K link does
not necessarily make i; K-non-theoretical. Of course, the same link may
also be a (ji, ..., j:)-K', (i,)-K link, but it need not be. If it just rules out
pairs of values for (i,,i,) while admitting all values for i, it is not. For
example, the link between the pressure function (P) in classical hydro-
dynamics (CHD) and the energy (U) and volume (V) functions in simple
equilibrium thermodynamics (SETH) provided by P = —dU/dV makes
neither U nor V SETH-non-theoretical because it only rules out (U, V)
pairs, but not U-values or V-values. Thus, by our definition this link would
produce no non-theoretical components. But, this link does play an
essential role in interpreting SETH and somehow the interpreting informa-
tion it provides should appear as restrictions on the values of some
non-theoretical components. Intuitively, this link makes the defined SETH
component ‘“‘thermodynamic pressure”, Il:=—dU/dV, SETH-non-
theoretical. Counting the defined component IT among the SETH-non-
theoretical components would capture the intuition that this link is
essential to the interpretation of SETH. Generalizing, one might think that
our definition of non-theoretical components should be broadened to
include the possibility that defined components are non-theoretical. But,
doing this would mean that we could no longer uniquely define the
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non-theoretical structures associated with a model element in a net as we
do below in (D6). Countenancing non-uniqueness here would considerably
complicate the subsequent discussion. For this reason, we rest with the
present, admittedly deficient, definition of non-theoretical components.

We may now characterize the objects of the category of non-theoretical
structures or ‘“‘partial potential models” || M,,[N](K)| for model element
K in net N.

(D6) For all N€|SET|, if N is a model element net and, for all
K ={|M,|,|M|)E|N|, if there exist k,, I,, n, so that K is a k,-l,-n,
model element, then | M,,[N](K)| is the category of partial potential
models for K in N only if there exist Ky, Lo, Bop, Kpp < Ky, Lo <1, npp<n,
so that
(A) |IM,,[N](K)| is a category,
(B) |[M,[NI(K)| is @ kpp-Ip-n,, species of structures,
(C) for all i < kyp, it < lp, I < nyp there exist je <k, i <1, jo < n,so
that, for all x €{k, I, n}, | M,[N](K):i.|=|M,:j.|,
(D) for all i €{1,..., kppt U{kpp+ Lp+1,..., kpp + L + 1},
M, [N](K): 1] is K-non-theoretical in N,
(E) there is no kpp, I, Bpp; Kp < kpp< k,, I, <l <, n,<nj,,<n,
so that M [N](K)' is a kj,-I;,-n;, species of structure satisfying (B)
through (D) above and

|MPP[N](K)| =|MPP[N](K)':1"“’kPP+ lpp+ "ppl-

Fully characterizing the category || M,,[N](K)| requires specifying its
morphisms as well. We do not now have a fully satisfactory way to do this.
See [9] for some idea of the problems with doing this.

The Ramsey functor — Ram — for K in N is just the “forgetful functor”
from || M| to || M,[N](K)].

(D7) For all N€|SET|, if N is a model element net and, for all
K =M, IM|)E|N]|, if | M,,[NI(K)| is the category of partial poten-
tial models for K in N, then Ram is the Ramsey functor for |M,| in N iff
Ram: || M,|— | M,,[N](K)|| is a functor so that for all x €| M,|,

Ramo(x) = l{x}: 1,..., kpp + 1+ nPPI'

We may think of the laws of K as determining a sub-category of
| Moo [N](K)| whose objects are just those members of | M,,[N](K)| that
can be “filled out”” with theoretical components in some way that satisfies
the laws of K. We call this sub-category ‘‘the non-theoretical content of K™
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and denote it by “C,,[N](K)". Clearly, the non-theoretical content of K
in N — C,,[ N](K)— is just the Ramsey functor image of the model of K:

Coo[N](K):=Ram(|M|)).

Local empirical claims

How are we to regard the empirical claim of a single model element in a
model element net? We have already suggested that the theory element
T =(K, I(K)) claims roughly that I(K)C |M|. A more plausible rendition
of the empirical claim of K is that I(K)C C,,[N](K). Here I(K) is
concieved as some sub-class of the non-theoretical structures of K —
| M,,[N](K)|. To say more about I(K), let us think about what a single
model element contributes to the content of a model element net. It seems
natural to think of the intended applications of K as being provided by
models of the model elements that are linked to K by interpreting links.
But not all of these models will provide acceptable data for K. Some will be
ruled out because they are not “interpreted” by model elements that are
still ““further back’. Others may be ruled out by restrictions imposed by
other model elements, besides K, that they interpret. Clearly, we do not
want to include the restrictions imposed by K itself. Doing this would
make K’s claim trivially true. Further, it appears that we would not want to
include restrictions imposed by model elements that K interprets. The
reason is that the laws of K have an “indirect” effect on what these model
elements rule out in the other model elements that are ‘“behind” them.
This suggests that we should think of the intended applications for K as
being provided by the “net content” of interpreting model elements
immediately “behind”” K in the net N. But, the “net” whose content is
relevant here is not N. Rather, it is N, less everything in N that is “before”
K that K interprets.

We may make these ideas more precise in the following way. First
consider the set of model elements that interpret K in N:

<K:={K'€|N| I(K’, K)EL, and A[K’,K] is K-interpreting}
and the set of model elements that K interprets in N
>K:={K'€|N||(K,K’) € L, and A[K, K'] is K -interpreting).

A model element K in net N has “backward’ and “forward” interpreting
filters
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N<K=(N<K|,L<), N>K={(N>K]|,L>)
associated with it, where
IN<K|={K'E€|N||(K',K)E LY,
IN>K|={K'E|N||(K,K')EL}

are respectively all members of | N| that are “backward” and “forward”
linked to K by interpreting links in N, where “L;(K’, K)” means that K’
and K are linked by a “chain” of interpreting links. . < and L > are
respectively all the links in L that are interpreting links between members
of [N<K|and |[N>K]. Clearly, N < K and N > K are model element
nets. Intuitively, the interpretation of everything in the net N > K “‘pre-
supposes” K. We may now delete from N every model element whose
interpretation may “presuppose” K to obtain N ~ N > K. As we have
rendered it in the preceding section, the claim of K is true of just things in
the non-theoretical content of K — C,,[N](K). Formally, A[K', K] does
not pair any members of | M}| with members of | M,,[ N](K)|. But we may
consider

Aol K's K1:={(x}, x,p) € | M}| X| My [N](K)| | there is an
(x}, %) €E A[K', K] so that x,, = Ram(x,)}.

Suppose A[K',K] is a (ji,...,j)-K', {i1,...,i,)-K link. Then, for K' € <
K, consider every member of |M,,[N](K)| that is A,,[K’, K]-linked with
some member of the content of K’ in [N ~ N > K|. That is

Al K', K]1>(G[N ~ N> K](K")).

Each of the interpretors of K in N may contribute in this way to specifying
K’s intended applications. So we obtain

M{A,[K, K] > (C,[N ~ N>K](K")| K'€ <K}.

We have, in effect, specified necessary conditions for the intended
applications of K in net N. That is, we require at least that

I(K)C N{x[K, K> (C,[N ~N>K|(K")|K'€ <K}

It may even be plausible to regard these conditions as sufficient as well. If
we regard N as including all of empirical science, we might hope that it
included enough to rule out all “empirically meaningless” structures. Were
this so we could replace “C” above by “=". We need not commit
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ourselves on this question here. For the sake of notational convenience, we
may let

I[N)(K):=N{x.[K’, K]>(C,[N ~ N> K](K"))| K'€ <K}.

Intuitively, I[N](K) is the intended applications of K as narrowly as they
can be specified by N. Whether or not I(K)= I[N](K) we leave open.
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AIM AND STRUCTURE OF SCIENTIFIC THEORIES*

BAS C. VAN FRAASSEN

Dept. of Philosophy, Princeton Univ., Princeton, NJ 08544, U.S. A.

Philosophy of science attempts to answer the question What is science?
in just the sense in which philosophy of art, philosophy of religion, and the
like answer the similar question about their subject. For better or for worse
our tradition has focused on the scientific theory rather than on scientific
activity itself (on the product, rather than on the aim, conditions, and
process of production, to draw an analogy, which is already one that points
in its terminology to the product as most salient feature). Yet all aspects of
scientific activity must be illuminated if the whole is to become intelligible.
Despite the announced subject of our symposium, therefore, I shall devote
a preliminary section to the aim of science, and the proper form of
epistemic or doxastic attitudes toward scientific theories, before entering
upon the description of their structure.

1. The aim of science

The activity of constructing, testing, and refining of scientific theories —
that is, the production of theories to be accepted within the scientific
community and offered to the public — what is the aim of this activity?

I do not refer here either to the motives of individual scientists for
participating, or the motives of the body civic for granting funds and
otherwise supporting the activity. Nor do I ask for some theoretically
postulated “fundamental project” which would explain this activity. It is

* The author wishes to thank the National Science Foundation and Princeton University
for support for his research and sabbatical leave. The topics discussed in this paper will be
further elaborated in a general “reply to critics” for the forthcoming volume Scientific
Realism versus Constructive Empiricism, edited by C.A. Hooker and P. Churchland.
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part of the straightforward description of any activity, communal or
individual, large-scale or small, to describe the end that is pursued as one of
its defining conditions. In the most general terms, the end pursued is
success, and the question is what counts as success, what are the criteria of
success in this particular case?

We cannot answer our particular questions here without some reflection
on what sort of thing this product, the scientific theory, is. A scientific
theory must be the sort of thing that we can accept or reject, and believe or
disbelieve; accepting a theory implies the opinion that it is successful;
science aims to give us acceptable theories. To put it more generally, a
theory is an object for epistemic or at least doxastic attitudes. A typical
object for such attitudes is a proposition, or a set of propositions, or more
generally a body of putative information about what the world is like, what
the facts are. If anyone wishes to be an instrumentalist, he has to deny the
appearances which I have just described. An instrumentalist would have to
say that the apparent expression of a doxastic attitude toward a theory is
elliptical; “to believe theory T” he would have to construe as “to believe
that theory T has certain qualities.” I shall not follow that path. Let me
state here at once, as a first assumption, that the theory itself is what is
believed or disbelieved.

At this point we can see at once that there is a very simple possible
answer to all our questions, the answer we call scientific realism. This
philosophy says that a theory is the sort of thing which is either true or
false; and that the criterion of success is truth. As corollaries we have that
acceptance of a theory as successful is, or involves the belief that it is, true;
and that the aim of science is to give us (literally) true theories about what
the world is like.

The answer must of course be qualified in various ways to allow for our
epistemic finitude and the consequent tentativeness of reasonable doxastic
attitudes. Thus we add that although it cannot generally be known whether
or not the criterion of success has been met, we may reasonably have a high
degree of belief that it has been, or that it is met approximately (i.e., met
exactly by one member of a set of “‘small variants™ of the theory), and this-
imparts similar qualifications to acceptance in practice. And we add
furthermore of course that empiricism precludes dogmatism, that is,
whatever doxastic attitude we adopt, we stand ready to revise in face of
further evidence. These are all qualifications of a sort that anyone must
acknowledge, and should therefore really go without saying. They do not
detract from the appealing and as it were pristine clarity of the scientific
realist position.
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I did not want to discuss the structure of theories before bringing this
position into the open, and confronting it with alternatives. For it is very
important, to my mind, to see that an analysis of theories — even one that
is quite traditional with respect to what theories are — does not presuppose
it. Let us keep assuming with the scientific realist, that theories are the sort
of thing which can be true or false, that they say what the world is like.
What they say may be true or false, but it is nevertheless literally
meaningful information, in the neutral sense in which the truth value is
“bracketed.”

There are a number of reasons why I advocate an alternative to scientific
realism. One point is that reasons for acceptance include many which,
ceteris paribus, detract from the likelihood of truth. In constructing and
evaluating theories, we follow our desires for information as well as our
desire for truth. For belief, however, all but the desire for truth must be
“‘ulterior motives.” Since therefore there are reasons for acceptance which
are not reasons for belief, I conclude that acceptance is not belief. It is to
me an elementary logical point that a more informative theory can not be
more likely to be true — and attempts to describe inductive or evidential
support through features that require information (such as “‘inference to
the best explanation”) must either contradict themselves or equivocate.

It is still a long way from this point to a concrete alternative to scientific
realism. Once we have driven the wedge between acceptance and belief,
however, we can reconsider possible ways to make sense of science. Let me
just end these preliminary remarks now by stating my own position, which
I call constructive empiricism. It says that the aim of science is not truth as
such but only empirical adequacy, that is, truth with respect to the
observable phenomena. Acceptance of a theory involves as belief only that
the theory is empirically adequate — but it involves more than belief.

While truth as such is therefore, according to me, irrelevant to success
for theories, it is still a category that applies to scientific theories. Indeed,
the content of a theory is what it says the world is like; and this is either
true or false. The applicability of this notion of truth value remains here, as
everywhere, the basis of all logical analysis. When we c